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Abstract

Weconsiderthe following map labelling problem: givendistinct points p1; p2; : : : ; pn in
the plane, and given � , �nd a maximum cardinalit y setof pairwisedisjoint axis-parallel � �
� squaresQ1; Q2; : : : ; Qr . This problem reducesto that of �nding a maximum cardinalit y
independent set in an associated graph called the con
ict graph. We describe several
heuristics for the maximum cardinalit y independent set problem, someof which usean LP
solution as input. Also, we describe a branch-and-cut algorithm to solve it to optimalit y.

The standard independent set formulation has an inequality for each edgein the con-

ict graph which ensuresthat only one of its endpoints can belong to an independent
set. To obtain good starting points for our LP-based heuristics and good upper bounds
on the optimal value for our branch-and-cut algorithm we replace this set of inequali-
ties by the set of inequalities describing all maximal cliques in the con
ict graph. For
this strengthened formulation we also generate lifted odd hole inequalities and mod-k
inequalities.

We present a comprehensive computational study of solving map labelling instances
for sizesup to n = 950 to optimalit y. Previously, optimal solutions to instancesof size
n � 300 have been reported on in the literature. By comparing against these optimal
solutions we show that our heuristics are capableof producing near-optimal solutions for
large-scaleinstances.

1 In tro duction

The automated map labelling problem is a well-known problem in cartographic and graphical
information systems research. Manual label placement is a time-consuming task and it is
natural to try to automate it. Automating map labelling requires an abstract formulation
of the problem. Early formulations, which were based on rules, were given by Imhof [21],
and Yoeli [43]. In this paper we considera highly abstracted formulation that can be found
in which it is only enforced that labels are placed close to the point they refer to and do
not overlap. Such formulations are commonly used in the literature (see,e.g., Forman and
Wagner [16]).

The map labelling communit y hasmainly focusedon heuristics. For modern applications,
such as embedding automated map labelling in real-time systemsfor navigation, being able
to produce a good map fast is essential. However, when one wants to produce a map that is
going to be printed it can be well worth the e�ort to try and �nd an optimal labelling.

Christensen, Marks, and Shieber [7, p. 219] reported that optimising is impractical for
map labelling instanceswith more than 50 cities. In the sameyear, Wagner and Wolf [37]
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mentioned that they were able to solve instanceswith up to 300 cities to optimalit y. Verweij
and Aardal [36] were the �rst to show that it is computationally feasibleto compute provably
optimal labellings for maps with up to 800 cities. In this paper we addressboth heuristic
algorithms and optimization algorithms for map labelling. Using the techniques proposedin
this paper we can solve to optimalit y instanceswith up to 950 cities within reasonabletime.

1.1 Problem De�nition

The basicmap labelling problem can be described asfollows: given a set P = f p1; p2; : : : ; png
of n distinct points in R2, determine the supremum � � of all reals � for which there exist n
pairwise disjoint, axis-parallel � � � squaresQ1; Q2; : : : ; Qn � R2, where p i is a corner of Qi

for all i = 1; : : : ; n. By \pairwise disjoint squares"we mean that no overlap betweenany two
squaresis allowed. Oncethe squaresare known, they de�ne the boundariesof the areaswhere
the labels can be placed. We will refer to this problem as the basic map labelling problem.
The decision variant of the map labelling problem is to decide,for any given � , whether there
exists a set of squaresQ1; : : : ; Qn as described above. Formann and Wagner [16] showed that
this latter problem is N P-complete.

Ku�cera, Mehlhorn, Preis, and Schwarzenecker [26] observed that there are only O(n2)
possiblevalues that � � can take. Optimising over those can be done by solving the decision
variant only O(log n) times, using binary search with di�eren t valuesof � . So, the basic map
labelling problem reducesto the decisionvariant. Ku�cera et al. also present an exponential-
time algorithm that solves the decision variant of the map labelling problem to optimalit y.
They do not, however, report on computational experiments. Wagner and Wolf [37] mention
that they were able to use the algorithm proposedby Ku�cera et al. to solve problems with
up to 300 cities to optimalit y.

Another variant of the map labelling problem, which we will refer to as the optimisation
variant , has the label size � as input, and asks for as many pairwise disjoint squaresof the
desired characteristic as possible. If the number of squaresin an optimal solution to the
optimisation variant of the map labelling problem equals n, then this solution is a feasible
solution to the decision variant, and vice versa. Hence, the decision variant of the map
labelling problem reducesto the optimisation variant via a polynomial reduction. It is the
optimisation variant of the map labelling problem that is the subject of this paper. Sincethe
decisionvariant is N P-complete, the optimisation variant is N P-hard.

1.2 Related Literature

A recent survey on map labelling is given by Neyer [31]. An exhaustive bibliography concern-
ing map labelling is maintained by Wol� and Strijk [39]. Formann and Wagner[16] developed
a 1

2-approximation algorithm for the sizeoptimisation variant of the map labelling problem.
They also proved that no algorithm exists with a guaranteed approximation factor better
than 1

2 provided that P 6= N P. Wagner and Wol� [37] proposeda hybrid heuristic using the
above 1

2 approximation algorithm.
Agarwal, Kreveld and Suri [1] presented a polynomial time approximation scheme for

the optimisation problem. They also showed that when the labels are not restricted to
have equal height, the problem can be approximated within O(log n) of the optimum. For
the optimisation problem di�eren t heuristic algorithms (including simulated annealing) are
discussedby Christensen, Marks, and Shieber [7]. Van Dijk, Thierens, and de Berg [13]
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considered genetic algorithms, Cromly [8] proposed a semi-automatic LP-based approach
for �nding feasiblesolutions to the optimisation variant. Zoraster [44, 45] used Lagrangian
relaxation to make a heuristic algorithm for the optimisation variant.

All the results mentioned so far concernthe problem in which each point is labelled with
one (square) region from a �nite set of candidate (square) regions. Kakoulis and Tollis [22]
exploit this to unify several slightly moregeneralmap labelling problems. A di�eren t approach
reported on by van Kreveld, Strijk, and Wol� [25] and Klau and Mutzel [24] is to allow a
label to take any position, as long as its corresponding point is on its boundary. This leadsto
so-calledsliding map labelling models. The advantage of a sliding model is that more labels
can be placed without overlap. In more recent studies also other shapesof the label regions
are considered(seee.g. Qin, Wol�, Xu, and Zu [34]).

In this paper we study the optimisation variant of the basic map labelling problem. In
the remainder of this paper we will refer to it as the map labelling problem. This study is an
extensionof the work by Verweij and Aardal [36, 35].

1.3 Outline

In Section 2 we show that the map labelling problem reducesto a maximum independent
set problem on an associated graph. Section 3 reviews several formulations of the maximum
independent set problem that can be usedfor algorithmic design. We approach map labelling
instancesusingalgorithms for �nding largeor optimal independent sets. Theseare the subject
of Sections4 and 5, respectively. In Section 6 we present computational results of both our
heuristics and our optimisation algorithms from Sections4 and 5. Our computational results
are obtained on graphsderived from an interesting classof randomly generatedmap labelling
problem instancesthat is taken from the literature. We show that our heuristic algorithms
yield closeto optimal solutions, and that our optimisation algorithms are capableof solving
map labelling problem instanceswith up to 950 cities to optimalit y within reasonabletime.

1.4 Notation

If E and S are sets, where E is �nite, then SE is the set of vectors with jE j components,
where each component of a vector x 2 SE is indexed by an element of E , i.e., x = (xe)e2 E .
For F � E the vector � F 2 SE , de�ned by � F

e = 1 if e 2 F and � F
e = 0 if e 2 E nF , is called

the incidence vector of F . For F � E and x 2 SE , the vector x F 2 SF is the vector with jF j
components de�ned by x F = (xe)e2 F . We usex (F ) to denote

P
e2 F xe. For x 2 SE , the set

supp(x ) = f e 2 E j xe 6= 0g is called the support of x , and the set f e 2 E j xe =2 Zg is called
the fractional support . All vectors are column vectors, unlessstated otherwise.

An (undir ected) graph G = (V; E) consistsof a �nite nonempty set V of nodesand a �nite
set E of edges.For each S � V , let � (S) = ff u; vg j u 2 S;v 2 V nSg be the set of edgesthat
have exactly one endpoint in S. For v 2 V , we write � (v) instead of � (f vg). Given a subset
S � V of nodes,we useE(S) = ff u; vg 2 E j u; v 2 Sg to denote the set of edgeswith both
endpoints in S. The graph with node set S and edgeset E(S) is called the induced graph of S
and is denoted by G[S] = (S;E(S)). Given a subsetF � E of edges,we useV(F ) =

S
e2 F e

to denote the set of nodesthat occur as endpoints of one or more edgesin F .
A walk from v0 to vk in G is a �nite sequenceof nodesand edgesW = v0; e1; v1; : : : ; ek ; vk

(k � 0) such that for i = 1; 2; : : : ; k, ei = f vi � 1; vi g 2 E. Node v0 is the called the start of W
and node vk is called the end of W . The nodeson W are denotedby V (W ) = f v0; v1; : : : ; vkg,
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and the edgeson W are denoted by E(W ) = f e1; e2; : : : ; ekg. The nodes f v1; v2; : : : ; vk� 1g
are called the internal nodesof W . A path in G is a walk in G in which all nodesare distinct.
We will denote a path from node u to node v by u  v. A cycle (directed cycle) in G is a
walk in G with v0 = vk in which all internal nodesare distinct and di�eren t from v0. A chord
in a cycle C is an edgef u; vg 2 E with u; v 2 V(C), but f u; vg =2 E(C). A hole in G is a
cycle in G without chords.

For U � V , let N (U) denote the set of neighbours of U in G, i.e.,

N (U) = f v 2 V n U j f u; vg 2 � (U)g:

For singleton sets f ug we will abbreviate N (f ug) to N (u). For any natural number k, the
k-neighbourhood of a set of nodes S � V in a graph G, denoted by Nk (S), consists of all
nodes in G that can be reached from a node in S by traversing at most k edges,i.e.,

Nk (S) =
�

N (T) [ T; where T = Nk� 1(S); if k > 0, and
S; if k = 0.

For singleton sets f vg we will abbreviate Nk (f vg) to Nk (v).
The length of a path P in G is the number of edgesjE(P)j in P. The diameter of G,

denoted by diam(G), is the maximum length of a shortest path connecting two nodes in G,
i.e.,

diam(G) = max
u;v2 V

minfj E (P)j j P is a path from u to v in Gg:

A connected component in G is a connectedinduced graph G[S] that is maximal with respect
to inclusion of nodes,where S � V .

2 Reduction from Map Lab elling to Indep endent Set

An instance of the map labelling problem in which the labels are rectanglesof uniform size
consistsof a �nite set of points P � R2 and a label size� 1 � � 2. In the following, we assume
that the label size (� 1; � 2) is �xed. Under this assumption, an instance of the map labelling
problem is completely speci�ed by the point set P.

For any point p 2 P, there are four possible placements of a rectangular label Q such
that p is a corner of Q, each occupying a di�eren t rectangular region in R2. Denote these
rectangular regionsby Qpi with i 2 f 1; 2; 3; 4g. Let Q(P) be the set of all rectangular regions
that correspond to possible label placements in a solution to the map labelling problem
instance P:

Q(P) = f Qpi j p 2 P; i 2 f 1; 2; 3; 4gg:

A solution to the map labelling problem instance P is a set of rectangular regions S �
Q(P). A feasible solution to the map labelling problem instance P is a solution S such that
for any pair of rectangular regions Q; R 2 S we have that if Q \ R 6= ? then Q = R. Note
that this de�nition correctly prevents a point p 2 P from having more than one label, as
the intersection of those labels would contain p and would therefore be non-empty. We will
sometimesrefer to solutions aslabellings. The map labelling problem is the problem of �nding
a feasiblesolution of maximum cardinalit y. An optimal solution to a map labelling problem
on 250 cities is depicted in Figure 1, Figure 5 shows one on 950 cities. All labelled cities are
drawn as black discs,all unlabelled cities are drawn as black circles. All possiblerectangular
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Figure 1: A Solution to a Map Labelling Problem on 250 Cities

regions representing a label position are shown, those that are coloured grey are part of the
solution.

To reduce the map labelling problem to a maximum independent set problem, we will
make use of the following notion from graph theory. In the following de�nition we will take
a more general perspective of sets of regions. Also, vQ always denotessomenode uniquely
associated with the region Q.

De�nition 2.1. Given a set of regionsQ, the intersection graph GQ = (VQ ; EQ ) is given by

VQ = f vQ j Q 2 Qg; and (1)

EQ = ff vQ ; vRg � VQ j Q \ R 6= ? g: (2)

Here, (1) ensuresthat for each region Q in Q there is a node vQ in GQ , and (2) ensures
that for each pair (Q; R) of intersecting regionsin Q there is an edgef vQ ; vRg in GQ . Givenan
instanceP of the map labelling problem, we de�ne the con
ict graph of P as the intersection
graph of Q(P).

Theorem 2.1. Let P � R2 be an instance of the map labelling problem. There is a bijection
between the feasible solutions S of P and the independent sets in the con
ict graph of P.

Proof. Supposethat S is a solution of P. Let S � VQ(P ) be the unique set of nodes of the
con
ict graph of P that correspond to the labels in S, i.e. S = f vQ j Q 2 Sg. BecauseS
is a solution to P, for any two distinct labels Q; R 2 S we have that Q \ R = ? . Hence
f vQ ; vRg =2 EQ . It follows that S is an independent set in GQ(P ) .
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Figure 2: The Con
ict Graph of a Map Labelling Problem on 250 Cities

Now, supposethat S is an independent set in GQ(P ) . Let S bethe unique setof rectangular
regionsassociated with the nodes in S, i.e. S = f Q j vQ 2 Sg. BecauseS is an independent
set in GQ(P ) and f vQ ; vRg 2 EQ(P ) for all distinct Q; R 2 Q such that Q \ R 6= ? we have
that Q \ R = ? for all distinct Q; R 2 S. HenceS is a solution to P.

The con
ict graph of the map labelling instance shown in Figure 1 is depicted in Fig-
ure 2. The con
ict graph has 1000nodes,and the corresponding maximum independent set
is indicated by the solid nodes.

3 Form ulations of the Maxim um Indep endent Set Problem

To obtain an integer programming formulation for the independent set problem, we use the
decisionvariablesx 2 f 0; 1gV , wherefor node v 2 V we have xv = 1 if v is in the independent
set, and xv = 0 if v is not. Given an undirected graph G = (V; E), let

PE = f x 2 RV j x (f u; vg) � 1 for all f u; vg 2 E; x � 0g:

The convex hull of incidencevectors of all independent sets in G is denoted by

PIS = conv(PE \ f 0; 1gV ):

The maximum independent set problem can be formulated as the following integer program-
ming problem:

maxf x (V ) j x 2 PE \ f 0; 1gV g: (3)
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We call this formulation the edgeformulation of the maximum independent set problem.

3.1 LP Relaxations

By relaxing the integralit y constraints in the edgeformulation, we obtain the basic LP relax-
ation

maxf x (V ) j x 2 PE g

of the independent set problem.
Let C � V be a clique in G. It follows directly from the de�nition of independent sets

that any independent set can have at most one node from C. Hence,the clique inequality

x (C) � 1 (4)

is a valid inequality for PIS for every clique C. If C is maximal, we call (4) a maximal clique
inequality. Padberg [32] showed that the clique inequality on C is facet-de�ning for PIS if and
only if C is a maximal clique. Let C be a collection of not necessarilymaximal cliques in G
such that for each edgef u; vg 2 E, there exists a clique C 2 C with f u; vg � C, and let

PC = f x 2 RV j x (C) � 1 for all C 2 C; x � 0g:

By the condition on C we have that PC � PE . From the validit y of the clique inequalities it
follows that

maxf x (V ) j x 2 PCg

is a relaxation of the maximum independent set problem. We call the associated IP formula-
tion the clique formulation of the independent set problem.

The setsPIS; PE , and PC, are related as follows:

Prop osition 3.1. Let C be a collection of cliquessuchthat there existsC 2 C with f u; vg � C
for each f u; vg 2 E. Then, PIS � PC � PE .

3.2 The Maximal Clique Form ulation

Suppose we are given a set Q of axis-parallel rectangular regions in R2. It was observed
by Imai and Asano [20] that there exists a correspondencebetween the cliques in GQ and
maximal non-empty regions that are contained in the intersection of subsetsof regions from
Q.

Lemma 3.2. Let Q be a set of axis-parallel rectangular regions. Then, there is a bijection
between the cliques in the intersection graph GQ and the non-empty intersections of subsets
of rectangular regions from Q.

Proof. Let S � Q be a collection of rectangular regionswith non-empty intersection. Clearly,
the rectangular regionsin S intersect pairwise. Hence,for each Q; R 2 S, f vQ ; vRg 2 EQ . So,
the set C = f vQ j Q 2 Sg is a clique in GQ .

Conversely, let C be a clique in GQ , and let S = f Q j vQ 2 Cg be the rectangular regions
in Q that correspond to the nodes in C. BecauseC is a clique, all rectangular regions in S
intersect pairwise. This implies that the region R =

T
Q2S Q is non-empty by the following

argument (see e.g. Danzer and Gr•unbaum [11]). The intersection of a set of axis-parallel
rectangular regions is non-empty if and only if the intersection of the projections of the
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rectangular regions on the axis are non-empty. The projections of the rectangular regions
on the axesare sets of line-segments in R. By Helly's theorem, a set of line-segments has a
non-empty intersection if and only if all pairs of line-segments in the set intersect.

Let C be the collection of all maximal cliques in GQ , and let

R = f
T

vQ 2 C Q j C 2 Cg:

It follows from the proof of Lemma 3.2 that R contains all maximal regionsthat are contained
in the intersection of a maximal subsetof rectangular regions from Q that has a non-empty
intersection. The following lemma shows that the regions in R are mutually disjoint.

Lemma 3.3. Let R1; R2 2 R. If R1 \ R2 6= ? , then R1 = R2.

Proof. Let Si � Q be the maximal set of rectangular regions such that R i =
T

Q2S i
Q (i 2

f 1; 2g), and assumethat R1 \ R2 6= ? . Let C = f vQ j Q 2 S2g. Note that C is a maximal
clique in GQ becauseR2 2 R. Choose Q1 2 S1 arbitrarily . BecauseR1 \ R2 6= ? , also
Q1 \ R2 6= ? , which in turn implies that Q1 \ Q 6= ? for all Q 2 S2. This implies that
f vQ1 ; vQg 2 EQ for all Q 2 S2 n f Q1g. BecauseC is a maximal clique, this means that
vQ1 2 C, so Q1 2 S2. SinceQ1 was chosenarbitrarily , it follows that S1 � S2. Similarly, we
�nd that S2 � S1. This implies that S1 = S2 and that R1 = R2.

If the clique formulation is derived from the collection of all maximal cliques in G we call
it the complete clique formulation . We are interested in �nding all maximal cliques in the
intersection graph of Q in order to obtain the completeclique formulation of the independent
set problem on GQ . The following lemma states that the number of maximal cliques in the
intersection graph of Q is not too large.

Lemma 3.4. The number of maximal cliques in GQ = (VQ ; EQ ) is at most jVQ j + jEQ j.

Proof. We will show that there exists an injection f : R ! VQ [ EQ . Since jRj = jCj, this
provesthe lemma.

Consider any region R 2 R. SinceR is the intersection of a subsetof rectangular regions
from Q we can write R = f x 2 R2 j l � x � ug, where l1 and l2 are determined by the
boundary of somerectangular regionsQ1; Q2 2 Q, respectively. Note that Q1 and Q2 do not
have to be unique. Considerany pair Q1; Q2 asabove. If Q1 = Q2, we de�ne f (R) to be vQ1 .
Otherwise, l 2 Q1 \ Q2, so f vQ1 ; vQ2 g 2 EQ , and we de�ne f (R) to be f vQ1 ; vQ2 g.

It remains to show that f is indeed an injection. Let R1; R2 2 R and suppose that
f (R1) = f (R2). Let l i ; u i 2 R2 be the points such that Ri = f x 2 R2 j l i � x � u i g
(for i 2 f 1; 2g). Becausef (R1) = f (R2), by construction of f we have that l 1 = l 2, so
R1 \ R2 6= ? . By Lemma 3.3 we �nd that R1 = R2. Hencef is an injection.

All single-node components of GQ de�ne their own maximal clique. As these maximal
cliques can be reported separately, suppose that GQ does not have isolated nodes. The
following algorithm is a brute-force algorithm that exploits Lemma 3.3 to �nd all maximal
cliques. For each edgef vQ ; vRg 2 EQ , we compute a maximal clique C that contains a �xed
corner l of Q \ R, and then test whether C is a maximal clique in GQ . If this is the case,we
report C, otherwise we proceedwith the next edge. Computing C can be doneby testing for
each node vS 2 N (f vQ ; vRg) whether l 2 S and if so, adding vS to C. C is a maximal clique
in GQ if for each node vS 2 N (f vQ ; vRg) n C we have that S \

T
vQ 2 C Q = ? .
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Theorem 3.5. The maximal cliques in GQ can be found in O(jVQ jjEQ j) time.

Proof. The correctnessof the brute-force algorithm described above follows directly from
Lemma 3.2 and Lemma 3.3. It remains to analyseits time complexity. For each edgef u; vg 2
EQ , the brute-force algorithm described above usesO(j� (u)j + j� (v)j) time. Hence,the total
time complexity neededfor reporting all maximal cliques in GQ is

X

f u;vg2EQ

O(j� (u)j + j� (v)j) = O(
X

f u;vg2EQ

j� (u)j + j� (v)j) = O(
X

u2 VQ

X

e2 � (u)

j� (u)j)

= O(
X

u2 VQ

j� (u)j2) � O(jVQ jjEQ j):

The direct consequenceof Theorem 3.5 is that, given an instance of the map labelling
problem P, we can compute the complete clique formulation of the independent set problem
in GQ(P ) in O(jVQ(P ) jjEQ(P ) j) time.

3.3 Other Valid Inequalities

Let x 2 PE be a fractional solution. An odd hole in G is a hole in G that contains an odd
number of nodes. If H is an odd hole in G, then the odd hole inequality de�ned by H is

x (V (H )) � bjV (H )j=2c:

It was shown by Padberg [32] that the odd hole inequality is valid for PIS, and facet-de�ning
for PIS \ f x j x V nV (H ) = 0g. Given an odd hole H , a lifted odd hole inequality is of the form

x (V (H )) +
X

v2 V nV (H )

� vxv � bjV (H )j=2c (5)

for somesuitable vector � 2 RV
+ . Lifted odd-hole inequalities are not added a-priori to our

models, but dynamically. This is explained in Section 5.7.
A more general classof valid inequalities that is known in the literature consistsof the

so-calledmod-k inequalities. Theseare developed by Caprara, Fischetti, and Letchford [4, 5].

3.4 Pre-pro cessing and Dominance Criteria

In this sectionweconsiderways to recognisenodesthat belongto a maximum independent set,
or that canbe removedfrom the graph without reducing the sizeof the maximum independent
set in it. Variables corresponding to nodes that belong to a maximum independent set can
be set to one, and and variables corresponding to nodesthat can be removed from the graph
without reducing the sizeof the maximum independent set can be set to zero beforestarting
the branch-and-cut algorithm.

The following result allows us to identify nodes in a graph that belong to a maximum
independent set. A weighted version was already mentioned by Nemhauserand Trotter [30,
Theorem 1].

Prop osition 3.6. If I � V is a maximum independent set in G[N1(I )], then there exists a
maximum independent set in G that contains I .
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u
N (N1(v)) N (v)

v

v is node-dominated by u v is set-dominated by N (v)

Figure 3: Node- and Set-DominanceCriteria

Proof. Supposethat I � V is a maximum independent set in G[N1(I )]. Let I � be a maximum
independent set in G, I 1 = I � nN1(I ), and I 2 = I 1 [ I . By construction, I 2 is an independent
set. Observe that

jI 1j = jI � n N1(I )j = jI � j � jI � \ N1(I )j � jI � j � jI j

becauseI � \ N1(I ) is an independent set in G[N1(I )]. Hence

jI 2j = jI 1 [ I j = jI 1j + jI j � jI � j:

So I 2 is a maximum independent set that contains I .

A simplicial node is a node whose neighbours form a clique. As a corollary to Propo-
sition 3.6 we can set xv to one if v is a simplicial node. Checking whether a given node
v is simplicial can be done by marking its neighbours, and then for each neighbour of v,
counting whether it is adjacent to all other neighbours of v. This check takes at most
O(j� (v)j +

P
u2 N (v) j� (u)j) for node v, summing up to a total of

P
v2 V O(j� (v)j2) � O(jV jjE j)

time for all nodes.
The following two propositions, illustrated in Figure 3, are special casesof the dominance

criteria reported by Zwaneveld, Kroon and Van Hoesel[46].

Prop osition 3.7. (No de-Dominance) Let u; v 2 V be nodesin G suchthat N1(u) � N1(v).
Then there exists a maximum independent set in G that does not contain v.

Proof. Let I � be a maximum independent set in G. If v =2 I � , we are done. Otherwise, let
I 1 = I � n f vg, and I 2 = I 1 [ f ug. Becausev 2 I � and N1(u) � N1(v), I 1 \ N1(u) = ? . It
follows that I 2 is an independent set with jI 2j = jI � j, henceit is maximum and v =2 I 2.

If the condition of Proposition 3.7 is satis�ed, we say that v is node-dominated by u.
Searching for a node u that node-dominatesv can be donein a similar way astesting whether
v is simplicial. As a corollary to Proposition 3.7, we can set xv to zero if v is node-dominated.

Prop osition 3.8. (Set-Dominance) Let v 2 V be a node in G. If for each independent
set I in G[N (N1(v))] there exists a node u 2 N (v) with N (u) \ I = ? , then there exists a
maximum independent set in G that does not contain v.

Proof. Let I � be a maximum independent set. If v =2 I � , we are done. Otherwise, let
I 1 = I � nf vg, u 2 N (v) a node with N (u) \ I 1 = ? , and I 2 = I 1 [ f ug. It follows directly from
the choiceof u that I 2 is an independent set with jI 2j = jI � j that satis�es the requirement.
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If the condition of Proposition 3.8 is satis�ed, we say that v is set-dominated by N (v).
Zwaneveld, Kroon and Van Hoeselpresented weighted versionsof the node-dominanceand
set-dominancecriteria.

We now focus our attention on how to determine whether a node is set-dominated.

Prop osition 3.9. Let v 2 V . There exists a node u 2 N (v) with N (u) \ I = ? for each
independent set I in G[N (N1(v))] if and only if there does not exist an independent set I in
G[N (N1(v))] with N (v) � N (I ).

There doesnot seemto be a simple way to determine whether a node is set-dominatedor
not. Instead, we usea recursive algorithm, by Zwaneveld et al., that searchesfor an indepen-
dent set I in G[N (N1(v))] with N (v) � N (I ). Although the algorithm has an exponential
worst-casetime bound, it turns out to work e�cien tly on con
ict graohs of map labelling
instances.

The algorithm has as input two sets of nodes, denoted by U and W , and returns true
if and only if there exists an independent set in G[W ] that has as neighbours all nodes in
U. If U is empty the algorithm returns true. If U is not empty but W is, the algorithm
returns false. Otherwise it selectsa node v 2 U. For each w 2 W \ N1(v), the algorithm
recursively searchesfor an independent set in G[W nN1(w)] that has as neighbours all nodes
in U n N1(w). If any of the recursive calls returns true, the algorithm returns true; otherwise
it returns false. If the algorithm returns falsewhen applied to U = N (v), and W = N (N1(v)),
then v is set-dominated.

The correctnessof the algorithm can be shown by induction, where the induction step
follows from the observation that if there exists an independent set in G[W n N1(w)] that
has as neighbours all nodes in U n N1(w), then we can extend it with node w to becomean
independent set in W that hasasneighbours all nodesin U. As a corollary to Proposition 3.8
we can set xv to zero if v is set-dominated.

4 Heuristic Algorithms

Finding labellings of large, but not necessarilymaximum cardinalit y can be accomplished
using heuristic algorithms. We consider two heuristics that treat the problem directly as a
map labelling problem. These are the subjects of Sections 4.1 and 4.2. Furthermore, we
study heuristics that reformulate the map labelling problem as an independent set problem,
and then search for a large independent set. Theseheuristics can be classi�ed as local search
algorithms, the subject of Sections4.3and 4.4, and LP-basedrounding algorithms, the subject
of Section 4.5.

4.1 Simulated Annealing

A simple optimisation strategy is neighbourhood search. The solution spaceconsists of all
possiblelabellings of the points. Every point can be labelled in one of the four positions or
receive no label at all. We de�ne the neighbourhood of a labelling L as all labellings that can
be formed by changing the label of a single point including deleting a label or adding a label.
Such a changefrom onelabelling to another labelling is called a move. The objective function
z is the number of labels that is not overlapped by other labels. Our objective is to maximise
z such that there are no overlapping labels. The neighbourhood search works as follows:

11



1. Compute an initial labelling L = L 0

2. Repeat the following until no improvement is made:

(a) �nd a labelling L 0 in the neighbourhood of L that improvesthe objective value z.

The computation of L 0 is doneas follows. Each point feature gets assignedrandomly one
of the four potential positions, or with probabilit y 0:1 it receivesno initial label.

A disadvantage of this method is that it easily getsstuck in local maxima. To escape from
local optima in the search space,simulated annealing can be used, seeKirkpatric k, Gelatt,
and Vecchi [23]. Moves in the search spacethat make the solution worseare allowed with a
certain probabilit y. Simulated annealing usesthe following approach:

1. Compute an initial labelling L = L 0

2. Initialise the temperature T to T0.

3. Repeat until the rate of improvement falls below a given threshold:

(a) Decreasethe temperature, T, according to the annealing schedule

(b) Choosea move, that is pick a point p at random, its label is randomly placed in
any of the potential positions or with probabilit y 0:1 point p receivesno label.

(c) Compute � E , the changein the objective function z causedby the move.

(d) If the new labelling is worse,� E < 0, undo the label repositioning with probabilit y
1:0 � e� E =T .

We usedthe sameannealing schedule as Christensenet al. [7]. The initial temperature is
T0 = 1=log(1:5). The temperature is decreasedby 10 percent after 50n iterations, where n
is the number of point features. If more than 5n movesare acceptedat a temperature stage,
the temperature is decreasedimmediately.

The calculation of � E is done as described by Christensenet al. [6] by using the con
ict
graph and a overlap counter for each label position that counts the number of other labels
in the current labelling that overlap the label position. So the time for one iteration is O(� )
with � the maximum degreeof the con
ict graph. And the total time O(� n iter ), with niter

the number of iterations performed by the algorithm.
The simulated annealing method as described by Christensen et al. [7] has been used

in several comparisonsof label algorithms. Examples of this are Wagner, Wol�, Kapoor,
and Strijk [38] using an algorithm that repeatedly applies three simple rules, and van Dijk,
Thierens, and de Berg [12] that describes genetic algorithms. The results were that these
algorithms had roughly sameperformanceassimulated annealingalthough the running times
di�ered. Sincesimulated annealing is present in most other comparisonsof label algorithms
we choosethis algorithm to include in our tests.

4.2 Div ersi�ed Neigh bourho od Search

Brie
y , the method explores part of the solution spaceby moving at each iteration to the
best neighbour of the current solution, even if this leads to a deterioration of the objective
function z. To avoid cycling and to escape from local maxima we use a penalisedobjective
function zdivers. This function is a long term memory of the algorithm, sincepoints are given
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a penalty proportional to the number of times a point was chosenas the best move by the
algorithm.

Diversi�ed Neighbourhood Search takesthe following approach:

1. Compute an initial labelling L = L 0

2. Repeat the following steps,until we reach an optimal solution or until a certain number
of iterations niter .

(a) �nd the move mbest in the neighbourhood of L with maximum z

(b) if mbest givesa solution with z > zbest then carry out mbest and update zbest.

(c) elsecarry out the move mdivers in the neighbourhood of L with maximum zdivers.

(d) update all data structures usedfor selectingthe best move.

4.2.1 Initial Solution

We placerepeatedly a label at the label position that hasthe least number of possibleoverlaps
with other label positions. The label positions overlapped by this chosen label cannot be
chosen anymore. In this way we get an initial labelling with no overlapping labels. This
method is implemented in the following way. First, all label positions are inserted in a priorit y
queuewith as priorit y the number of overlaps of that label position. At each iteration the
minimum of the priorit y queuegivesus the label position that becomesa label. The priorit y
queueis updated by removing all label positions that overlap the chosenlabel. The priorit y
of the neighbours of those removed label positions is then decreasedby one to re
ect the
fact that the number of overlaps has decreasedfor those label positions. This method for
computing the initial solution has running time O(n(� + logn)) with � the maximum degree
in the con
ict graph.

4.2.2 Ob jectiv e Function

For a labelling L let set Pobstructed (L ) be the points that have a label that is overlapped by
another label, Pdeleted(L ) the set of points without a label and the set Pfree(L ) all points
with a non-overlapped label. Clearly these three sets are disjoint and P = Pobstructed (L ) [
Pdeleted(L ) [ Pfree(L ). The objective function we useis:

z(L ) = jPfree(L )j = n � jPobstructed (L )j � jPdeleted(L )j

This is the sameobjective as used in simulated annealing, seeSection 4.1. zbest is the maxi-
mum z encountered so far during the algorithm.

4.2.3 Neigh bourho od Structure

We usethe sameneighbourhood as in the simulated annealing algorithm. So the neighbour-
hood of a labelling L are all labellings that can be formed by changing the label of a single
point including deleting a label or adding a label. Such a changefrom onelabelling to another
labelling is called a move.
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4.2.4 Div ersi�cation

To avoid that the samepoints are chosenvery often without giving a better solution, we will
penalisethose points. This enablesthe algorithm to escape from local maxima and prevents
too much cycling. We count how often a point has changed its label position and normalise
thesevalueswith the maximum occurring frequency. Thesevaluesare substracted from z:

zdivers(L ) = z(L ) � cfreq

X

p2 P

freq(p)=freqmax

with freqmax = maxp2 P freq(p). The value of cfreq was set to 1:75. After the �rst n iter =4
iterations the frequenciesare reset to zero. At that stage the solution has already improved
considerably, so resetting the frequencygives it fresh start with respect to the frequencies.

4.2.5 Running Time

We let the algorithm run for n iter = 50n iterations. We maintain for each point the change
in the objective functions z and zdivers for the best move of that point. Thesevaluesare kept
in two queuesQz and Qzd. In that way we can, at each iteration, select the best move with
respect to z and zdivers by looking at the maximum of the queue. To keepQz and Qzd up to
date we recompute the changein the objective functions z and zdivers for the points that are
neighbours in the con
ict graph of the changedpoint, and of the neighbours of the neighbours
of the changed point. It is not necessaryto recompute other points. So, at each iteration
at most O(� 2) points needa re-computation where � is the maximum degreein the con
ict
graph. Recomputing the changeof z and zdivers costsO(� ) time, and inserting the new value
in the queuecostsO(log n) time. Thus one iteration costsO(� 2(� + logn)) time. So the total
update time of the algorithm is O(n iter � � 2(� + logn)).

Every time freqmax increases,all priorities in Qzd must be changed. This costsO(n logn)
per increaseof the maximum frequency. If all points are chosenequally often, then freqmax
would be niter =n. This is generally not the casebut in all experiments we have that freqmax <
2 � niter =n. The time spent during the whole algorithm on updating the frequencies is
O((2niter =n)(n logn)) = O(2n iter logn).

Sincethe update time dominates the time for changing the frequencies,the total running
time of the algorithm is O(n iter � � 2(� + logn)).

4.3 The k-Opt Heuristic

Here we consider local search neighbourhoods and iterativ e improvement algorithms for the
maximum independent set problem.

De�nition 4.1. Let S be an independent set in G, and k � 1 be an integer. The k-opt
neighbourhood of S, denoted by Nk (S), is de�ned as the collection of independent setsS0 of
cardinalit y jS0j = jSj + 1 that can be obtained from S by removing k � 1 nodes and adding
k nodes.

So, if S0 2 Nk (S), then S0 = (S n U) [ W , for someU and W with U � S, jUj = k � 1,
W � (V nS) [ U, and jW j = k. The k-opt neighbourhood is unde�ned if jSj < k � 1. Because
we do not require that U \ W = ? we have that, if N k (S) is de�ned, then N j (S) � Nk (S)
for all j 2 f 1; : : : ; kg.
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De�nition 4.2. An independent set S is k-optimal if the k-opt neighbourhood of S is empty.

There is no guarantee that the rounding algorithms presented in Section 4.5 produce
k-optimal independent sets for any k � 1. This motivates our interest in the k-opt neigh-
bourhoods of independent sets.

Prop osition 4.1. If an independent set S is k-optimal, then S is l-optimal for all l 2
f 1; : : : ; kg.

Proof. The proposition holds becauseN l (S) � Nk (S) for all l 2 f 1; : : : ; kg.

The k-opt algorithm starts from an independent set S, and replacesS by an independent
set S0 2 Nk (S) until S is k-optimal. Optimising over the k-opt neighbourhood can be done
by trying all possibilities of U and W . There are

� jSj
k� 1

�
possibleways to chooseU, and at

most
� jV j

k

�
possibleways to chooseW . Checking feasibility takesO(jE j) time. It follows that

searching the k-opt neighbourhood can be done in O(jV j2k� 1jE j) time.
Note, that in order to compute a 1-optimal solution it is su�cien t to look at each node

only once,and only checking feasibility on arcs adjacent to this node. Therefore, a 1-optimal
solution can be computed in O(jV j + jE j) time.

The following proposition tells that we can take advantage of the sparsity of a graph when
looking for neighbours in the k-opt neighbourhood of a (k � 1)-optimal independent set S.

Prop osition 4.2. Let S be a (k� 1)-optimal independentset for somek > 1, and S0 2 Nk (S).
Then S0 = (SnU) [ W for somesetsU � S and W � N (U) suchthat G[N1(U)] is connected.

Proof. Supposeby way of contradiction that W 6� N (U). Then, there exists v 2 W n N1(U),
and becauseS0 2 Nk (S) we have that S [ f vg is an independent set, so S is not 1-optimal,
contradicting our choice of S. It follows that W � N (U).

From the (k � 1)-optimalit y of S it follows that jUj = k � 1. Now, let X � N1(U) be the
node set of a connectedcomponent in G[N1(U)] with j(U \ X )j = j(W \ X )j � 1. Note that
such a node set exists becausejS0j = jSj + 1. Then, the set I = (S n (U \ X )) [ (W \ X )
is an independent set with jI j = jSj + 1. It follows from the (k � 1)-optimalit y of S that
jU \ X j = k � 1. But then, U \ X = U, so U � X , which implies that G[N1(U)] is
connected.

So,whensearching the k-opt neighbourhood of S wecan limit our choiceof U and W using
the above observations. This results in a more e�cien t search of the k-opt neighbourhood on
sparsegraphs with a large diameter.

4.4 Tabu Search using the Indep endent Set Form ulation

Here we present a local search algorithm that usestabu search. Instead of applying tabu
search directly to the independent set problem, we use it to �nd augmentations. This has
as advantage that the neighbourhood during the tabu search is small. Hence, it is easy to
optimise over e�cien tly .

The tabu search is embedded in a procedure that decideson where to try to augment
the current solution. This procedure is the main loop of our augmentation algorithm and is
described in Section 4.4.1. The tabu search itself is the subject of Section 4.4.2.
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4.4.1 The Main Lo op

The main loop of our augmentation algorithm maintains an independent set S, a list of active
nodes L , and works in iterations. Initially S = ? and L = V . As long as L 6= ? , the main
loop proceedsby extracting the �rst node, say v, from L. We try to �nd an independent set
S0 of size jSj + 1 using tabu search starting from the set S [ f vg. If we do not succeedin
doing so v becomesinactive and we proceedwith the next iteration.

If we do succeed,then S0 2 Nk (S) for somevalue of k and we can write S0 = (S nU) [ W .
Here U;W are the sets of nodes that are removed from S, and added to S, respectively, to
obtain S0. We replace S by S0 and make the set of inactive nodes adjacent to W active by
appending all u 2 N (W ) with u =2 L to the end of L . Having done this, we proceedwith the
next iteration. The main loop of our augmentation algorithm terminates when L becomes
empty.

Sinceeach successfulaugmentation increasesthe sizeof the independent set, there are at
most jV j successfulaugmentations. Also, the number of consecutive failed augmentations is
at most jV j. Hencethe number of tabu searchesperformed by the main loop is bounded by
O(jV j2).

4.4.2 Finding an Augmen tation using Tabu Search

We employ the sameneighbourhood as proposedby Friden, Herz, and de Werra [17]. Given
a set S0 with jS0j = � 0, we try to �nd a set S that satis�es jSj = � 0 and minimises the
objective function

f (S) = jE(S)j:

For this purpose we maintain a partition (S;V n S) of the nodes and a set of tabu nodes.
Initially , S := S0 and none of the nodes are tabu. The tabu search operates in iterations,
each iteration we take a node u 2 S and a node w 2 V nS, and set S0 := (Snf ug) [ f wg, where
u 2 V (E(S)). Here u and w are chosensuch that the resulting set jE (S)j is minimal subject
to the condition that neither u nor w is tabu. We move from S to S0 by setting S := S0.

After each move in which the setE(S) doesnot strictly decreasein size,the nodesinvolved
in it are made tabu. Nodes that are made tabu stay so for a �xed number � of iterations.
Whenever jE (S)j becomeszero, S is an independent set and we terminate the search.

Let S� denotethe setS that minimisesjE(S)j over the current search. If, after c1 iterations
we did not seeany changein S� , we concludethat the search hasreached somelocal optimum.
Our next goal is to escape from this local optimum. To achieve this we perform a constant
number, say c2 � 1, of attempts at escapingfrom it. Each attempt consists of at most c1

iterations, of which the �rst c3 iterations are performed with a perturb ed objective function.
This can be interpreted as applying intensi�c ation and diversi�c ation techniques (seeHertz,
Taillard and de Werra [19]). The perturb ed objective function is given by

~f (S) = jE(S)j +
1
2

X

v2 V

pT � S;

wherep 2 NV is a vector that counts for each node v 2 V how often node v hasbeeninvolved
in a con
ict, i.e., pv is the number of iterations in which v 2 V(E(S)). Also, we let the number
of iterations � that tabu nodesstay tabu depend on the number of the attempt at escaping
from the current local optimum. In attempt i , we take � = � (i ), where � (i ) is de�ned as

� (i ) = � min + i (� max � � min )=c2
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for someparameters � min and � max . As soon as we �nd a set S with jE(S)j < jE(S� )j we
proceedas normal, using f as objective function, and with � = � min . The search terminates
if none of the attempts succeeds.

To complete the description of our tabu search we give our choicesof parameters. After
doing someexperiments we concludedthat taking � min = 2, � max = 7, c1 = 100, c2 = 10, and
c3 = 3 are good choicesof parameters. Theseare the settings that we usein our experiments
reported on in Section 6.1.

If onekeepstrack of the number of neighbours of each node that are in S, each iteration of
the tabu search can be implemented to work in O(j� (V (E(S))) j). Since0 � f (S) � jE j and
each improvement decreasesjE(S� )j by at least one, we can have at most c1c2jE j iterations.
The worst-caserunning time of the search can then be bounded by O(jE jk maxv2 V j� (v)j),
where jV (E(S)) j � k � jV j. This could be as large as O(jV j2jE j). As a result the worst-case
bound on the time complexity of the main loop becomesO(jV j4jE j).

On con
ict graphs of map labelling problems we have observed that jV (E(S)) j and
maxv2 V j� (v)j are bounded from above by small constants. Assuming that these observa-
tions hold, we obtain a bound of O(jE j) on the running time of the tabu search and a bound
of O(jV j2jE j) on the running time of the main loop. Still, thesebounds are crude sincethey
do not take into account that augmentations only considera small part of the graph.

4.5 LP Rounding Algorithms

Here we considerheuristics for �nding hopefully large independent sets,starting from an LP
solution in PE .

4.5.1 Simple LP Rounding

Supposewe are givena point x 2 PE . Let S be the set of nodesthat correspond to x -variables
with a value strictly greater than one half, i.e., S = f v 2 V j xv > 1

2g. Becausex 2 PE ,
we know that for each edge f u; vg 2 E at most one of u and v can have a value strictly
greater than one half and thus be in S. It follows that S is an independent set in G. The
simple LP rounding algorithm rounds x S up to 1, and x V nS down to 0 to obtain the vector
x 0 = � S 2 PE \ f 0; 1gV , which it returns as a solution. This can be done in O(jV j) time.

The quality of the solution of the LP rounding algorithm can be arbitrarily bad. For
instance, the vector x 2 PE with xv = 1

2 for all v 2 V is rounded to 0, corresponding to
the empty independent set. On the other hand, the algorithm is capable of producing any
optimal solution. For example, if x = (1 � � )� S�

+ �� V nS�
for somemaximum independent

set S� and any � such that 0 � � < 1
2 , then the algorithm produces � S�

as an answer, an
optimal solution.

Nemhauserand Trotter [29] have shown that if x is obtained by maximising any objective
function over PE , then x is a vector with components 0, 1

2 , and 1 only. In this casethe simple
LP rounding algorithm degeneratesto selectingthe components of x with value 1.

4.5.2 Minim um Regret Rounding

Denote by I the collection of all independent sets in G. Suppose we are given a vector
x 2 PE with somefractional components. We are going to round x by repeatedly choosing
an independent set I 2 I with 0 < x I < 1, rounding x I up to 1, and x N (I ) down to 0, until
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x is integral. Let I 2 I . The rounding operation above de�nes a function f that maps x on
a vector x 0 2 PE using I :

f : PE � I ! PE : (x ; I ) 7! x 0; where x0
u =

8
><

>:

1 if u 2 I ,

0 if u 2 N (I ),

xu otherwise.

We say that f rounds up x I .

Lemma 4.3. Let x 2 PE and I 2 I . Then f (x ; I ) 2 PE .

Proof. Let x 0 = f (x ; I ). SinceI is an independent setand by construction of f , x 0
N1 (v)nf vg = 0

for all v 2 I , we have that x 0
N1 (I ) 2 PE . Since 0 � x 0

V nI � x V nI , we have x 0
V nI 2 PE . The

proof follows becauseby de�nition of N1(I ) there do not exist edgesf u; vg with u 2 V nN1(I )
and v 2 I .

We �rst study the e�ect of f on the objective function x (V ). Again, let I 2 I and
x 0 = f (x ; I ). De�ne the function r : PE � I ! R as the di�erence in objective function value
betweenx and x 0:

r (x ; I ) =
X

v2 V

xv �
X

v2 V

(f (x ; I )) v =
X

v2 V

(xv � x0
v) =

X

v2 N 1 (I )

xv � jI j

= x (N1(I )) � jI j:

Becausewe will later apply f to a vector x 2 PE that is optimal with respect to x (V ),
we have that x (V ) � x 0(V ), so r (x ; I ) � 0 is the decreasein the objective function value in
that case. Since we do not like the objective function to decrease,we call r (x ; I ) the regret
we have of rounding x I to 1.

Now take x 2 PE ; I 2 I with jI j > 1, and choose non-empty sets I 1; I 2 � I where
I 1 = I n I 2. Then,

r (x ; I ) = x (N1(I )) � jI j

= x (N1(I 1)) + x (N1(I 2)) � x (N1(I 1) \ N1(I 2)) � jI 1j � jI 2j

= r (x ; I 1) + r (x ; I 2) � x (N1(I 1) \ N1(I 2)) :

This shows that if
x (N1(I 1) \ N1(I 2)) = 0; (6)

then the regret of rounding x I to 1 is the sameas the combined regret of rounding x I 1 and
x I 2 to 1. It follows that we can restrict our choice of I to independent sets that cannot be
partitioned into subsetsI 1; I 2 satisfying condition (6). This is the caseif and only if the graph
induced by the support of x N1 (I ) is connected.

If we chooseI in such a way that 0 < x I < 1, then f (x ; I ) hasat least jI j fewer fractional
components than x . We will use this to de�ne a greedy rounding algorithm as follows. The
algorithm has as input a vector x 2 PE and an integer t > 0 and repeatedly replacesx by
f (x ; I ) for someset I , rounding x I to 1. This is done in t phases,numbered t; t � 1; : : : ; 1.
In phasek, we only work with sets I 2 I satisfying

jI j = k; (7)

0 < x I < 1; and (8)

G[supp(x N1 (I ) )] is connected. (9)
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During phase k, the next set I 2 I is chosen so as to minimise the regret r (x ; I ) within
these restrictions. Phase k terminates when there are no more sets I 2 I satisfying these
conditions.

We name this algorithm the minimum regret rounding algorithm due to the choice of I .
Note that at any time during the algorithm, x F is an optimal LP solution to the maximum
independent set problem in G[F ] if the original vector x was one in G, where F = f v 2 V j
0 < xv < 1g is the fractional support of x . It follows that the value x (V ) never increasesover
any execution of the algorithm.

Phase k is implemented in iterations as follows. We maintain a priorit y queue Q that
initially contains all setsI 2 I satisfying conditions (7){(9), where the priorit y of set I is the
value of r (x ; I ). In each iteration, we extract a set I from Q with minimum regret. If x I

has integral components or if the graph induced by the support of x N1 (I ) is not connected,
then we proceedwith the next iteration. Otherwise we update Q. This is doneby decreasing
the priorities of all I 0 2 Q with N1(I 0) \ N1(I ) 6= ? by x (N1(I 0) \ N1(I )). We replace our
current vector x by f (x ; I ) and proceedwith the next iteration. Phasek terminates when Q
is empty.

Lemma 4.4. Let F � V be the fractional support of x upon termination of phase k of
the minimum regret rounding algorithm. For any F 0 � F such that G[F 0] is a connected
component of G[F ],

diam(G[F 0]) < 2(k � 1):

Proof. Let G[F 0] be a connectedcomponent of G[F ] and suppose,by way of contradiction,
that the graph G[F 0] has a diameter of at least 2(k � 1). Then, there exists nodesu; v 2 F 0

for which the shortest path P in G[F 0] has length exactly 2(k � 1). Let

P = (u = v0; e1; v1; : : : ; e2(k� 1); v2(k� 1) = v):

Consider the set I = f v0; v2; : : : ; v2(k� 1)g. Observe that I � F 0. We argue that I is an
independent set. Suppose for some vi ; vj 2 I we had f vi ; vj g 2 E, thus f vi ; vj g 2 E(F 0).
Sincewe can assumewithout loss of generality that i < j , P can be shortened by replacing
the sequencevi ; ei +1 ; vi +1 ; : : : ; ej ; vj by the sequencevi ; f vi ; vj g; vj , and still be a path in
G[F 0]. As this contradicts our choice of P it follows that no such vi ; vj 2 I exist. Thus I is
an independent set in G[F 0]. BecausejI j = k, F 0 � F , and G[F 0] is connected, I satis�es
conditions (7){(9). This contradicts the termination of phasek.

Theorem 4.5. Let x = � S be the vector returned by the minimum regret rounding algorithm
with input x 0 and somet > 0, where x 0 2 PE . Then S is an independent set.

Proof. Sincex is obtained from x 0 by iterativ ely applying f , we have x 2 PE by Lemma 4.3.
From Lemma 4.4, we have that upon termination of phase k = 1, the diameter of each
connectedcomponents of the fractional support of x is strictly lessthan 0. This implies that
the graph induced by the fractional support is empty, hencex is an integer vector.

We have implemented the minimum regret rounding heuristic for t = 1 and t = 2. Let us
analysethe time complexity of the minimum regret rounding algorithm for those valuesof t.
We start by analysing the time complexity of phasek = 1, the only phaseof the algorithm
if t = 1. In this phase,condition (9) is automatically ful�lled, and any fractional component
xv de�nes its own singleton independent set in Q. Since the regret of the set f vg can be
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computed in O(j� (v)j+ 1) time for each v 2 V , Q can be initialised in O(jV j log jV j+ jE j) time.
Extracting a node with minimum regret from Q takesat most O(log jV j) time. Moreover, for
each node v 2 V , xv is set to 0 at most once,and when this happensat most j� (v)j priorities
have to be decreased.Sincedecreasinga priorit y takesO(log jV j) time, the total time spent
in decreasingpriorities is at most

X

v2 V

(j� (v)j � O(log jV j)) = O(log jV j) �
X

v2 V

j� (v)j = O(jE j log jV j):

Summing everything together, phasek = 1 of the rounding algorithm can be implemented to
work in O(( jV j + jE j) log jV j) time.

Next we analysethe time complexity of phasek = 2, which precedesphasek = 1 in the
casethat t = 2. Each node v 2 V occurs in at most jV j � 1 independent sets of size two,
and N1(v) intersects with N1(I ) for at most j� (v)j � (jV j � 1) possiblechoicesof I 2 I with
jI j = 2. So, the number of independent sets of size two is at most O(jV j2), and their regret
valuescan be initialised in time

O(
X

v2 V

j� (v)j � (jV j � 1)) = O(jV jjE j):

It follows that Q can be initialised in O(jV j2 log jV j + jV jjE j) time. For v 2 V , when xv is set
to 0, at most j� (v)j � (jV j � 1) priorities have to be decreased,each decreaseof a priorit y taking
O(log jV j) time, summing up to a total of O(jV jjE j log jV j) time. Finally , we have to check
condition (9). This can be done by keeping track of the sizesof the sets supp(x N1 (v)\ N 1(w) )
for each f v; wg 2 I (v 6= w). These sizescan be stored in a jV j � jV j matrix. This matrix
has to be updated each time we set xv to 0 for somev 2 V . This takes at most O(jV jjE j)
time in total. It follows that phasek = 2 of the rounding algorithm can be implemented in
O(( jV j + jE j)jV j log jV j) time. This term dominates the time complexity of the algorithm.

We complete this section with observing that for any natural number k > 2, the number
of di�eren t independent sets of size k is at most jV jk , which is polynomial in jV j for �xed
k. As a consequence,implementing the minimum regret rounding algorithm in a brute-force
fashion will yield a polynomial algorithm for any �xed value of t.

5 Optimisation Algorithms for Indep endent Set

Here we consider solving maximum independent set problems to optimalit y using LP-based
branch-and-bound algorithms. Section 5.1 reviews the basic branch-and-cut and cutting
plane/branch-and-bound algorithm. The initial LP-formulation is given in Section 5.2. To
speed up our branch-and-bound algorithms we use various techniques for setting variables.
Theseare the subjects of Sections5.3{5.6. We end this section consideringhow to apply the
separation algorithms on graphs obtained from map labelling instancesin Section 5.9.

5.1 Branc h and Cut

A branch and cut algorithm is a branch and bound algorithm where we may call a cutting
plane algorithm in each node of the search tree. Here we give a short description of a basic
version of branch and bound and of a cutting plane algorithm. For further details we refer to
the book by Wolsey [42].
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Consider the problem of determining zOPT = maxf z(x ) : x 2 P; x integerg, where z is
a linear function in x , and where P is a polyhedron. We refer to this problem as problem
�. Branch and bound makes use of the linear programming relaxation (LP-relaxation) ��:
�z = maxf z(x ) : x 2 Pg. It is easy to seethat �z � zOPT . At the top level, or root node, of
the branch and bound tree we have problem �� . At level k of the tree we have a collection
of problems, say �� 1; : : : ; �� l such that the corresponding polyhedra P1; : : : ; Pl are pairwise
disjoint, and such that all integral vectors in P are contained in P1 [ � � � [ Pl .

The algorithm works as follows. We maintain a set of open problems, the best known
value of an integer solution z� = z(x � ), and the corresponding integer solution x � . At �rst,
problem �� is the only open problem. In iteration i , we selectan open problem �� i and solve
it. If problem �� i is infeasibleor if the value z( �x i ) of its optimal solution, �x i , is lessthan z� we
remove �� i from the list of open problemsand contin ue with the next iteration. If the optimal
solution to �� i is integral, i.e., �x i is a solution to problem �, we set x � := �x i if z( �x i ) > z� , we
remove �� i from the list of open problems and we proceedto the next iteration. Otherwise,
we identify a component j of the vector �x i such that �x i

j is not integral, and \branch" on x j ,
i.e., we formulate two new open problems, say �� i

1 and �� i
2 by adding constraints x j � b�x i

j c
and x j � d�x i

j e to P i . If x j is a 0-1 variable we add constraints x j = 0 and x j = 1. Note that
�x i neither belongsto P i

1 nor to P i
2. The value of z( �x i ) is an upper bound on the value of any

solution to the problems �� i
1 and �� i

2. We replace �� i by �� i
1 and �� i

2 in the set of open problems
and proceedto the next iteration. The algorithm stopsafter the set of open problemsbecomes
empty.

When using branch and bound to solve integer programming problems it is crucial that
we obtain good lower and upper boundson the optimal value asthe boundsare usedto prune
the search tree. In order to obtain good upper bounds we strengthen the LP-relaxation by
adding valid inequalities.

In a cutting plane algorithm we maintain an LP-relaxation of a problem �. We start with
the formulation P. Solve �� given P. If the optimal solution �x is integral, then we stop.
Otherwise, we call the separation algorithms basedon all families of valid inequalities that
we consider. If any violated inequalities are identi�ed we add them to P. If no violated
inequalities are found we stop.

In a cutting-plane/branch-and-bound algorithm we run a cutting planealgorithm to obtain
a strong linear relaxation, and then use this relaxation in an LP-based branch-and-bound
algorithm.

5.2 GUB Form ulation

We can rewrite the clique formulation by intro ducing the slack variables s 2 f 0; 1gC. The
resulting equality constraints can then be interpreted as so-called generalised upper bound
(GUB) constraints. A GUB constraint models the situation in which we have to chooseone
option from a set of mutually exclusive options. GUB constraints were intro duced by Beale
and Tomlin [2].

The advantage of having GUB constraints is that they can be usedto de�ne a branching
schemeknown as branching on GUBs. Let

PGUB
C = f (x ; s) 2 RV � RC j x (C) + sC = 1 for all C 2 C; x � 0; s � 0g:

This leads to the following formulation of the maximum independent set problem, which we
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call the GUB formulation:

maxf x (V ) j (x ; s) 2 PGUB
C \ f 0; 1gV [C g: (10)

In our branch-and-cut algorithm we usethe GUB formulation.

5.3 Reduced Cost Variable Setting

The branch-and-bound algorithm is correct as long as we do not discard any solution that
is better than our current best solution from the remaining search-space. Consider iteration
i of the branch-and-bound algorithm in which the LP relaxation was feasible. Let the LP
relaxation in iteration i be denoted by

max x (V ) (11a)

subject to Ax + I s = b (11b)

l i � x � u i (11c)

for an appropriate choice of slack variables s and right-hand side b. We can exploit the
information obtained from the optimal solution of the LP relaxation to tighten the lower and
upper bounds l i and u i , respectively, on the variables. Theseimproved bounds are basedon
the value of the best known integer solution, the value of the LP relaxation, and the reduced
cost of non-basicvariables in an optimal LP solution.

Let (x LP ; � ) be an optimal primal-dual pair to (11) where � = (cT
B A � 1

B )T for somebasis
B . Further, let zLP = z(x LP ), and let L; U be the sets of variable indices with c�

L < 0 and
c�

U > 0. The reducedcost c�
j can be interpreted as the changeof the objective function per

unit change of variable x j . From the reduced cost optimalit y conditions (seee.g. Dantzig
and Thapa [10]) it follows that x j = ui

j if c�
j > 0 and x j = l ij if c�

j < 0. Using these
observations and the di�erence in objective function betweenthe optimal LP solution and x �

we can compute a new lower bound for x j if c�
j > 0, and a new upper bound for x j if c�

j < 0.
For zero-oneinteger programming problems, this meansthat we can set l i

j = 1 if xLP
j = 1 and

c�
j > zLP � z� , and we can set ui

j = 0 if xLP
j = 0 and c�

j < z� � zLP , where j 2 V [ C is any
variable index.

Denote the node in the branch-and-bound tree that is associated with iteration i by vi ,
and the sub-treeof the branch-and-bound tree that is rooted at node vi by Tvi . The improved
bounds can be used in all iterations of the branch-and-bound algorithm that are associated
with any node in the branch-and-bound tree in the sub-tree rooted at node vi .

When a variable index j satis�es l i
j = ui

j we say that x j is set to l ij = ui
j in iteration i

(node vi ). When a variable is set in the root node of the branch-and-bound tree, it is called
�xed. If l ij < ui

j , we say that x j is free in iteration i (node vi ). Variable setting basedon
reducedcostbelongsto the folklore and is usedby many authors to improve the formulation of
zero-oneinteger programming problems (for exampleby Crowder, Johnson,and Padberg [9]
and Padberg and Rinaldi [33]).

Note that the new bounds are a function of � ; zLP , and z� . As a consequence,each time
that we �nd a new best integer feasiblesolution in the branch-and-bound algorithm we can re-
compute the bounds. Supposewe �nd an improved primal solution in iteration k. An original
feature of our implementation of the branch-and-bound algorithm is that we re-compute the
bounds in all nodes vi of the branch-and-bound tree with i 2 f 1; : : : ; kg that are on a path
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from the root node to a node vk0 with k0 > k. In order to be able to do this, we store a tree T 0

that mirrors the branch-and-bound tree. Each node wi in T0 corresponds to someiteration
i of the branch-and-bound algorithm, and with wi we store its parent p(wi ) in T0, and the
valuesof � , zLP , and z� for which we last computed the bounds in wi , and the bounds that
we can actually improve in node wi . The valuesof � are stored implicitly by storing only the
di�erences of the optimal LP basisbetweennode wi and node p(wi ).

The actual re-computation of bounds is done in a lazy fashion as follows. In iteration k
of the branch-and-bound algorithm, we compute the path P from w1 to wk in T0 using the
parent pointers. Next, we traverse P from w1 to wk , and keep track of the �nal basis in
each node using the di�erences, and of the best available bounds on each variable using the
improved bounds that are stored in the nodeson P. Considersomenode wi in this traversal.
If the value of z� that is stored in wi is lessthan the actual value, we re-compute the bounds
in wi . If any of the boundsstored in node wi contradicts with boundsstored in a node wj that
precededwi in the traversal, we have found a proof that there do not exists integer solutions
that satisfy the bounds of iteration k and we fathom node wk . If any of the bounds stored
in node wi is implied by a bound stored in a node wj that precededwi in the traversal, we
remove it from node wi .

Consider an execution of the branch-and-bound algorithm and let � denote the number
of times we improve on the primal bound. For wi 2 T0 let J 0 denote the non-basicvariables
in the �nal basis of node wi . Assuming that n � m, the time spent in the re-computation
of bounds of node wi is dominated by the re-computation of the reducedcost from the �nal
basisof node wi , which is of the order

O(� jsupp(AJ 0)j): (12)

In a typical execution of the branch-and-bound algorithm, we improve on the value of z�

only a few times. Moreover, we usea branch-and-cut algorithm that calls sophisticated and
time-consuming subroutines in each iteration of the branch-and-bound algorithm. These
observations imply that the bound (12) is dominated by the running time of the other com-
putations performed in iteration i of the branch-and-bound algorithm in our applications. We
believe that the bene�t of having strengthenedformulations is worth the extra terms (12) in
the running time of the branch-and-bound algorithm, as the improved formulations help in
reducing the sizeof the branch-and-bound tree.

5.4 GUB Constrain ts and Variable Setting

Whenever wehavea formulation in which someof the constraints areGUB constraints, wecan
exploit this by strengthening the boundson thosevariablesthat are in a GUB constraint using
a slightly stronger argument than the onepresented in Section5.3. Consideragain iteration i
of the branch-and-bound algorithm in which the LP relaxation was feasible. Denote this LP
relaxation by

max z(x ) = cT x (13a)

subject to Ax = b (13b)

l i � x � u i (13c)

Let I 0 be the set of row indices corresponding to maximal clique constraints with explicit
slack variables.
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For each clique C 2 C, the slack variable sC (as intro duced in Section 5.2) can be in-
terpreted as a variable corresponding to an extra node in G, say vC , that has an objective
function coe�cien t of 0 and is connectedto all nodes in C. Denote this extended graph by
G0 = (V 0; E 0).

For j 2 V 0, whenever x j has value one, the GUB constraints imply that x N (j ) = 0, and
whenever x j has value zero the GUB constraints imply that for at least one k 2 N (j ) xk

has value one. The strengthened argument for modifying the upper bound on x j takes into
account the reducedcost of the variablesx N (j ) , and the strengthenedargument for modifying
the lower bound on x j takes into account the reducedcost of the variables xk and x N (k) for
someproperly chosenk 2 N (j ).

Let z� again denote the value of the best known integer solution. Consider iteration i in
which the LP relaxation is feasibleand let ((x LP

V ; x LP
C ); � ) be an optimal primal-dual pair to

it, where � = (cT
B A � 1

B )T for somebasis B � V 0 and A denotes the constraint matrix. Let
zLP = z(x LP ), and let L; U � V 0 be the setsof variable indiceswith c�

L < 0 and c�
U > 0. The

strengthenedbounds~l
i
; ~u i 2 f 0; 1gV 0

are de�ned as

~l ij =

(
max(0; 1 + d(z� � zLP )=minf� ~c�

k j k 2 N (j )ge); if j 2 U,

0; otherwise,

and

~ui
j =

(
min(1; b(z� � zLP )=~c�

j c); if j 2 L ,

1; otherwise,

where for each j 2 L
~c�

j = c�
j � c� (N (j ) \ U):

Prop osition 5.1. All integer x IP that are feasibleto (13) with z(x IP ) � z� satisfy ~l
i

� x IP �
~u i .

Proof. Let x LP ; � ; zLP ; L; U be as in the construction of z� ; i; ~l
i
; ~u i . Assumethat there exists

an integer vector x IP that is feasible to (13) with z(x IP ) � z� . A fundamental result from
the theory of linear programming is that we can rewrite the objective function in terms of
the reducedcost. This yields

z(x IP ) = � T b + (c�
L )T x IP

L + (c�
U )T x IP

U ; and

z(x LP ) = � T b + (c�
L )T l i

L + (c�
U )T u i

U :

Observe that the feasibility of x IP implies x IP
L � 0 and x IP

U � 1, sox IP
U � 1 � 0. Now, choose

j 2 L arbitrarily . Either x IP
j = 0 or x IP

j = 1. In the casethat x IP
j = 0 we directly have

x IP
j � ~ui

j since ~ui
j � 0. So assumethat x IP

j = 1. It follows that x IP
N (j ) = 0. But then,

z� � zLP � z(x IP ) � z(x LP )

= (c�
L )T (x IP

L � l i
L ) + (c�

U )T (x IP
U � u i

U )

= (c�
L )T x IP

L + (c�
U )T (x IP

U � 1)

� c�
j x IP

j + (c�
U\ N (j ) )

T (x IP
U\ N (j ) � 1)

= c�
j � c� (U \ N (j )) :
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Sincec�
j � c� (U \ N (j )) < 0, we �nd

(z� � zLP )=(c�
j � c� (U \ N (j ))) � 1:

Hencex IP
j = 1 � ~ui

j . So both x IP
j = 0 and x IP

j = 1 imply x IP
j � ~ui

j . Becausej was chosen
arbitrarily we have x IP � ~u i .

The proof that x IP � ~l
i

is derived similarly starting from an arbitrarily chosen index
j 2 U, assumingthat x IP

j = 0, and using the observation that x IP
j = 0 implies x IP

k = 1 for
someindex k 2 N (j ), which in turn implies that x IP

N (k) = 0.

The strengthened criteria for setting variables basedon reduced cost can be taken into
account in an implementation that stores the reduced cost of the variables in an array by
replacing c�

j by minf� ~c�
k j k 2 N (j )g for all j 2 U and by ~c�

j for all j 2 L in this array.
Having donethis the strengthenedboundscan be computed as in Section5.3. The extra time
neededfor pre-processingthe array is O(jE j).

5.5 Logical Implications

In each node of the branch-and-bound tree we solve a linear programming relaxation of the
form

zLP = maxf z(x ) = x (V ) j Ax = b; l � x � ug; (14)

for somel ; u 2 f 0; 1gV � f 0; 1gC where A; b are obtained from the constraint matrix of P GUB
C

and 1, respectively, by adding the rows and right hand sides of valid inequalities that are
producedby our separationalgorithms. Recall the notion of setting variablesfrom Section5.3.

We start with the most elementary of all logical implications:

Prop osition 5.2. Let v 2 V be a node in G and let W = N (v) be its set of neighbours. If
xv is set to one, then xw can be set to zero for all w 2 W without changingzLP .

Proof. Directly from the de�nition of PE .

Prop osition 5.3. Let v; W be as in Proposition 5.2. If xw is set to zero for all w 2 W , then
xv can be set to one without changing the value of zLP .

Proof. BecausezLP = z(x LP ) for some optimal solution x LP to model (14), and x LP
W = 0

together with optimalit y of x LP implies that xLP
v = 1, the proposition holds.

If we set xv to one for somev 2 V , then we can set xw to zero for all neighbours w of v by
Proposition 5.2. In a formulation of the independent set problem with explicit slack variables,
such as model (10), it is possible to interpret the slack variable sC that is associated with
clique C 2 C asa variable that is associated with an extra node that is connectedto all nodes
in C. Using this interpretation we can also apply Proposition 5.2 to the slack variables sC

for all C 2 C. If we set xv to zero for somev 2 V , its neighbours may satisfy the conditions
of Proposition 5.3.

After applying Proposition 5.2 to all nodes that are set to one, we can restate the linear
programming problem 14 in terms of its free variables. The resulting linear programming
problem can be interpreted as a (fractional) independent set problem in the graph induced
by the nodesthat correspond to the free variables (i.e., with a lower bound of 0 and an upper
bound of 1). Therefore, setting variables to zero can be interpreted as removing nodes from
the graph.
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Prop osition 5.4. Let v be a node of G, let U = N (v) be the set of neighbours of v, and let
W = N (N1(v)) be the set of neighbours of the 1-neighbourhood of v. When removing v from
G, only the following casescan occur:

(i) the nodes in U may become simplicial nodes,

(ii) the nodes in W may become node-dominated by nodes in U, or

(iii) the nodes in W may become set-dominated.

Proof. Directly from Propositions 3.6, 3.7, and 3.8.

After setting a variable to zero,we check whether any of the three casesof Proposition 5.4
occurs, and if so, we take the appropriate action.

5.6 Variable Setting by Recursion and Substitution

Suppose we are solving an instance of the map labelling problem P with con
ict graph
G = (V; E) using a branch-and-cut algorithm. Focus on iteration j of the branch-and-cut
algorithm just after the termination of the cutting plane algorithm. Recall from Section 5.5
that we have solved an LP of the form (14) for some lower and upper bounds l ; u . Let
J1; J2 � V be the set of nodes whose corresponding variables are set to zero, and one,
respectively, and let F = V n (J1 [ J2) be the set of nodeswhosecorresponding variables are
free. Becauseweexhaustively apply Proposition 5.2, for each v 2 J2 wehave that l N (v) = 0, so
all neighbours of v are membersof J1. Note that G[F ] doesnot needto be a connectedgraph,
even if G is. Let f F1; : : : ; Fkg be the partition of F such that for each i 2 f 1; : : : ; kg, G[F i ] is a
connectedcomponent of G[F ]. The following proposition, which is similar to Proposition 3.6,
states that we can �nd the optimal integer solution in the set

PE \ f x 2 RV j l V � x � u V g

by combining optimal solutions for the individual F i , where PE again denotes the edge-
formulation of Section 3.

Prop osition 5.5. Let i 2 f 1; : : : ; kg, let J1; J2 and Fi be as above, and let I � Fi be a
maximum independent set in G[Fi ]. Then, there exists an independent set I � in G with
I � I � that is maximum under the restrictions that J1 \ I � = ? and J2 � I � .

Proof. Let I 1 be a maximum independent set in G under the restrictions that J1 \ I 1 = ?
and J2 � I 1. Let I 2 = I 1 n Fi and I � = I 2 [ I . Becausewe exhaustively useProposition 5.2
and Fi is maximal by the de�nition of connectedcomponents, for all v 2 F i and f v; wg 2 � (v)
we have that w 2 Fi [ J1. It follows that I � is an independent set in G. BecauseI 1 \ Fi is an
independent set in G[Fi ], we �nd that

jI 2j = jI 1 n Fi j = jI 1j � jI 1 \ Fi j � jI 1j � jI j:

BecauseI \ I 2 = ? , this implies that

jI � j = jI 2 [ I j = jI 2j + jI j � jI 1j � jI j + jI j � jI 1j:

Moreover, J1 \ I � = ? and J2 � I � by choice of I 1 and construction of I � . So I � is an
independent set in G that is at least as large as I 1, and satis�es I � I � , J1 \ I � = ? and
J2 � I � .
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Now, supposethat jF1j � jFi j for all i 2 f 2; : : : ; kg. We seeF1 as the main component of
the problem we solve in the part of the branch-and-bound tree rooted at vj , and leave it aside
for the remainder of iteration j . (Here vj again denotesthe node of the branch-and-bound
tree corresponding to iteration j .) For all i 2 f 2; : : : ; kg, however, we recursively compute
a maximum independent set I �

i in G[Fi ], and then set the variables in I �
i to one and the

variables in Fi n I �
i to zero. By Proposition 5.5, this doesnot reducethe value of the optimal

solution. After substituting the solutions of the recursively computed independent sets, we
obtain a new solution and a new bound for iteration j of the branch-and-cut algorithm. We
call this technique variable setting by recursion and substitution, or SRS.

5.7 Separation of Lifted Odd Holes

Here we consider the separation algorithm for lifted odd hole inequalities. Let x 2 PE be a
fractional solution. Recall from Section 3.3 that a lifted odd hole is of the form

x (V (H )) +
X

v2 V nV (H )

� vxv � bjV (H )j=2c

for somesuitable vector � 2 RV
+ . We compute values � 2 NV

+ using sequential lifting (see
Padberg [32] and Wolsey [40, 41]), to obtain facet-de�ning inequalities of PIS.

The separation algorithm for lifted odd hole inequalities consistsof two parts. The �rst
part derives an odd hole H from x LP that de�nes a violated or nearly violated odd hole
inequality. The secondpart consists of lifting the resulting odd hole inequality so that it
becomesfacet-de�ning for PIS. After the lifting, we check whether we have found a violated
inequality and if so, we report it.

5.7.1 Iden tifying a (Nearly) Violated Odd Hole Inequalit y

Westart by describingthe separationalgorithm for the basicodd hole inequalities, x (V (H )) �
bjV (H )j=2c. Supposewe are givena vector x LP 2 PE . We �rst �nd an odd cyclestarting from
somenodev 2 V using the construction describedby Gr•otschel, Lov�asz,and Schrijv er [18]. To
�nd a shortest odd cycle containing node v, Gr•otschel et al. construct an auxiliary bipartite
graph ~G = ((V 1; V 2); ~E) and cost vectors c 2 [0; 1]E and ~c 2 [0; 1]~E as follows. Each node
v 2 V is split into two nodes v1 and v2, with vi included in V i (i = 1; 2). For each edge
f u; vg 2 E, we add the edgesf u1; v2g and f u2; v1g to ~E, and set cf u;vg = ~cf u1 ;v2g = ~cf u2 ;v1g =
1 � xLP

u � xLP
v . Observe that a path from u1 2 V 1 to v2 2 V 2 in ~G corresponds to a walk of

odd length in G from u to v.
A shortest path from v1 to v2 in ~G corresponds to a shortest odd length closedwalk in G

containing v. The reasonthat we are looking for a shortest path is that an odd hole H in G
de�nes a violated odd hole inequality if c(E(H )) < 1, and a short closedwalk in ~G is more
likely to lead to a violated lifted odd hole inequality than a long one. In our implementation,
we restricted ourselvesto shortest path with length at most 1:125. Shortest paths in a graph
with non-negative edgelengths can be found using Dijkstra's algorithm [14]. Hence,we can
�nd a closedwalk

C := (v = v0; e1; v1; e2; v2; : : : ; vk� 1; ek ; vk = v)

in G with odd k that is minimal with respect to c and jCj by using Dijkstra's algorithm to
�nd a shortest path (with respect to ~c) of minimal cardinalit y from v1 to v2 in ~G. Someof
the vi may occur more than once,and the walk may have chords.
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Figure 4: Identifying an odd hole in a closedwalk.

Let j 2 2; : : : ; k � 1 be the smallest index such that there exists an edgef vi ; vj g 2 E for
some i 2 0; : : : ; j � 2 (such i; j exist becausef v0; vk� 1g 2 E). Let i 2 0; : : : ; j � 2 be the
largest index such that f vi ; vj g 2 E. Let

H := (vi ; ei +1 ; vi +1 ; : : : ; ej ; vj ; f vj ; vi g; vi ):

The construction of H is illustrated in Figure 4. We proceedby showing that H is indeed
an odd hole.

Prop osition 5.6. Let H be constructed as above. Then, H is an odd hole in G.

Proof. Becausef v1; v2g =2 ~E, we have that jH j � 3. Clearly H is a cycle in G. By choice of
i and j , H does not contain chords, so H is a hole in G. It remains to prove that jV (H )j
(= j � i + 1) is odd. Supposeby way of contradiction that jV (H )j is even. Then,

C0 := (v = v0; e1; : : : ; vi � 1; ei ; vi ; f vi ; vj g; vj ; ej +1 ; vj +1 ; : : : ; ek ; vk = v)

is an odd length closedwalk in G containing v. Moreover,

c(f ei +1 ; : : : ; ej g) = (j � i ) � (2
P j � 1

p= i+1 xLP
vp

) � xLP
vi

� xLP
vj

:

It follows from x LP (f vp; vp+1 g) � 1 that

j � 1X

p= i+1

xLP
vp

� (j � i � 1)=2:

Therefore,
c(f ei +1 ; : : : ; ej g) � (j � i ) � (j � i � 1) � xLP

vi
� xLP

vj
= cf vi ;vj g;

so C0 is not longer than C with respect to c. However, C0 is of smaller cardinalit y, which
contradicts our choice of C. HenceH is an odd hole in G.

If jV (H )j = 3, then H is a clique in G, and we ignore it in our computations.
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5.7.2 Lifting an Odd Hole Inequalit y

Let H be an odd hole in G. Assumethat we have an ordering of the node set V nV (H ) that
is given by f v1; v2; : : : ; vjV nV (H )jg. Padberg [32] has shown that a lifted odd hole induces a
facet if we choose

� vi = bjV (H )j=2c � maxf x (V (H )) +
P i � 1

j =1 � vj xvj j x 2 X i
ISg;

where

X i
IS = f � I j I is an independent set in G[(V (H ) [ f v1; : : : ; vi � 1g) n N1(vi )]g:

In order to compute the lifting coe�cien ts, we have to compute several maximum weight
independent sets,one for each lifting coe�cien t.

Nemhauserand Sigismondi[28] observed that � v = 0 for v 2 V nV (H ) if jN1(v) \ V (H )j �
2. This implies that the independent set problemsthat have to be solved in order to compute
the lifting coe�cien ts � are relatively small in practice. We lift the variablesin non-decreasing
lexicographic order of the pairs (j 1

2 � xv j; �j N1(v) \ V (H )j), where ties are broken at random.
To compute the coe�cien ts � , we make useof a path decomposition (seeBodlaender [3],

and de Fluiter [15]) of the graph induced by the nodes in the hole and the nodes we al-
ready lifted. Here we describe how we maintain the path decomposition. How to use path
decompositions to compute maximum weight independent sets is described by Verweij [35].

De�nition 5.1. A path decomposition of a graph G = (V; E) is a sequence(Si )n
i=1 satisfying

the following conditions:
S n

i=1 Si = V ; (15)

for all f u; vg 2 E there exists i 2 f 1; : : : ; ng with f u; vg � Si , and (16)

for all i; j; k with 1 � i < j < k � n we have Si \ Sk � Sj : (17)

The width of a path decomposition (Si )n
i=1 is the value maxn

i=1 jSi j � 1.

We may assumewithout loss of generality that Si and Si +1 di�er in only one node, i.e.,
that Si +1 = Si [ f vg or Si +1 = Si n f vg for some v 2 V . We may also assumewithout
loss of generality that S1 = Sn = ? . A path decomposition satisfying these assumptions is
called normalised. A normalised path decomposition has n = 2jV j + 1. We will present our
algorithm to compute the maximum weight of an independent set given a path decomposition
in the next sub-section. Here, we proceedby outlining how we obtain and maintain the path
decomposition that we usefor this purpose.

Given a hole H = (v0; e1; v1; : : : ; en ; vn = v0), an initial path decomposition of the graph
G[V (H )] = (V (H ); E(H )) of width two is given by

Si =

8
>>>><

>>>>:

? ; if i = 1 or i = 2jV (H )j + 1,

f v0g; if i = 2 or i = 2jV (H )j,

f v0; vkg; if 2 < i < 2jV (H )j and i = 2k + 1,

f v0; vk ; vk+1 g; if 2 < i < 2jV (H )j and i = 2(k + 1).

Supposeat somestagewe want to compute the lifting coe�cien t for somenode v 2 V . Let V 0

be the set of nodesthat are either in the hole or did already receivea positive lifting coe�cien t
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at someearlier stage. Assumethat (Si )
2jV 0j+1
i=1 is a path decomposition of the graph induced

by V 0. A path decomposition of G[V 0nN1(v)] can be obtained from (Si )
2jV 0j+1
i=1 by eliminating

the nodesin N1(v) from all setsSi (i = 1; : : : ; 2jV 0j + 1) and eliminating consecutive doubles
(i.e., setsSi and Si +1 that are equal).

For each node that we assign a positive lifting coe�cien t, we have to update our path
decomposition. Supposeat somestagewe have found a strictly positive lifting coe�cien t for
somenode v 2 V . Let V 0; (Si )

2jV 0j+1
i=1 be asbefore. We have to extend the path decomposition

so that it becomesa path decomposition for G[V 0 [ f vg]. We do this in a greedy fashion,
by identifying the indices j; k such that j = minf i j f u; vg 2 E; u 2 Si g and k = maxf i j
f u; vg 2 E; u 2 Si g, and adding v to all sets Si for i 2 f j; : : : ; kg. Having done this, our
path decomposition satis�es conditions (15){(17) for the graph G[V 0 [ f vg]. We normalise
the resulting path decomposition to ensurethat it satis�es our assumptionson the di�erences
betweenconsecutive sets.

5.8 Separation of Maximally Violated Mo d-k Cuts

Supposex LP 2 PE is a fractional solution to the maximum independent set problem. We
use the algorithm described by Caprara, Fischetti, and Letchford [4, 5] to search maximally
violated mod-k cuts. The most time-consuming step of the separation algorithm consistsof
computing, if it exists, a solution to a system of mod-k congruencesthat is formed by those
constraints of the constraint matrix that are satis�ed with equality. For this purposewe com-
pute an LU-factorisation using arithmetic in GF (k) for k 2 f 2; 3; 5; 7; 11; 13; 17; 19; 23; 29g.

As input to the mod-k separationalgorithm, we useall (globally) valid inequalities for PIS

that are present in the formulation of the linear programming relaxation and are satis�ed with
equality by x LP . The inequalities we use are the following: maximal clique inequalities (4),
lifted odd hole inequalities (5), non-negativity constraints on x V , upper bound constraints of
1 on components of x V , and mod-k cuts that werefound at an earlier stageof the algorithm.

5.9 Separation for Map Lab elling Problems

We can exploit the structure of the independent set problems arising from map labelling
by more conservatively calling our separation routines. Becauseadding cuts or bounds only
tends to change the LP solution in a small region surrounding the nodes that are directly
e�ected by them, there is no needto call the separation routines again in parts of the graph
where no changeof the LP solution has occurred.

We say that a solution x precedes ~x in a branch-and-cut algorithm if x ( ~x ) is the optimal
solution to an LP relaxation P ( ~P, respectively), and ~P is derived in the branch-and-cut
algorithm from P by adding cuts or variable bounds. Focus on iteration i of the branch-
and-cut algorithm, and let vj be the parent of vi in the branch-and-bound tree if i > 1. If
the current LP relaxation is ~P and ~P is not the �rst iteration of the cutting plane algorithm
in iteration i of the branch-and-cut algorithm, then P is the LP relaxation associated with
the previous iteration of the cutting plane algorithm. Otherwise, if i > 1 and the current
iteration of the cutting plane algorithm is its �rst iteration in iteration i of the branch-and-cut
algorithm, then P is the LP relaxation associated with the last iteration of the cutting plane
algorithm in iteration j of the branch-and-cut algorithm.

Let G = (V; E) denote the con
ict graph of an instance of the map labelling problem.
Recall the de�nition of PE from Section 3. Focus on iteration i of the branch-and-cut al-
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gorithm. Supposethat x 2 PE is an optimal solution to an LP relaxation in iteration i of
the branch-and-cut algorithm, and let x 0 2 PE be the optimal LP solution that precedesx .
In each iteration of the branch-and-cut algorithm, we only call the separation algorithm for
lifted odd hole inequalities presented in Section3.3 starting from nodesv 2 V for which xv is
fractional and xv 6= x0

v . In this way, we avoid doing the samecalculations over and over again
in each iteration of the branch-and-cut algorithm. Although there is no guarantee that we
�nd all the lifted odd hole inequalities one could �nd if one would start the separation from
all nodesthat correspond to fractional variables, we believe that our cutting plane algorithm
still �nds most of them. The decreasein processingtime neededfor each iteration of our
branch-and-cut algorithm is considerable.

We now focus our attention on the remaining separation algorithms. For large map
labelling instances, the systemsof congruencesmod-k that we have to solve for each run of
the mod-k separation algorithm by Caprara, Fischetti, and Letchford [4, 5] are large as well.
As a consequence,the mod-k separation turns out to be very time consuming. Although we
suspect that a similar incremental strategy as for separating lifted odd-holeswould solve this
problem, developing such a strategy is non-trivial, and is still on our to-do list. Therefore,
in our implementation we restrict the separation of mod-k inequalities to iteration one of the
branch-and-cut algorithm. Since we start out with the complete clique formulation, we do
not call our separation routines for �nding maximal clique inequalities.

5.10 Enumeration and Branc hing Schemes

There are two aspects of the branch-and-cut algorithm that needto be speci�ed to complete
its description, namely, how we select the next open problem and how we chooseto branch
on fractional solutions. We usethe best-�rst strategy in selectingthe next open problem, i.e.,
we chooseto processthat open problem for which the value of the LP relaxation in its parent
node is as high as possible.

There are several possibleways to branch on a fractional solution. One way is branching
on a fractional variable, another is using a GUB constraint to derive a partitioning of the
feasible region. We compute a so-calledpseudo-cost for each possiblebranch, and then use
these to decideon how to partition the feasibleregion. Details of our branching schemecan
be found in Verweij [35]. Using pseudo-costsdates back to the nineteen seventies and has
most recently beenreported on by Linderoth and Savelsbergh [27].

6 Computational Results on Map Lab elling Instances

We tested our heuristic and optimisation algorithms on the sameclassof map labelling in-
stancesasusedby Christensenet al. [7] and van Dijk et al. [13]. Theseinstancesare generated
by placing n (integer) points on a standard map of size 792 by 612. The points have to be
labelled using labelsof size30� 7.1 For each n 2 f 100; 150; : : : ; 750; 950g we randomly gener-
ated 25 maps. We will �rst turn our attention to the computational behaviour of our heuristic

1Since we use closed labels, the label Q1 = f x 2 R2 j 0 � x � (30; 7)T g intersects the label Q(� ) = f x 2
R2 j � � x � (� 1 + 30; � 2 + 7)T g for all � with j� j � (30; 7)T . From the integralit y of the data it follows that
either j� 1 j � 31, or j� 2 j � 8, or both if Q1 and Q(� ) do not intersect. Some researchers seethis as a reason
to actually use labels of size (30 � �; 7 � � )T for somesmall constant � > 0. The reader should be aware of this
when comparing the results presented in this chapter to results found in the literature.
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Name Heuristic Section

SA Simulated Annealing 4.1
DS Diversi�ed Neighbourhood Search 4.2
O1 1-Opt starting from zero 4.3
O2 1-Opt followed by 2-opt starting from zero 4.3
TS Tabu Search on Independent Set Formulation 4.4
L1 Simple LP rounding followed by 1-opt 4.5.1, 4.3
L2 Simple LP rounding followed by 1-opt and 2-opt 4.5.1, 4.3
R1 Minim um regret rounding with parameter t = 1 4.5.2
R2 Minim um regret rounding with parameter t = 2 4.5.2

Table 1: Heuristics Applied to Map Labelling Instances

algorithms, then we will discussour optimisation algorithms, and �nally we will discussthe
in
uence of SRS.

6.1 Heuristics

We evaluated the performance of our heuristics for the maximum independent set problem
on con
ict graphs of map labelling problem instances. The algorithms are summarised in
Table 1. All LP-based rounding algorithms are started from a fractional independent set
computed by the cutting plane algorithm as described in Section 5.9, using the complete
clique formulation.

The averagenumber of labels placed by our LP-based rounding algorithms and the cor-
responding running times are reported in Table 2. Becausethe separation of the mod-k cuts
is computationally intensive we tried our heuristics with and without them. The column LP
shows the averageamount of CPU time neededto compute the LP relaxations in seconds.
The L1 and L2 columns refer to the algorithms that �rst apply the simple LP rounding
algorithms from Section 4.5.1 to obtain an integer solution. Next, these algorithms invoke
an iterativ e improvement algorithm starting from this integer solution using the 1-opt and
2-opt neighbourhoods, respectively. The R1 and R2 columns refer to algorithms that apply
the minimum regret rounding heuristic from Section 4.5.2 to the optimal solution of the LP
relaxation, with the parameter t equal to 1 and 2, respectively. The � columns contain the
averagenumber of labels placed, the CPU columns contain the averagenumber of CPU sec-
onds that were neededto �nd the reported independent sets, excluding the time neededto
solve the LP relaxations. Finally , the � (G) column contains the averageoptimal number of
labels that can be placed in the test instances.

It is clear from Table 2 that all rounding heuristics are very fast in practice, provided one
already hassolved the LP relaxation. Their running time is negligible for instanceswith up to
950cities. The minimum regret rounding algorithms are the best in terms of solution quality.
Also, the mod-k cuts do improve the solution quality slightly , at the cost of a tremendous
increasein running time. Using 2-opt after rounding outperforms using 1-opt after rounding.
The minimum regret heuristics with parameters t = 2 and t = 1 both perform equally well.
The averagenumber of labelsplacedby the minimum regret heuristics is within four tenth of
the averagenumber of labels in the optimal solutions for all choicesof n, and strictly within
one tenth for all choicesof n � 850, with the parameter t = 2.
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SA DS O1 O2 TS
n � CPU � CPU � CPU � CPU � CPU � (G)

100 100:0 0:1 100:0 0:0 97:5 0:0 100:0 0:0 100:0 0:0 100:0
150 149:9 0:2 149:9 0:1 144:2 0:0 149:5 0:0 149:9 0:1 149:9
200 199:9 0:3 199:9 0:1 189:0 0:0 198:8 0:0 199:8 0:1 199:9
250 249:6 0:4 249:6 0:2 232:8 0:0 247:6 0:0 249:5 0:2 249:6
300 299:0 0:6 299:2 0:3 274:9 0:0 294:3 0:0 298:9 0:3 299:2
350 348:3 0:8 348:4 0:6 314:1 0:0 340:1 0:0 348:0 0:4 348:5
400 397:3 1:0 397:6 0:8 354:2 0:0 386:0 0:0 396:6 0:5 397:7
450 444:5 1:3 445:0 0:9 388:7 0:0 428:4 0:0 444:1 0:7 445:1
500 491:7 1:7 492:5 1:1 422:8 0:0 469:8 0:0 490:9 0:9 492:9
550 538:2 2:3 539:4 1:3 456:9 0:0 510:1 0:0 537:6 1:1 539:7
600 580:3 2:7 581:8 1:5 486:0 0:0 546:6 0:0 579:4 1:5 582:9
650 623:8 3:0 625:9 1:7 518:4 0:0 584:6 0:1 624:2 1:9 627:3
700 665:9 3:4 668:9 1:9 545:3 0:0 619:4 0:1 666:2 2:4 670:4
750 703:1 3:8 706:1 2:2 571:8 0:0 651:6 0:1 704:6 3:2 709:2
800 740:4 4:2 746:0 2:4 600:9 0:0 684:1 0:1 743:4 3:6 749:3
850 775:3 4:6 780:9 2:7 622:9 0:0 712:9 0:1 779:0 4:4 786:0
900 804:5 5:1 812:3 3:0 639:9 0:0 738:5 0:1 810:5 5:2 818:2
950 834:4 5:6 845:9 3:3 664:7 0:0 762:7 0:1 844:7 6:6 852:6

Table 3: Local Search Algorithms

The averagenumber of labelsplacedby our local search algorithms and the corresponding
running times are reported in Table 3. The SA and DS columns refer to simulated annealing
and diversi�ed neighbourhood search, respectively, applied to a map labelling formulation.
The columnsO1 and O2 refer to the iterativ e improvement algorithms that werepresented in
Section 4.3. Thesealgorithms usethe 1-opt and 2-opt neighbourhoods, respectively, starting
from 0. The column TS refers to the tabu search algorithm applied to an independent set
formulation.

The 1-opt and 2-opt algorithms are the fastest but they produce inferior solutions when
started from zero. The simulated annealing algorithm works reasonably fast and produces
solutions of reasonablequality. However, it is outperformed by the diversi�ed neighbourhood
search and the tabu search. The diversi�ed neighbourhood search seemsto be the best
heuristic among the ones that are not based on LP relaxations, being twice as fast as the
tabu search and producing solutions with more labelled cities.

When comparing the minimum regret rounding with parameter t = 2 without the mod-k
cuts with the diversi�ed neighbourhood search, we notice that the minimum regret rounding
is faster and producesbetter solutions for instanceswith up to 650cities. For larger instances
minimum regret rounding is slower, but still producesa higher solution quality.

6.2 Optimisation Algorithms

We tested our cutting plane/branch-and-bound algorithm and our branch-and-cut algorithm
for the map labelling problem on the same set of instances that we used to evaluate the
performanceof our heuristics. The averagerunning times and branch-and-bound tree sizes
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Figure 7: Problem Statistics and Constraint Performance

of these algorithms can be found in Figure 6. For the branch-and-cut algorithm, problem
statistics and the gaps closedby the various valid inequalities are depicted in Figure 7, run
time pro�ling data is given in Figure 8, and �nally the averagenumber of variables set by
pre-processing,reducedcost, and logical implication sub-routines and the averagenumber of
the mod-k cuts found for each value of k are given in Figure 9.

The �rst thing to note from Figure 6 is that the branch-and-bound tree doesnot start to
grow until the number of cities to label is approximately 750, and then it starts to grow at a
tremendous rate. There is an obvious explanation for this, namely, that we do increasethe
number of cities that we label but we do not increasethe map, so the problems becomemore
dense,and 750 cities seemsto be a critical number. Taking this into account, the steady
exponential growth of the running time neededseemsto be remarkable. The exponential
growth of the running time demonstrates that the cutting plane algorithm itself behaves
exponentially .

For the purpose of testing the in
uence of SRS we did some experiments in which we
scaledthe size of the map in order to keep the density of the graphs constant. We discuss
theseexperiments in detail later in this section. What is important here is to note that they
also show that the tremendousgrowth doesnot occur if the density is kept constant; instead
we seea more modest exponential growth (seeFigure 10).

From Figure 7 it is clear that although the number of lifted odd hole inequalities is small,
their contribution to the quality of the LP formulation is signi�can t. The same holds for
mod-k cuts, although to a lesserextent. From Figure 8 it is clear that most of the running
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Figure 10: In
uence of SRSon the Behaviour of the Branch-and-Cut Algorithm

time is spent in the separation of mod-k cuts. We feel that this is due to the fact that we do
not exploit the similarit y betweenconsecutive LP solutions in the branch-and-cut algorithm
as we do with the lifted odd hole separation as discussedin Section 5.9.

We end the discussionof our optimisation algorithm by considering Figure 9. It shows
that the average number of times that a variable can be set. Here U, L, SP, D, SD, and
SRS indicate setting by reduced cost to upper bound, to lower bound, setting of simplicial
nodes,dominated nodes,set dominated nodesand SRS,respectively. The spike in the graph
of setting variables to their lower bound is causedby a single run in which this could be
applied frequently in the lower parts of the tree. SRSonly starts to play a role for the larger
instances.

6.2.1 SRS

To evaluate the in
uence that SRS can have on the performanceof our algorithm, we con-
ducted a secondset of experiments. Theseexperiments wereconductedwith an earlier version
of our code that did not feature the strengthenedreducedcost setting from Section 5.4, the
pre-processingfrom Section3.4, the completeGUB formulation of Section3.2 and the separa-
tion of mod-k inequalities. In theseexperiments the density of the problemswaskept constant
by making the map size a function of the number of cities. For a problem with n cities, we
usea map of sizeb792=

p
750=nc � b612=

p
750=nc. For each n 2 f 600; 650; : : : ; 900; 950g we

randomly generated50 maps. From each generatedmap, we selectedits largest connected
component and usedthat asthe input for our algorithm both with and without SRS.Figure 10
shows the averagebranch-and-bound tree sizesand running times for theseexperiments. The
reported branch-and-bound tree sizesfor the casewith SRS includes the nodes in branch-
and-bound trees of recursive calls. Considering the logarithmic scaleon the vertical axis, the
potential savings from using SRSare clear.
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