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Abstract

squaresQs1; Q2;:::; Q. This problem reducesto that of nding a maximum cardinality
independert set in an assaiated graph called the conict graph. We describe seweral
heuristics for the maximum cardinality independert set problem, someof which usean LP
solution asinput. Also, we describe a branch-and-cut algorithm to solve it to optimality.

The standard independert set formulation has an inequality for ead edgein the con-
ict graph which ensuresthat only one of its endpoints can belong to an independert
set. To obtain good starting points for our LP-based heuristics and good upper bounds
on the optimal value for our branch-and-cut algorithm we replace this set of inequali-
ties by the set of inequalities describing all maximal cliquesin the conict graph. For
this strengthened formulation we also generate lifted odd hole inequalities and mod-k
inequalities.

We present a comprehensie computational study of solving map labelling instances
for sizesup to n = 950to optimality. Previously, optimal solutions to instancesof size
n 300 have beenreported on in the literature. By comparing against these optimal
solutions we shaw that our heuristics are capable of producing near-optimal solutions for
large-scaleinstances.

1 Intro duction

The automated map labelling problem is a well-known problem in cartographic and graphical
information systemsresearti. Manual label placemen is a time-consuming task and it is
natural to try to automate it. Automating map labelling requires an abstract formulation
of the problem. Early formulations, which were based on rules, were given by Imhof [21],
and Yoeli [43]. In this paper we considera highly abstracted formulation that can be found
in which it is only enforcedthat labels are placed closeto the point they refer to and do
not overlap. Sud formulations are commonly usedin the literature (see,e.g., Forman and
Wagner [16]).

The map labelling community has mainly focusedon heuristics. For modern applications,
sudh as embedding automated map labelling in real-time systemsfor navigation, being able
to produce a good map fast is essetial. However, when one wants to produce a map that is
going to be printed it can be well worth the e ort to try and nd an optimal labelling.

Christensen, Marks, and Shieber [7, p. 219] reported that optimising is impractical for
map labelling instanceswith more than 50 cities. In the sameyear, Wagner and Wolf [37]



mertioned that they were able to solve instanceswith up to 300 cities to optimality. Verweij
and Aardal [36] werethe rst to shaw that it is computationally feasibleto compute provably
optimal labellings for maps with up to 800 cities. In this paper we addressboth heuristic
algorithms and optimization algorithms for map labelling. Using the techniques proposedin
this paper we can solve to optimalit y instanceswith up to 950 cities within reasonabletime.

1.1 Problem De nition

of n distinct points in R?, determine the supremum  of all reals for which there exist n
pairwise disjoint, axis-parallel squaresQ1;Q;::::Qn R?, wherep' is a corner of Q;

squaresis allowed. Oncethe squaresare known, they de ne the boundariesof the areaswhere
the labels can be placed. We will refer to this problem as the basic map labelling problem.
The decision variant of the map labelling problem is to decide,for any given , whether there

this latter problem is N P-complete.

Kucera, Mehlhorn, Preis, and Schwarzene&er [26] obsened that there are only O(n?)
possiblevaluesthat can take. Optimising over those can be done by solving the decision
variant only O(log n) times, using binary seart with di erent valuesof . So,the basicmap
labelling problem reducesto the decisionvariant. Kuceraet al. also presert an exponertial-
time algorithm that solvesthe decisionvariant of the map labelling problem to optimalit y.
They do not, however, report on computational experiments. Wagner and Wolf [37] mertion
that they were able to usethe algorithm proposedby Kuceraet al. to solve problems with
up to 300 cities to optimalit y.

Another variant of the map labelling problem, which we will refer to as the optimisation
variant, has the label size asinput, and asksfor as many pairwise disjoint squaresof the
desired characteristic as possible. If the number of squaresin an optimal solution to the
optimisation variant of the map labelling problem equalsn, then this solution is a feasible
solution to the decision variant, and vice versa. Hence, the decision variant of the map
labelling problem reducesto the optimisation variant via a polynomial reduction. It is the
optimisation variant of the map labelling problem that is the subject of this paper. Sincethe
decisionvariant is N P-complete, the optimisation variant is N P-hard.

1.2 Related Literature

A recert survey on map labelling is given by Neyer [31]. An exhaustive bibliography concern-
ing map labelling is maintained by Wol and Strijk [39]. Formann and Wagner[16] developed
a %-approximation algorithm for the size optimisation variant of the map labelling problem.
They also proved that no algorithm exists with a guaranteed approximation factor better
than % provided that P 6 N P. Wagnerand Wol [37] proposeda hybrid heuristic using the
above $ approximation algorithm.

Agarwal, Kreveld and Suri [1] preseried a polynomial time approximation scheme for
the optimisation problem. They also showved that when the labels are not restricted to
have equal height, the problem can be approximated within O(log n) of the optimum. For
the optimisation problem di erent heuristic algorithms (including simulated annealing) are
discussedby Christensen, Marks, and Shieber [7]. Van Dijk, Thierens, and de Berg [13]



considered genetic algorithms, Cromly [8] proposed a semi-automatic LP-based approac
for nding feasible solutions to the optimisation variant. Zoraster [44, 45] used Lagrangian
relaxation to make a heuristic algorithm for the optimisation variant.

All the results mentioned so far concernthe problem in which ead point is labelled with
one (square) region from a nite set of candidate (square) regions. Kakoulis and Tollis [22]
exploit this to unify seweral slightly more generalmap labelling problems. A di erent approac
reported on by van Kreveld, Strijk, and Wol [25] and Klau and Mutzel [24] is to allow a
label to take any position, aslong asits corresponding point is on its boundary. This leadsto
so-calledsliding map labelling models. The advantage of a sliding model is that more labels
can be placed without overlap. In more recert studies also other shapesof the label regions
are considered(seee.g. Qin, Wol, Xu, and Zu [34]).

In this paper we study the optimisation variant of the basic map labelling problem. In
the remainder of this paper we will referto it asthe map labelling problem. This study is an
extension of the work by Verweij and Aardal [36, 35].

1.3 Outline

In Section 2 we shaw that the map labelling problem reducesto a maximum independen
set problem on an assaiated graph. Section 3 reviews seeral formulations of the maximum
independert set problem that can be usedfor algorithmic design. We approad map labelling
instancesusing algorithms for nding large or optimal independert sets. Theseare the subject
of Sections4 and 5, respectively. In Section 6 we presert computational results of both our
heuristics and our optimisation algorithms from Sections4 and 5. Our computational results
are obtained on graphsderived from an interesting classof randomly generatedmap labelling
problem instancesthat is taken from the literature. We show that our heuristic algorithms
yield closeto optimal solutions, and that our optimisation algorithms are capable of solving
map labelling problem instanceswith up to 950 cities to optimalit y within reasonabletime.

1.4 Notation

If E and S are sets, where E is nite, then SE is the set of vectors with jEj componerts,
where each componert of a vector x 2 SE is indexed by an elemern of E, i.e., X = (Xe)e2E -
ForF E thevector F2SE denedby £ =1ife2Fand £ =0ife2 EnF, iscalled
the incidence vector of F. For F E and x 2 SE, the vector x5 2 SF is the vector with jFj
componerts de ned by Xg = (Xe)ezr. We usex(F) to denote  ,¢ Xe. For x 2 SE, the set
supp(x) = fe2 E j xe 6 Og is called the support of x, and the setfe2 E j xe 2 Zg is called
the fractional support. All vectors are column vectors, unlessstated otherwise.

An (undirected) graph G = (V; E) consistsof a nite nonempty setV of nodesand a nite
setE of edges.Foreah S V,let (S)= ff u;vgju 2 S;v2 V nSg bethe setof edgesthat
have exactly one endpoint in S. For v 2 V, we write (v) instead of (fvg). Given a subset
S V of nodes,we useE(S) = ff u;vg2 E j u;v 2 Sg to denote the set of edgeswith both
endpoints in S. The graph with node set S and edgeset E (S) is called the induced gra@ of S
and is denoted by G[S] = (S;E(S)). GivenasubsetF E of edgesweuseV(F)= e
to denote the set of nodesthat occur as endpoints of one or more edgesin F.

A walk from vg to v in G is a nite sequenceof nodesand edgesW = vg;€1;V1;:: ;€ Vk
(k  0)suchthat fori= 1;2;:::;k, & = fvi 1;vig2 E. Node vy is the called the start of W
and node vy is calledthe end of W. The nodeson W are denotedby V(W) = fvg;v1;:::; V0,



are called the internal nodesof W. A path in G isawalk in G in which all nodesare distinct.
We will denote a path from node u to nodev by u  v. A cycle (directed cycle) in G is a
walk in G with vg = v in which all internal nodesare distinct and di erent from vg. A chord
in a cycle C is an edgefu;vg 2 E with u;v 2 V(C), but fu;vg 2 E(C). A holein G is a
cyclein G without chords.

For U V, let N(U) denotethe set of neighours of U in G, i.e.,

NU)=fv2VnUjfuvg2 (U)g

For singleton setsfug we will abbreviate N (fug) to N (u). For any natural number k, the
k-neightourhood of a set of nodesS V in a graph G, denoted by N(S), consistsof all
nodesin G that can be reached from a node in S by traversing at most k edges,i.e.,

Ny (S) = N(T)[ T; whereT = Ng 1(S); if k> 0,and
KT s, if k= 0.
For singleton setsfvg we will abbreviate Ny (fvg) to Ng(v).

The length of a path P in G is the number of edgesjE(P)j in P. The diameter of G,
denoted by diam(G), is the maximum length of a shortest path connectingtwo nodesin G,
i.e.,

diam(G) = m% minfj E(P)j j P is a path from u to v in Gg:
uv

A connected component in G is a connectedinduced graph G[S] that is maximal with respect
to inclusion of nodes,whereS V.

2 Reduction from Map Labelling to Indep endent Set

An instance of the map labelling problem in which the labels are rectanglesof uniform size
consistsof a nite set of points P R2 and a label size 1 2. In the following, we assume
that the label size( 1; 2) is xed. Under this assumption, an instance of the map labelling
problem is completely speci ed by the point setP.

For any point p 2 P, there are four possible placemens of a rectangular label Q suc
that p is a corner of Q, ead occupying a di erent rectangular region in R?. Denote these
rectangular regionsby Qp; with i 2 f1;2;3;4g. Let Q(P) bethe setof all rectangular regions
that correspond to possible label placemers in a solution to the map labelling problem
instance P:

Q(P)=fQpijp2P;i2fl23 499

A solution to the map labelling problem instance P is a set of rectangular regions S
Q(P). A feasible solution to the map labelling problem instance P is a solution S sud that
for any pair of rectangular regionsQ;R 2 S we have that if Q\ R 6 ? then Q = R. Note
that this de nition correctly prevents a point p 2 P from having more than one label, as
the intersection of those labels would contain p and would therefore be non-empty. We will
sometimesrefer to solutions aslakellings. The map labelling problem is the problem of nding
a feasible solution of maximum cardinality. An optimal solution to a map labelling problem
on 250 cities is depicted in Figure 1, Figure 5 shows one on 950 cities. All labelled cities are
drawn asblack discs,all unlabelled cities are drawn as black circles. All possiblerectangular
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Figure 1. A Solution to a Map Labelling Problem on 250 Cities

regionsrepresening a label position are shown, those that are coloured grey are part of the
solution.

To reduce the map labelling problem to a maximum independert set problem, we will
make use of the following notion from graph theory. In the following de nition we will take
a more general perspective of sets of regions. Also, vg always denotessome node uniquely
assaiated with the region Q.

De nition  2.1. Givena set of regionsQ, the intersection graph Gg = (Vg; Eq) is given by

Vo = fvg jQ 2 Qg; and 1)
Eq=ffvgivrg VoiQ\ R6 ?g: 2)

Here, (1) ensuresthat for ead region Q in Q there is a node vg in Gg, and (2) ensures
that for eadh pair (Q; R) of intersecting regionsin Q there is an edgef vg; vrgin Gg. Givenan
instance P of the map labelling problem, we de ne the conict graph of P asthe intersection

graph of Q(P).

Theorem 2.1. LetP  R? be an instance of the map lakelling problem. There is a bijection
between the feasible solutions S of P and the independent setsin the conict graph of P.

Proof. Supposethat S is a solution of P. Let S  Vqg(p) be the unique set of nodes of the
conict graph of P that correspond to the labelsin S, i.e. S = fvg j Q 2 Sg. BecauseS
is a solution to P, for any two distinct labels Q;R 2 S we havethat Q\ R = ?. Hence
fvg;VrRg 2 Eq. It followsthat S is anindependert setin Gg(p).
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Figure 2: The Conict Graph of a Map Labelling Problem on 250 Cities

Now, supposethat S is anindependert setin Gg(p). Let S bethe unique setof rectangular
regions assaiated with the nodesin S, i.e. S= fQ jvg 2 Sg. BecauseS is an independert
setin Gg(py and fvg;vrg 2 Eqg(p) for all distinct Q;R 2 Q such that Q\ R 8 ? we have
that Q\ R = ? for all distinct Q; R 2 S. HenceS is a solution to P. O

The conict graph of the map labelling instance shown in Figure 1 is depicted in Fig-
ure 2. The conict graph has 1000nodes, and the corresponding maximum independert set
is indicated by the solid nodes.

3 Formulations of the Maxim um Indep endent Set Problem

To obtain an integer programming formulation for the independert set problem, we usethe
decisionvariablesx 2 f0;1g", wherefor nodev 2 V we havex, = 1if v isin the independert
set, and xy = O if v is not. Given an undirected graph G = (V;E), let

Pe = fx 2RY jx(fu;vg) 1forall fu;vg2 E;x Og:
The cornvex hull of incidencevectors of all independert setsin G is denoted by
Pis = conv(Pe \ f0;1gY):

The maximum independert set problem can be formulated as the following integer program-

ming problem:
maxfx(V)jx 2 Pg\ 10,19 g: (3)
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We call this formulation the edge formulation of the maximum independen set problem.

3.1 LP Relaxations

By relaxing the integrality constraints in the edgeformulation, we obtain the basicLP relax-
ation
maxfx(V) jx 2 Pgg

of the independert set problem.
Let C V beacliquein G. It follows directly from the de nition of independert sets
that any independert set can have at most one node from C. Hence,the clique inequality

x(C) 1 (4)

is a valid inequality for Pis for every clique C. If C is maximal, we call (4) a maximal clique
inequality. Padberg [32] shaved that the clique inequality on C is facet-de ning for Ps if and
only if C is a maximal clique. Let C be a collection of not necessarilymaximal cliquesin G
such that for ead edgefu;vg 2 E, there existsa clique C 2 Cwith fu;vg C, and let

Pc=fx 2RV jx(C) 1forallC2Cx Og

By the condition on C we have that Pc  Pg. From the validity of the clique inequalities it
follows that
maxfx (V) j X 2 Pcg

is a relaxation of the maximum independen set problem. We call the assaiated IP formula-
tion the clique formulation of the independert set problem.
The setsPis; Pg, and Pg, are related as follows:

Prop osition 3.1. Let Cbe a collection of cliquessuchthat there existsC 2 Cwith fu;vg C
for eachfu;vg2 E. Then, Pis Pc Pg.

3.2 The Maximal Clique Form ulation

Suppose we are given a set Q of axis-parallel rectangular regionsin R2. It was obsened
by Imai and Asano [20] that there exists a corresppndencebetween the cliqguesin Go and
maximal non-empty regionsthat are contained in the intersection of subsetsof regionsfrom

Q.

Lemma 3.2. Let Q be a set of axis-parallel rectangular regions. Then, there is a bijection
between the cliquesin the intersection graph Go and the non-empty intersections of subsets
of rectangular regions from Q.

Proof. Let S Q bea collection of rectangular regionswith non-empty intersection. Clearly,
the rectangular regionsin S intersect pairwise. Hence,for ead Q;R 2 S, fvg;vrg 2 Eq. So,
the setC = fvg j Q 2 Sgis aclique in Gg.

Conversely let C be a cliquein Gg, andlet S = fQ j vqo 2 Cg be the rectangular regions
in Q that correspond to the nodesin C. BecauseC "F a clique, all rectangular regionsin S
intersect pairwise. This implies that the region R = 4,5 Q is non-empty by the following
argumernt (seee.g. Danzer and Grunbaum [11]). The intersection of a set of axis-parallel
rectangular regions is non-empty if and only if the intersection of the projections of the
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rectangular regions on the axis are non-empty. The projections of the rectangular regions
on the axesare sets of line-segmeits in R. By Helly's theorem, a set of line-segmelts has a
non-empty intersection if and only if all pairs of line-segmerts in the set intersect. O

Let C be the collection of all maximal cliguesin Gg, and let
T .
R=1 ,,2cQjC20Cy

It followsfrom the proof of Lemma3.2that R contains all maximal regionsthat are contained
in the intersection of a maximal subsetof rectangular regionsfrom Q that has a non-empty
intersection. The following lemma shows that the regionsin R are mutually disjoint.

Lemma 3.3. LetR{;R22 R. If R1\ R, 6 ?, thenR; = Ry.

Proof. Let S; Q be the maximal set of rectangular regions such that R; = TQZSi Q2
f1,2g), and assumethat R1\ R, 6 ?. Let C = fvg j Q 2 Syg. Note that C is a maximal
clique in Go becauseR, 2 R. ChooseQ; 2 S; arbitrarily . BecauseR;\ R, & ?, also
Q1\ Rz 6 ?, which in turn implies that Q1\ Q 6 ? for all Q 2 S,. This implies that
fvg,;vQg 2 Eq for all Q 2 S; nfQ.9. BecauseC is a maximal clique, this means that
Vo, 2 C,s0Q1 2 S,. SinceQ; was chosenarbitrarily , it follows that S;  S,. Similarly, we
nd that S, S;. This impliesthat S; = S; and that Ry = Ra. O

If the clique formulation is derived from the collection of all maximal cliquesin G we call
it the complete clique formulation. We are interested in nding all maximal cliquesin the
intersection graph of Q in order to obtain the complete clique formulation of the independert
set problem on Gg. The following lemma states that the number of maximal cliquesin the
intersection graph of Q is not too large.

Lemma 3.4. The number of maximal cliguesin Gq = (Vqo;Eq) is at most jVgj + JEq].

Proof. We will show that there exists an injection f : R ! Vg [ Eq. SincejRj = jCj, this
provesthe lemma.

Considerany regionR 2 R. SinceR is the intersection of a subsetof rectangular regions
from Q we canwrite R = fx 2 R2j| x ug, wherel; and |, are determined by the
boundary of somerectangular regionsQ1; Q2 2 Q, respectively. Note that Q; and Q, do not
have to be unique. Considerany pair Q1; Q2 asabove. If Q1 = Qo, wede ne f (R) to bevg,.
Otherwise, | 2 Q1\ Qg2, sofvg,;Vvg,02 Eq, and we de ne f (R) to be fvg,;vqg,0.

It remains to shaw that f is indeed an injection. Let R1;R, 2 R and suppose that

f(Ry) = f(Ry). Let I';u’ 2 R? be the points such that Rj = fx 2 RZjI' x uig
(for i 2 f1;2g). Becausef (R1) = f(R»), by construction of f we have that 1* = 12, so
Ri1\ R, 6 ?. By Lemma3.3we nd that R; = Ry,. Hencef is an injection. O

All single-nade componerts of Gg de ne their own maximal cliqgue. As these maximal
cliques can be reported separately supposethat Go does not have isolated nodes. The
following algorithm is a brute-force algorithm that exploits Lemma 3.3to nd all maximal
cliques. For eat edgefvg;vrg 2 Eq, we compute a maximal cliqgue C that cortains a xed
corner | of Q\ R, and then test whether C is a maximal clique in Gq. If this is the case,we
report C, otherwise we proceedwith the next edge. Computing C can be done by testing for
ead node vs 2 N (fvg;Vvrg) whether | 2 S and if so,adding vsito C. C is a maximal clique
in Gq if for ead node vs 2 N (fvg;vrg) nC we havethat S\ ,c Q= 7.
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Theorem 3.5. The maximal cliquesin Gg can be found in O(jVgjjEqgj) time.

Proof. The correctnessof the brute-force algorithm described above follows directly from
Lemma3.2and Lemma 3.3. It remainsto analyseits time complexity. For ead edgef u; vg 2
Eq, the brute-force algorithm described above usesO(j (u)j + j (v)j) time. Hence,the total
time complexity neededfor reporting all maximal cliqguesin Gq is

O (Wj+]j (V)= 0O( J(wWj+j (V)= 0O( j (W)
fuyvg2Eqg f%ngEQ u2Vg €2 (u)
= O( i (W% O(VaiiEqi):
U2VQ

O

The direct consequenceof Theorem 3.5 is that, given an instance of the map labelling
problem P, we can compute the complete clique formulation of the independert set problem

3.3 Other Valid Inequalities

Let x 2 Pg be a fractional solution. An odd hole in G is a hole in G that contains an odd
number of nodes. If H is an odd hole in G, then the odd hole inequality de ned by H is

x(V(H)) bV (H)j=2c:

It was shown by Padberg [32] that the odd hole inequality is valid for P,s, and facet-de ning
for Pis\ fX j Xvnv () = 0g. Givenan odd hole H, a lifted odd hole inequality is of the form

X
x(V(H)) + vXv bV (H)j=2c (5)
v2VnV(H)

for somesuitable vector 2 RY. Lifted odd-hole inequalities are not added a-priori to our
models, but dynamically. This is explainedin Section5.7.

A more general class of valid inequalities that is known in the literature consistsof the
so-calledmod-k inequalities. Theseare developed by Caprara, Fischetti, and Letchford [4, 5].

3.4 Pre-pro cessing and Dominance Criteria

In this sectionwe considerways to recognisenodesthat belongto a maximum independert set,
or that canberemovedfrom the graph without reducingthe sizeof the maximum independert
setin it. Variables corresponding to nodesthat belongto a maximum independert set can
be setto one, and and variables corresponding to nodesthat can be removed from the graph
without reducing the size of the maximum independert set can be setto zero before starting
the branch-and-cut algorithm.

The following result allows us to identify nodesin a graph that belong to a maximum
independent set. A weighted version was already mentioned by Nemhauserand Trotter [30,
Theorem 1].

Prop osition 3.6. If |  V is a maximum independent setin G[N1(l)], then there exists a
maximum independentsetin G that contains | .



N(N1(v)) N (v):
Vv is node-dominated by u v is set-dominated by N (v)

Figure 3: Node- and Set-DominanceCriteria

Proof. Supposethat I  V isamaximum independert setin G[N1(1)]. Let|] beamaximum
independert setin G, ;=1 nN4(l), andl,=11[ I. By construction, |, is an independert
set. Obsere that

jlaj =0 nNa(D)j=jlj jb VNa(D)j jrj jlj
becausel \ Nj(l) is anindependert setin G[N1(l)]. Hence
jlag=jlal = jlaj+jj jrj
Sol, is a maximum independert setthat contains | . O

A simplicial node is a node whose neighbours form a clique. As a corollary to Propo-
sition 3.6 we can set x, to one if v is a simplicial node. Cheding whether a given node
v is simplicial can be done by marking its neighbours, and then for ead neighbour of v,
courting V\ghether it is adjacert to all other neighbours of Vp This ched takes at most
o (Vj+ u2N(v)j (u)j) for node v, summingup to atotal of ,, O(j (V)j?) O(VJEj)
time for all nodes.

The following two propositions, illustrated in Figure 3, are special casesof the dominance
criteria reported by Zwaneweld, Kroon and Van Hoesel[46].

Prop osition 3.7. (No de-Dominance) Letu;v 2 V benodesin G suchthat Nj(u) Ni(v).
Then there exists a maximum independent setin G that does not contain v.

Proof. Let I be a maximum independert setin G. If v 21 , we are done. Otherwise, let
I, =1 nfvg,andl, = I1[ fug. Becausev 2 1 and Ny(u) Ng(v), I1\ Ny(u) = 2. It
follows that 1, is an independert set with jl,j = jl j, henceit is maximum andv 2 | ,. O

If the condition of Proposition 3.7 is satis ed, we say that v is node-dominated by u.
Searding for a node u that node-dominatesv can be donein a similar way astesting whether
v is simplicial. As a corollary to Proposition 3.7, we can setx, to zeroif v is node-dominated.

Prop osition 3.8. (Set-Dominance) Letv 2 V be a nodein G. If for each independent
setl in G[N(N1(v))] there existsa node u 2 N (v) with N(u)\ | = ?, then there exists a
maximum independent setin G that does not contain v.

Proof. Let | be a maximum independert set. If v 2 | , we are done. Otherwise, let
I =1 nfvg,u2 N(v)anodewith N(u)\ 11 =?,andl, = I,[ fug. It followsdirectly from
the choiceof u that |, is an independert setwith jl,j = jl jthat satis es the requiremert. [
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If the condition of Proposition 3.8 is satis ed, we say that v is set-dominated by N (v).
Zwaneweld, Kroon and Van Hoeselpreseried weighted versions of the node-dominanceand
set-dominancecriteria.

We now focus our attention on how to determine whether a node is set-dominated.

Prop osition 3.9. Letv 2 V. There existsa node u 2 N (v) with N(u)\ | = ? for each
independentset| in G[N (N1(v))] if and only if there does not exist an independentset| in
GIN (N1(v))] with N(v) N(I).

There doesnot seemto be a simple way to determine whether a node is set-dominated or
not. Instead, we usea recursive algorithm, by Zwaneweld et al., that searhesfor an indepen-
dent setl in G[N(N1(v))] with N(v) N(I). Although the algorithm has an exponertial
worst-casetime bound, it turns out to work e cien tly on conict graohs of map labelling
instances.

The algorithm has as input two sets of nodes, denoted by U and W, and returns true
if and only if there exists an independert setin G[W] that has as neighbours all nodesin
U. If U is empty the algorithm returns true. If U is not empty but W is, the algorithm
returns false. Otherwise it selectsa nodev 2 U. For each w 2 W \ N(v), the algorithm
recursively seardhesfor an independert setin G[W nN1(w)] that has as neighbours all nodes
in UnNy(w). If any of the recursive calls returns true, the algorithm returns true; otherwise
it returns false. If the algorithm returns falsewhenappliedto U = N (v), and W = N (N1(Vv)),
then v is set-dominated.

The correctnessof the algorithm can be shaovn by induction, where the induction step
follows from the obsenation that if there exists an independert setin G[W n N1(w)] that
has as neighbours all nodesin U nN1(w), then we can extend it with node w to becomean
independert setin W that hasasneighbours all nodesin U. As a corollary to Proposition 3.8
we can set x,, to zeroif v is set-dominated.

4 Heuristic Algorithms

Finding labellings of large, but not necessarilymaximum cardinality can be accomplished
using heuristic algorithms. We consider two heuristics that treat the problem directly as a
map labelling problem. These are the subjects of Sections4.1 and 4.2. Furthermore, we
study heuristics that reformulate the map labelling problem as an independert set problem,
and then seard for a large independert set. Theseheuristics can be classi ed aslocal seard
algorithms, the subject of Sections4.3and 4.4, and LP-basedrounding algorithms, the subject
of Section 4.5.

4.1 Simulated Annealing

A simple optimisation strategy is neightourhood search. The solution spaceconsists of all
possiblelabellings of the points. Every point can be labelled in one of the four positions or
receive no label at all. We de ne the neighlburhood of a labelling L asall labellings that can
be formed by changing the label of a single point including deleting a label or adding a label.
Sudch a changefrom onelabelling to another labelling is called a move The objective function
z is the number of labelsthat is not overlapped by other labels. Our objective is to maximise
Z sud that there are no overlapping labels. The neighbourhood seart works as follows:
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1. Compute an initial labelling L = Lo
2. Repeat the following until no improvemert is made:
(@) nd alabelling L%in the neighbourhood of L that improvesthe objective value z.

The computation of L is doneasfollows. Each point feature gets assignedrandomly one
of the four potential positions, or with probability 0:1 it receivesno initial label.

A disadvantage of this method is that it easily getsstuck in local maxima. To escage from
local optima in the seard space,simulated annealing can be used, seeKirkpatric k, Gelatt,
and Vecdi [23]. Movesin the seard spacethat make the solution worse are allowed with a
certain probability. Simulated annealing usesthe following approac:

1. Compute an initial labelling L = Lg
2. Initialise the temperature T to To.
3. Repeat until the rate of improvemen falls below a given threshold:

(a) Decreasethe temperature, T, accordingto the annealing schedule

(b) Choosea move, that is pick a point p at random, its label is randomly placedin
any of the potential positions or with probability 0:1 point p receivesno label.

(c) Compute E, the changein the objective function z causedby the move.

(d) If the newlabelling isworse, E < 0, undo the label repositioning with probability
1.0 e E7T,

We usedthe sameannealing schedule as Christensenet al. [7]. The initial temperature is
To = 1=log(1:5). The temperature is decreasedby 10 percert after 50n iterations, where n
is the number of point features. If more than 5n movesare acceptedat a temperature stage,
the temperature is decreasedmmediately.

The calculation of E is done as described by Christensenet al. [6] by using the con ict
graph and a overlap courter for ead label position that counts the number of other labels
in the current labelling that overlap the label position. Sothe time for oneiteration is O( )
with  the maximum degreeof the conict graph. And the total time O( nNijgr), With Niier
the number of iterations performed by the algorithm.

The simulated annealing method as described by Christensen et al. [7] has been used
in seweral comparisonsof label algorithms. Examples of this are Wagner, Wol , Kapoor,
and Strijk [38] using an algorithm that repeatedly applies three simple rules, and van Dijk,
Thierens, and de Berg [12] that describes genetic algorithms. The results were that these
algorithms had roughly sameperformanceas simulated annealing although the running times
diered. Sincesimulated annealingis preser in most other comparisonsof label algorithms
we choosethis algorithm to include in our tests.

4.2 Diversied Neighbourho od Search

Briey , the method explores part of the solution spaceby moving at ead iteration to the
best neighbour of the current solution, even if this leadsto a deterioration of the objective
function z. To avoid cycling and to escape from local maxima we use a penalised objective
function zgivers. This function is a long term memory of the algorithm, sincepoints are given
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a penalty proportional to the number of times a point was chosenas the best move by the
algorithm.
Diversi ed Neighbourhood Seard takesthe following approacd:

1. Compute an initial labelling L = Lo

2. Repeat the following steps,until we reach an optimal solution or until a certain number
of iterations nier .

(@) nd the move mpeg in the neighbourhood of L with maximum z

(b) if mpegt givesa solution with z > zpeg: then carry out mpegt and update zpeg;.

(c) elsecarry out the move mgjyers in the neighbourhood of L with maximum Zzgjyers.
(d) update all data structures usedfor selectingthe best move.

4.2.1 Initial Solution

We placerepeatedly a label at the label position that hasthe leastnumber of possibleoverlaps
with other label positions. The label positions overlapped by this chosenlabel cannot be
chosenanymore. In this way we get an initial labelling with no overlapping labels. This
method is implemented in the following way. First, all label positions areinsertedin a priorit y
queuewith as priority the number of overlaps of that label position. At ead iteration the
minimum of the priorit y queuegivesus the label position that becomesa label. The priorit y
queueis updated by removing all label positions that overlap the chosenlabel. The priority
of the neighbours of those remaoved label positions is then decreasedby one to re ect the
fact that the number of overlaps has decreasedfor those label positions. This method for
computing the initial solution hasrunning time O(n( + logn)) with the maximum degree
in the conict graph.

4.2.2 Objectiv e Function

For a labelling L let set Pgopstructed (L) be the points that have a label that is overlapped by
another label, Pgeeteq(L) the set of points without a label and the set Psee(L) all points
with a non-overlapped label. Clearly these three sets are disjoint and P = Pgpstructed (L) [
Pgeleted(L) [ Psree(L). The objective function we useis:

Z(L) = jPrree(L)j = N jPobstructed (L)j  JPdeleted(L)]
This is the sameobjective as usedin simulated annealing, seeSection4.1. zpeq is the maxi-
mum z encourtered so far during the algorithm.
4.2.3 Neigh bourho od Structure

We usethe sameneighbourhood asin the simulated annealing algorithm. Sothe neighbour-
hood of a labelling L are all labellings that can be formed by changing the label of a single
point including deleting a label or adding a label. Sudh a changefrom onelabelling to another
labelling is called a move.
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4.2.4 Div ersication

To avoid that the samepoints are chosenvery often without giving a better solution, we will
penalisethose points. This enablesthe algorithm to escape from local maxima and prevents
too much cycling. We court how often a point has changedits label position and normalise
thesevalueswith the maximum occurring frequency Thesevaluesare substracted from z:

X
Zgivers(L) = (L)  Crreq freq(p)=fregmax
p2P

with freqn,x = maxpzp freq(p). The value of cieq was setto 1:75. After the rst nier =4
iterations the frequenciesare resetto zero. At that stagethe solution has already improved
considerably so resetting the frequency givesit fresh start with respect to the frequencies.

4.2.5 Running Time

We let the algorithm run for njer = 50n iterations. We maintain for ead point the change
in the objective functions z and zgjyers for the best move of that point. Thesevaluesare kept
in two queuesQ; and Q.4. In that way we can, at ead iteration, selectthe best move with
respect to z and zgiyers by looking at the maximum of the queue. To keepQ; and Q.4 up to
date we recompute the changein the objective functions z and zg;yers for the points that are
neighboursin the con ict graph of the changedpoint, and of the neighbours of the neighbours
of the changed point. It is not necessaryto recompute other points. So, at ead iteration
at most O( 2) points needa re-computation where is the maximum degreein the con ict
graph. Recomputing the changeof z and zg4jyers COStsO( ) time, and inserting the new value
in the queuecostsO(log n) time. Thus oneiteration costsO( 2( + logn)) time. Sothe total
update time of the algorithm is O(nier  2( + logn)).

Every time freq,,,, increasesall priorities in Q4 must be changed. This costsO(n logn)
per increaseof the maximum frequency If all points are chosenequally often, then freq,ax
would be nir =n. This is generally not the casebut in all experiments we have that freq,,, <
2 nier=n. The time spent during the whole algorithm on updating the frequenciesis
O((2niter =n)(nlogn)) = O(2niter logn).

Sincethe update time dominatesthe time for changing the frequencies,the total running
time of the algorithm is O(nier  2( + logn)).

4.3 The k-Opt Heuristic

Here we considerlocal seard neighbourhoods and iterativ e improvemert algorithms for the
maximum independert set problem.

Denition 4.1. Let S be an independert setin G, and k 1 be an integer. The k-opt
neighbourhood of S, denoted by N(S), is de ned asthe collection of independert sets S° of
cardinality jSY = jSj + 1 that can be obtained from S by removing k 1 nodesand adding
k nodes.

So,if S°2 Ni(S), then S°= (SnU)[ W, for someU and W with U S, jUj=k 1,
W  (VnS)[ U, andjWj = k. The k-opt neighbourhood is unde ned if jSj < k 1. Because
we do not require that U\ W = ? we have that, if Nx(S) is de ned, then N;(S) N(S)
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De nition  4.2. An independen setS is k-optimal if the k-opt neighbourhood of S is empty.

There is no guarantee that the rounding algorithms preserted in Section 4.5 produce
k-optimal independert setsfor any k 1. This motivates our interest in the k-opt neigh-
bourhoods of independen sets.

Prop osition 4.1. If an independent set S is k-optimal, then S is I-optimal for all | 2

Proof. The proposition holds becauseN|(S) Ng(S) forall I 2 f1;:::;kag. O

The k-opt algorithm starts from an independert set S, and replacesS by an independert
set S°2 N (S) until S is k-optimal. Optimising over the k-opt neighbourhood can be done
by trying all possibilities of U and W. There are kjsjl possibleways to choose U, and at
most j\lij possibleways to chooseW. Cheding feasibility takesO(jEj) time. It follows that
searding the k-opt neighbourhood can be donein O(jVj% 1Ej) time.

Note, that in order to compute a 1-optimal solution it is su cien t to look at ead node
only once,and only cheding feasibility on arcsadjacert to this node. Therefore, a 1-optimal
solution can be computed in O(jVj + JEj) time.

The following proposition tells that we can take advantage of the sparsity of a graph when
looking for neighbours in the k-opt neighbourhood of a (k  1)-optimal independert set S.

Prop osition 4.2. LetSbea(k 1)-optimal independentsetfor somek > 1, and S°2 N(S).
Then S°= (SnU)[ W for somesetsU S andW N (U) suchthat G[N1(U)] is connected.

Proof. Supposeby way of contradiction that W 6 N (U). Then, there existsv 2 W nN1(U),
and becauseS°2 N (S) we have that S| fvg is an independert set, so S is not 1-optimal,
contradicting our choice of S. It followsthat W N (U).

From the (k 1)-optimality of S it follows that jUj= k 1. Now, let X Nj(U) bethe
node set of a connectedcomponert in G[N1(U)] with j(U\ X)j= j(W\ X)j 1. Note that
such a node set exists becausejSY = jSj+ 1. Then, the setl = (Sn(U\ X)) [ (W\ X)

is an independert set with jlj = jSj+ 1. It follows from the (k 1)-optimality of S that
juU\ Xj =k 1. But then, U\ X = U, soU X, which implies that G[N1(U)] is
connected. O

So,whensearding the k-opt neighbourhood of S we canlimit our choiceof U and W using
the above obsenations. This resultsin a more e cien t seard of the k-opt neighbourhood on
sparsegraphs with a large diameter.

4.4 Tabu Search using the Indep endent Set Form ulation

Here we present a local seard algorithm that usestabu seard. Instead of applying tabu
seard directly to the independent set problem, we useit to nd augmertations. This has
as advantage that the neighbourhood during the tabu seard is small. Hence, it is easyto
optimise over e cien tly.

The tabu seard is embeddedin a procedure that decideson where to try to augmert
the current solution. This procedureis the main loop of our augmertation algorithm and is
described in Section4.4.1. The tabu seard itself is the subject of Section4.4.2.
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441 The Main Loop

The main loop of our augmertation algorithm maintains an independert setS, a list of active
nodes L, and works in iterations. Initially S= ? andL = V. AslongasL 6 ?, the main
loop proceedsby extracting the rst node, say v, from L. We try to nd an independen set
SO of sizeSj + 1 using tabu seart starting from the set S| fvg. If we do not succeedin
doing sov becomesinactive and we proceedwith the next iteration.

If we do succeedthen S°2 N (S) for somevalue of k and we canwrite S°= (SnU)[ W.
Here U; W are the setsof nodesthat are removed from S, and addedto S, respectively, to
obtain S We replace S by S° and make the set of inactive nodes adjacert to W active by
appending all u 2 N (W) with u 2L to the end of L. Having done this, we proceedwith the
next iteration. The main loop of our augmertation algorithm terminates when L becomes
empty.

Sinceead successfubugmertation increasesthe size of the independert set, there are at
most jV|j successfulaugmenations. Also, the number of consecutiwe failed augmertations is
at most jVj. Hencethe number of tabu seartesperformed by the main loop is bounded by
O(jVj?).

4.4.2 Finding an Augmen tation using Tabu Search

We employ the sameneighbourhood as proposedby Friden, Herz, and de Werra [17]. Given
a setSp with jSpj = o, wetry to nd a set S that satises jSj =  and minimises the
objective function
f(S) = JE(S)I:

For this purposewe maintain a partition (S;V nS) of the nodes and a set of tabu nodes
Initially , S := Sp and none of the nodes are tabu. The tabu seart operatesin iterations,
ead iteration wetakeanodeu 2 S andanodew 2 VnS, and setS%:= (Snfug)[ fwg, where
u 2 V(E(S)). Hereu and w are chosensud that the resulting set jE(S)j is minimal subject
to the condition that neither u nor w is tabu. We movefrom S to S°by setting S := S°

After each movein which the setE(S) doesnot strictly decreasen size,the nodesinvolved
in it are made tabu. Nodesthat are made tabu stay sofor a xed number of iterations.
Whenewer JE (S)j becomeszero, S is an independert set and we terminate the seard.

Let S denotethe setS that minimisesjE (S)j over the current seard. If, after ¢, iterations
we did not seeany changein S , we concludethat the seard hasreaded somelocal optimum.
Our next goal is to escape from this local optimum. To achieve this we perform a constart
number, say ¢; 1, of attempts at escapingfrom it. Each attempt consists of at most ¢;
iterations, of which the rst cj3 iterations are performed with a perturb ed objective function.
This can be interpreted as applying intensi c ation and diversi c ation techniques (seeHertz,
Taillard and de Werra [19]). The perturb ed objective function is given by

X
fs) = E©)j+ 5 b S
v2V
wherep 2 NV is a vector that courts for each nodev 2 V how often node v has beeninvolved
in aconict, i.e., py isthe number of iterations in whichv 2 V(E(S)). Also, welet the number
of iterations that tabu nodesstay tabu depend on the number of the attempt at escaping
from the current local optimum. In attempt i, wetake = (i), where (i) is de ned as

(i) = min * 1( max min ) =C
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for someparameters min and max. As soon aswe nd a set S with JE(S)j < JE(S )] we
proceedas normal, using f as objective function, and with = . The seard terminates
if none of the attempts succeeds.

To complete the description of our tabu seard we give our choicesof parameters. After
doing someexperiments we concludedthat taking min = 2, max = 7, ¢1 = 100, c; = 10, and
c3 = 3 are good choicesof parameters. Theseare the settings that we usein our experiments
reported on in Section6.1.

If onekeepstrack of the number of neighbours of ead node that arein S, ead iteration of
the tabu seard can be implemented to work in O(j (V(E(S)))j). Since0O f(S) jEj and
ead improvemen decreasegE (S )j by at least one, we can have at most c1CjE| iterations.
The worst-caserunning time of the seard can then be bounded by O(JEjk maxy2v j (V)j),
wherejV(E(S))j k jVj. This could be aslarge as O(jVj?Ej). As a result the worst-case
bound on the time complexity of the main loop becomesO(jVj4Ej).

On conict graphs of map labelling problems we have obsened that jV(E(S))j and
maxy2v j (v)j are bounded from above by small constarts. Assuming that these obsena-
tions hold, we obtain a bound of O(JEj) on the running time of the tabu seart and a bound
of O(jVj4Ej) on the running time of the main loop. Still, thesebounds are crude sincethey
do not take into accourt that augmertations only considera small part of the graph.

4.5 LP Rounding Algorithms

Here we consider heuristics for nding hopefully large independen sets, starting from an LP
solution in Pg.

45.1 Simple LP Rounding

Supposewe are givena point X 2 Pe. Let S bethe setof nodesthat correspond to x -variables
with a value strictly greater than one half, i.e., S = fv2 V j x, > %g. Becausex 2 Pg,
we know that for ead edgefu;vg 2 E at most one of u and v can have a value strictly
greater than one half and thus be in S. It follows that S is an independert setin G. The
simple LP rounding algorithm rounds xs up to 1, and xy s down to O to obtain the vector
x%= S 2 Pg\ f0;1g", which it returns as a solution. This can be donein O(jVj) time.

The quality of the solution of the LP rounding algorithm can be arbitrarily bad. For
instance, the vector x 2 Pg with xy = % for all v 2 V is rounded to 0, corresponding to
the empty independert set. On the other hand, the algorithm is capable of producing any
optimal solution. For example,if x = (1 ) S + V1S for somemaximum independert
setS and any suc that O < % then the algorithm produces S asan answer, an
optimal solution.

Nemhauserand Trotter [29] have shown that if X is obtained by maximising any objective
function over Pg, then x is a vector with componerts 0, % and 1 only. In this casethe simple
LP rounding algorithm degeneratedo selectingthe components of x with value 1.

4.5.2 Minim um Regret Rounding

Denote by | the collection of all independent setsin G. Suppose we are given a vector
x 2 Pg with somefractional componerts. We are going to round x by repeatedly choosing
an independert setl 2 1 with 0 < x; < 1, rounding x; up to 1, and x ) down to O, until
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X isintegral. Let | 2 I . The rounding operation above de nes a function f that mapsx on
a vector x°2 Pg using | :

8
21 ifu2l,
f:Pe | ! Pg:(x;1)7 x© Wherex8=>0 ifu2 N(),
" Xy otherwise.
We say that f roundsup X, .
Lemma 4.3. Letx 2 Pg and| 2 1. Then f(x;l) 2 Pg.

Proof. Let x%= f (x;1). Sincel isanindependert setand by construction of f , xﬁl(v)nfvg =0
for all v 2 I, we have that x%l(l) 2 Pg. Since0  x9.,  Xyn,wehavex 2 Pg. The

proof follows becauseby de nition of N1(l) there do not exist edgesf u; vg with u2 V nN1(l)
andv 2 1. O

We rst study the e ect of f on the objective function x(V). Again, let 1 2 | and
x%= f(x:1). Dene the function r : P | | R asthe dierence in objective function value

betweenx and x© .

X X X o o
rex;1) = xy FOGv= (v X)) = Xv I
v2V v2V v2Vv V2N (l)

= x(Ng(1))  jhi

Becausewe will later apply f to a vector x 2 Pg that is optimal with respect to x(V),
we have that x(V) xqV), sor(x;l) 0is the decreasen the objective function value in
that case. Sincewe do not like the objective function to decreasewe call r(x;1) the regret
we have of rounding x, to 1.

Now take x 2 Pg;l 2 | with jlj > 1, and choose non-empty sets ;1> | where
l1=1nl, Then,

r(x;1) = x(Na(l)) jlj
X(N1(l1) + x(N1(12))  x(Nz(I1)\ Na(l2)) jlaj jl2j
r(x;r) +r(x;12)  x(Na(l) \ Na(I2)):

This shows that if

x(N1(l1) \ N1(I2)) = ; (6)
then the regret of rounding x, to 1 is the sameas the combined regret of rounding x,, and
X), to 1. It follows that we can restrict our choice of | to independert setsthat cannot be
partitioned into subsetsl 1; |1, satisfying condition (6). This is the caseif and only if the graph
induced by the support of X, () is connected.

If we choosel in such away that 0 < x; < 1, then f (x;1) hasat leastjl j fewer fractional
componerts than x. We will usethis to de ne a greedy rounding algorithm as follows. The
algorithm has as input a vector x 2 Pg and an integert > 0 and repeatedly replacesx by
f(x;1) for someset|, rounding x, to 1. This is donein t phases,numberedt;t 1;:::;1.
In phasek, we only work with setsl 2 | satisfying

=k (7)
0< x, < 1; and 8)
G[supp(Xn,(1))] is connected. (9)
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During phasek, the next setl 2 | is chosenso as to minimise the regret r(x;1) within
these restrictions. Phase k terminates when there are no more sets| 2 | satisfying these
conditions.

We name this algorithm the minimum regret rounding algorithm due to the choice of I.
Note that at any time during the algorithm, xg is an optimal LP solution to the maximum
independent set problem in G[F] if the original vector x wasonein G, whereF = fv2 V |
0 < xy < 1gis the fractional support of x. It followsthat the value x (V) newver increasesover
any execution of the algorithm.

Phasek is implemented in iterations as follows. We maintain a priority queue Q that
initially cortains all setsl 2 | satisfying conditions (7){(9), wherethe priority of setl is the
value of r(x;1). In ead iteration, we extract a set| from Q with minimum regret. If x
has integral componerts or if the graph induced by the support of X, () is not connected,
then we proceedwith the next iteration. Otherwise we update Q. This is done by decreasing
the priorities of all 122 Q with N¢(19\ Ny(1) 6 ? by x(N1(19\ N1(I)). We replace our
current vector x by f (x;1) and proceedwith the next iteration. Phasek terminates when Q
is empty.

Lemma 4.4. Let F V be the fractional supprt of x upon termination of phasek of
the minimum regret rounding algorithm. For any F® F suchthat G[FQ is a connected
component of G[F],

diam(G[F9) < 2(k  1):

Proof. Let G[F9 be a connectedcomponert of G[F] and suppose,by way of contradiction,
that the graph G[F9 has a diameter of at least 2(k 1). Then, there exists nodesu;v 2 F°
for which the shortest path P in G[F9 haslength exactly 2(k  1). Let

G[FY. As this cortradicts our choice of P it follows that no such Vi;Vj 2 | exist. Thusl is
an independert setin G[FY. Becausejlj = k, F® F, and G[F{ is connected,| satis es
conditions (7){(9). This contradicts the termination of phasek. O

Theorem 4.5. Letx = S be the vector returned by the minimum regret rounding algorithm
with input x°®and somet > 0, where x°2 Pg. Then S is an independent set.

Proof. Sincex is obtained from x° by iterativ ely applying f , we have x 2 Pg by Lemma 4.3.
From Lemma 4.4, we have that upon termination of phasek = 1, the diameter of eath
connectedcomponerts of the fractional support of x is strictly lessthan 0. This implies that
the graph induced by the fractional support is empty, hencex is an integer vector. O

We have implemented the minimum regret rounding heuristic fort = 1 andt = 2. Let us
analysethe time complexity of the minimum regret rounding algorithm for those valuesof t.
We start by analysing the time complexity of phasek = 1, the only phaseof the algorithm
if t = 1. In this phase,condition (9) is automatically ful lled, and any fractional componert
Xy de nes its own singleton independert set in Q. Since the regret of the set fvg can be
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computedin O(j (v)j+ 1) time foreadhv 2 V, Q canbeinitialised in O(jVjlogjVj+ jEj) time.
Extracting a node with minimum regret from Q takesat most O(logjVj) time. Moreover, for
ead nodev 2 V, X, is setto 0 at most once,and when this happensat mostj (v)j priorities
have to be decreased.Sincedecreasinga priorit y takesO(logjVj) time, the total time spent
in decreasingpriorities is at most

X X

(i (v)j O(logjVj)) = O(logjVj) j (V)i = O(jEjlogjVj):
v2V v2V

Summing everything together, phasek = 1 of the rounding algorithm can be implemented to
work in O((jVj + jEj) logjVj) time.

Next we analysethe time complexity of phasek = 2, which precedesphasek = 1 in the
casethat t = 2. Each nodev 2 V occursin at most jVj 1 independert sets of size two,
and N1(v) intersectswith Ny(l) for at mostj (v)] (jVj 1) possiblechoicesof | 2 | with
jlj = 2. So, the number of independert sets of sizetwo is at most O(jVj?), and their regret
valuescan be initialised in time

X
OoC j i (Vi 1) =O0(ViEj):
v2V

It follows that Q can be initialised in O(jVj?logjVj+ jVjiEj) time. Forv 2 V, whenx, is set
to 0, at mostj (v)j (jVj 1) priorities have to be decreasedead decreaseof a priorit y taking
O(logjVj) time, summing up to a total of O(jVjjEjlogjVj) time. Finally, we have to ched
condition (9). This can be done by keepingtrack of the sizesof the setssupp(X n, v\ Ny (w))
for each fv;wg 2 | (v 6 w). Thesesizescan be stored in a jVj jVj matrix. This matrix
hasto be updated ead time we set x, to 0 for somev 2 V. This takesat most O(jVJjEj)
time in total. It follows that phasek = 2 of the rounding algorithm can be implemented in
O((jVj + JEDjV]jlogjVj) time. This term dominatesthe time complexity of the algorithm.

We complete this sectionwith observingthat for any natural number k > 2, the number
of di erent independent sets of sizek is at most jVj¥, which is polynomial in jVj for xed
k. As a consequenceimplemernting the minimum regret rounding algorithm in a brute-force
fashion will yield a polynomial algorithm for any xed value of t.

5 Optimisation Algorithms for Indep endent Set

Here we consider solving maximum independert set problems to optimalit y using LP-based
branch-and-bound algorithms. Section 5.1 reviews the basic branch-and-cut and cutting
plane/branch-and-bound algorithm. The initial LP-formulation is given in Section5.2. To
speed up our branch-and-bound algorithms we use various techniques for setting variables.
Theseare the subjects of Sections5.3{5.6. We end this section consideringhow to apply the
separation algorithms on graphs obtained from map labelling instancesin Section 5.9.

5.1 Branc h and Cut

A branch and cut algorithm is a branch and bound algorithm where we may call a cutting
plane algorithm in ead node of the seart tree. Here we give a short description of a basic
version of branch and bound and of a cutting plane algorithm. For further details we refer to
the book by Wolsey [42].
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Consider the problem of determining zopt = maxfz(x) : x 2 P;x integerg, where z is
a linear function in x, and where P is a polyhedron. We refer to this problem as problem

Branch and bound makes use of the linear programming relaxation (LP-relaxation)
z=maxfz(x) :x 2 Pg. It is easyto seethat z zppr. At the top level, or root node, of
the branch and bound tree we have problem . At level k of the tree we have a collection
of problems, say 1;:::; | sud that the corresponding polyhedra Py;:::; P, are pairwise
disjoint, and sud that all integral vectorsin P are contained in P [ [ P.

The algorithm works as follows. We maintain a set of open problems the best known
value of an integer solution z = z(x ), and the corresponding integer solution x . At rst,
problem s the only open problem. In iteration i, we selectan open problem ' and solve
it. If problem ' isinfeasibleor if the valuez(x') of its optimal solution, x', is lessthan z we
remove ' from the list of open problemsand cortin ue with the next iteration. If the optimal
solution to ' isintegral, i.e., x' is a solution to problem , wesetx := x'if z(x')> z , we
remove ' from the list of open problems and we proceedto the next iteration. Otherwise,
we identify a componert j of the vector x' such that x} is not integral, and \branch" on xj,
i.e., we formulate two new open problems, say § and } by adding constraints x;  bx/c
andx; dx/eto P'. If x; is a 0-1variable we add constraints x; = 0 and x; = 1. Note that
x' neither belongsto P{ nor to P). The value of z(x') is an upper bound on the value of any
solution to the problems | and L. Wereplace 'by } and } in the setof open problems
and proceedto the next iteration. The algorithm stopsafter the setof open problemsbecomes
empty.

When using branch and bound to solve integer programming problems it is crucial that
we obtain good lower and upper boundson the optimal value asthe boundsare usedto prune
the seard tree. In order to obtain good upper bounds we strengthen the LP-relaxation by
adding valid inequalities.

In a cutting plane algorithm we maintain an LP-relaxation of a problem . We start with
the formulation P. Solve given P. If the optimal solution x is integral, then we stop.
Otherwise, we call the semration algorithms basedon all families of valid inequalities that
we consider. If any violated inequalities are identied we add them to P. If no violated
inequalities are found we stop.

In a cutting-plane/branch-and-mund algorithm we run a cutting plane algorithm to obtain
a strong linear relaxation, and then use this relaxation in an LP-based branch-and-bound
algorithm.

5.2 GUB Form ulation

We can rewrite the clique formulation by introducing the sladk variabless 2 f0;1g%. The
resulting equality constraints can then be interpreted as so-called generlised upper bound
(GUB) constraints. A GUB constraint models the situation in which we have to chooseone
option from a set of mutually exclusive options. GUB constraints were introduced by Beale
and Tomlin [2].

The advantage of having GUB constraints is that they can be usedto de ne a branching
sthemeknown as branching on GUBs. Let

PEY® = f(x;8)2RY REjx(C)+sc=1forallC2Cx 0;s O0g:

This leadsto the following formulation of the maximum independert set problem, which we
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call the GUB formulation:
maxfx (V) j (x;s) 2 PEYB\ f0;19V[C g: (10)

In our branch-and-cut algorithm we usethe GUB formulation.

5.3 Reduced Cost Variable Setting

The branch-and-bound algorithm is correct as long as we do not discard any solution that
is better than our current best solution from the remaining seard-space. Consider iteration
i of the branch-and-bound algorithm in which the LP relaxation was feasible. Let the LP
relaxation in iteration i be denoted by

max X(V) (11a)
subjectto Ax+Is=Db (11b)
I x U (11c)

for an appropriate choice of slak variables s and right-hand side b. We can exploit the
information obtained from the optimal solution of the LP relaxation to tighten the lower and
upper bounds|' and u', respectively, on the variables. Theseimproved bounds are basedon
the value of the best known integer solution, the value of the LP relaxation, and the reduced
cost of non-basicvariablesin an optimal LP solution.

Let (x*7; ) be an optimal primal-dual pair to (11) where = (cfAg")T for somebasis
B. Further, let z'P = z(x'"), and let L; U be the sets of variable indices with ¢, < 0 and
Cy > 0. The reducedcost ¢, can be interpreted as the change of the objective function per
unit change of variable xj. From the reduced cost optimalit y conditions (seee.g. Dantzig
and Thapa [10]) it follows that x; = uf if g > Oand x; = Il if g < 0. Using these
obsenations and the di erence in objective function betweenthe optimal LP solution and x
we can compute a new lower bound for x; if G >0, and a new upper bound for x; if G <0
For zero-oneinteger programming problems, this meansthat we can setlji = 1if xj'-P = land

. >2z'P z,andwecansetul = 0if xtP = 0Oand¢ <z Zz'°, wherej 2 V[ Cisany
variable index.

Denote the node in the branch-and-bound tree that is assaiated with iteration i by v,
and the sub-tree of the branch-and-bound tree that is rooted at nodev; by T,,. The improved
bounds can be usedin all iterations of the branch-and-bound algorithm that are assiated
with any node in the branch-and-bound tree in the sub-tree rooted at node v;.

When a variable index j satises Il = ul we sa that x; is setto Il = uf in iteration i
(node v;). When a variable is setin the root node of the branch-and-bound tree, it is called
xed. If Iji < uj' we say that x; is free in iteration i (node vj). Variable setting basedon
reducedcostbelongsto the folklore and is usedby many authors to improve the formulation of
zero-oneinteger programming problems (for example by Crowder, Johnson, and Padberg [9]
and Padberg and Rinaldi [33]).

Note that the new bounds are a function of ;z'", and z . As a consequenceead time
that we nd anewbestintegerfeasiblesolution in the branch-and-bound algorithm we canre-
compute the bounds. Supposewe nd an improved primal solution in iteration k. An original
feature of our implementation of the branch-and-bound algorithm is that we re-compute the
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from the root nodeto a node vio with k°> k. In order to be ableto do this, we store a tree T
that mirrors the branch-and-bound tree. Each node w; in T correspnds to someiteration
i of the branch-and-bound algorithm, and with w; we store its parent p(w;) in T% and the
valuesof , z'P, and z for which we last computed the boundsin w;, and the bounds that
we can actually improve in node w;. The valuesof are stored implicitly by storing only the
di erences of the optimal LP basisbetweennode w; and node p(w;).

The actual re-computation of boundsis donein a lazy fashion as follows. In iteration k
of the branch-and-bound algorithm, we compute the path P from wy to wy in T using the
parent pointers. Next, we traverse P from wi to wy, and keeptrack of the nal basisin
ead node using the di erences, and of the best available bounds on ead variable using the
improved boundsthat are stored in the nodeson P. Considersomenode w; in this traversal.
If the value of z that is storedin w; is lessthan the actual value, we re-compute the bounds
in w;. If any of the boundsstoredin node w; contradicts with boundsstoredin a nodew; that
precededw; in the traversal, we have found a proof that there do not exists integer solutions
that satisfy the bounds of iteration k and we fathom node wy. If any of the bounds stored
in node w; is implied by a bound stored in a node w; that precededw; in the traversal, we
remove it from node w;.

Consider an execution of the branch-and-bound algorithm and let denote the number
of times we improve on the primal bound. For w; 2 T?let J° denote the non-basicvariables
in the nal basisof node w;. Assuming that n m, the time spent in the re-computation
of bounds of node w; is dominated by the re-computation of the reduced cost from the nal
basisof node w;, which is of the order

O( jsupp(A;9)j): (12)

In a typical execution of the branch-and-bound algorithm, we improve on the value of z
only a few times. Moreover, we use a branch-and-cut algorithm that calls sophisticated and
time-consuming subroutines in ead iteration of the branch-and-bound algorithm. These
obsenations imply that the bound (12) is dominated by the running time of the other com-
putations performedin iteration i of the branch-and-bound algorithm in our applications. We
believe that the bene t of having strengthenedformulations is worth the extra terms (12) in
the running time of the branch-and-bound algorithm, as the improved formulations help in
reducing the size of the branch-and-bound tree.

5.4 GUB Constrain ts and Variable Setting

Whenewer we have a formulation in which someof the constraints are GUB constraints, we can
exploit this by strengtheningthe boundson thosevariablesthat arein a GUB constraint using
a slightly stronger argumen than the onepresened in Section5.3. Consideragain iteration i
of the branch-and-bound algorithm in which the LP relaxation was feasible. Denote this LP
relaxation by

max z(x) = c'x (13a)
subjectto Ax =D (13b)
M x u (13c)

Let |1° be the set of row indices corresponding to maximal clique constraints with explicit
sladk variables.
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For eath cligue C 2 C, the slack variable s¢ (as introduced in Section 5.2) can be in-
terpreted as a variable corresponding to an extra node in G, s& vc, that has an objective
function coe cien t of 0 and is connectedto all nodesin C. Denote this extended graph by
G%= (VeED.

Forj 2 V% whenewr Xj hasvalue one, the GUB constraints imply that xy ) = 0, and
whene\er x; has value zero the GUB constraints imply that for at least onek 2 N(j) Xk
has value one. The strengthened argumert for modifying the upper bound on x; takesinto
accourt the reducedcost of the variablesx y (), and the strengthenedargumert for modifying
the lower bound on x; takesinto accourt the reducedcost of the variables x, and X () for
someproperly chosenk 2 N (j).

Let z again denote the value of the best known integer solution. Consider iteration i in
which the LP relaxation is feasibleand let ((x7;x&”); ) be an optimal primal-dual pair to
it, where = (cfAg')T for somebasisB  V%and A denotesthe constraint matrix. Let
z'P = z(x'P), andlet L; U  V°be the setsof variable indiceswith ¢, < 0 andc > 0. The

strengthened boundsT; ' 2 f0; lgV0 are de ned as

. max(0; 1+ diz  z'P)=minf & jk2 N(j)ge; ifj 2 U,
J 0; otherwise,

and (
y = min(1;bz  z'P)=g c); ifj 2L,
J 1; otherwise,

wherefor eadhj 2 L
§ =¢ ¢ (N(@G)\ U)

Prop osition 5.1. All integerx'” that are feasibleto (13) with z(x'")  z satisfyTj x'P
'

Proof. Let x-P; :z'P:L; U beasin the construction of z ;i; T'; & . Assumethat there exists
an integer vector x'P that is feasibleto (13) with z(x'?) z . A fundamertal result from
the theory of linear programming is that we can rewrite the objective function in terms of
the reducedcost. This yields

z(x®y=" Tb+ (¢, )"x|” + (cy)™x{; and

z(x"Py=" Tb+ (c.)IL + (cy)Tul:

Obsene that the feasibility of x'? impliesx|” 0andx} 1,sox[f 1 0. Now, choose
j 2 L arbitrarily . Either xP = 0 or x;° = 1. In the casethat x{” = 0 we directly have

xj'P u} sincetrji 0. Soassumethat xj'P = 1. It follows that x:\ﬁ’(j) = 0. But then,

z 7z z(xP) z(x

= (c)T (" 1D+ (e) (X uy)
()™ + () (x5 1)
G X+ (Cuing) Khing) D

G c (U\NG):

LP)
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Sinceg ¢ (U\ N(j)) < 0, we nd

(z ZP)=(g ¢ (U\N()) =&
Hencex” = 1 u. Soboth x” = 0and x” = 1imply x}° & . Becausej was chosen
arbitrarily we have x'®? o',
The proof that x'P ' is derived similarly starting from an arbitrarily chosenindex
j 2 U, assumingthat x;° = 0, and using the obsenation that x* = 0 implies x;” = 1 for

someindex k 2 N (j), which in turn implies that x}\'f(k) = 0. O

The strengthened criteria for setting variables based on reduced cost can be taken into
accourt in an implemertation that storesthe reduced cost of the variables in an array by
replacing ¢; by minf ¢, jk 2 N(j)gforall j 2 U andby ¢ forallj 2L in this array.
Having donethis the strengthenedbounds can be computed asin Section5.3. The extra time
neededfor pre-processingthe array is O(JE)).

5.5 Logical Implications

In ead node of the branch-and-bound tree we solve a linear programming relaxation of the
form
Z'® = maxfz(x) = x(V)jAx = b;l x ug; (14)

for somel;u 2 f0;1g¥ f0; 1g° where A; b are obtained from the constraint matrix of PSYB

and 1, respectively, by adding the rows and right hand sidesof valid inequalities that are

producedby our separationalgorithms. Recall the notion of setting variablesfrom Section5.3.
We start with the most elemenary of all logical implications:

Prop osition 5.2. Letv2 V beanodein G and let W = N(v) be its set of neightours. If
Xy is setto one, then x,, can be setto zerw for all w2 W without changingz-F.

Proof. Directly from the de nition of Pg. O

Prop osition 5.3. Letv;W be asin Proposition 5.2. If x,, is setto zero for all w2 W, then
Xy can be setto one without changingthe value of z'".

Proof. Becausez'P? = z(x'P) for someoptimal solution x" to model (14), and x’ = 0
together with optimalit y of x - implies that x.° = 1, the proposition holds. O

If we setx, to onefor somev 2 V, then we can set x,, to zerofor all neighboursw of v by
Proposition 5.2. In a formulation of the independen set problem with explicit sladk variables,
such as model (10), it is possibleto interpret the sladk variable sc that is assaiated with
cligue C 2 Casa variable that is assa@iated with an extra node that is connectedto all nodes
in C. Using this interpretation we can also apply Proposition 5.2 to the sladk variables sc
for all C 2 C. If we setx, to zerofor somev 2 V, its neighbours may satisfy the conditions
of Proposition 5.3.

After applying Proposition 5.2 to all nodesthat are setto one, we can restate the linear
programming problem 14 in terms of its free variables. The resulting linear programming
problem can be interpreted as a (fractional) independen set problem in the graph induced
by the nodesthat correspond to the free variables (i.e., with a lower bound of 0 and an upper
bound of 1). Therefore, setting variablesto zero can be interpreted as removing nodesfrom
the graph.
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Prop osition 5.4. Letv be a node of G, let U = N (v) be the set of neightwurs of v, and let
W = N (Ny(v)) be the set of neightours of the 1-neighlourhood of v. When removingv from
G, only the following casescan occur:

(i) the nodesin U may become simplicial nodes,
(i) the nodesin W may become node-dominated by nodesin U, or

(iii) the nodesin W may become set-dominated.
Proof. Directly from Propositions 3.6, 3.7, and 3.8. O

After setting a variable to zero, we chedk whether any of the three casesof Proposition 5.4
occurs, and if so, we take the appropriate action.

5.6 Variable Setting by Recursion and Substitution

Suppose we are solving an instance of the map labelling problem P with conict graph
G = (V;E) using a branch-and-cut algorithm. Focus on iteration j of the branch-and-cut
algorithm just after the termination of the cutting plane algorithm. Recall from Section 5.5
that we have solved an LP of the form (14) for some lower and upper bounds |;u. Let
Jq1;J2 V be the set of nodes whose corresponding variables are set to zero, and one,
respectively, and let F = V n(J1[ J2) bethe set of nodeswhosecorresponding variables are
free. Becausewe exhaustively apply Proposition 5.2, for ea v 2 J, we havethat Iy = O, so
all neighbours of v are membersof J;. Note that G[F] doesnot needto be a connectedgraph,

connectedcomponert of G[F]. The following proposition, which is similar to Proposition 3.6,
statesthat we can nd the optimal integer solution in the set

Pe\ fx2RYjly x uyg

by combining optimal solutions for the individual F;j, where Pg again denotesthe edge-
formulation of Section 3.

Prop osition 5.5. Leti 2 f1;:::;kg, let J1;J2 and F; be as alove, and let | Fi be a
maximum independent set in G[F;i]. Then, there exists an independent set| in G with
| | that is maximum under the restrictions that J1\ | = ? andJ, | .

Proof. Let 11 be a maximum independert setin G under the restrictions that J;\ [, = ?
andJ, I1. Letl,=1IynFjandl = 1,[ |. Becausewe exhaustively use Proposition 5.2
and F; is maximal by the de nition of connectedcomponerts, for all v2 F; andfv,wg2 (v)
we havethat w2 Fi[ Ji1. It followsthat | is anindependen setin G. Becausel 1\ F; is an
independert setin G[Fi], we nd that

jloj = jlanFij=jlaj jla\ Fj o jlaj  jlj:

Becausel \ 1, = ?, this implies that

JUj=gla[ Hp=jlaj+jlj  jlaj  jlj+jlj jlaj
Moreover, J1\ | = ? and J, | by choice of 11 and construction of | . Sol is an
independent setin G that is at least as large as |1, and satis es | | ,Ji:\V Il =72 and
Jo | . O
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Now, supposethat jF;j jFij for alli 2 f2;:::;kg. We seeF; asthe main componert of
the problem we solve in the part of the branch-and-bound tree rooted at v;, and leave it aside
for the remainder of iteration j. (Here v; again denotesthe node of the branch-and-bound

a maximum independert set |, in G[F;], and then set the variables in I, to one and the
variablesin F;j nl; to zero. By Proposition 5.5, this doesnot reducethe value of the optimal
solution. After substituting the solutions of the recursively computed independert sets, we
obtain a new solution and a new bound for iteration j of the branch-and-cut algorithm. We
call this technique variable setting by recursion and substitution, or SRS.

5.7 Separation of Lifted Odd Holes

Here we considerthe separation algorithm for lifted odd hole inequalities. Let x 2 Pg be a
fractional solution. Recall from Section 3.3 that a lifted odd hole is of the form

X
x(V(H)) + vXv bV (H)j=2c
v2VnV (H)

for somesuitable vector 2 RY. We compute values 2 NY using sequettial lifting (see
Padberg [32] and Wolsey[40, 41]), to obtain facet-de ning inequalities of Pis.

The separation algorithm for lifted odd hole inequalities consistsof two parts. The rst
part derives an odd hole H from x-P that de nes a violated or nearly violated odd hole
inequality. The secondpart consists of lifting the resulting odd hole inequality so that it
becomesfacet-de ning for Pis. After the lifting, we ched whether we have found a violated
inequality and if so, we report it.

5.7.1 Identifying a (Nearly) Violated Odd Hole Inequalit y

We start by describingthe separationalgorithm for the basicodd hole inequalities, x (V (H))
bjV (H)j=2c. Supposewe are givenavectorx-F 2 Pg. We rst nd an odd cycle starting from
somenodeVv 2 V usingthe construction describedby Grotschel, Lovasz,and Scrijv er[18]. To
nd a shortest odd cycle containing node v, Grotschel et al. construct an auxiliary bipartite
graph G = ((V;V?);E) and cost vectorsc 2 [0;1]F and e 2 [0; 1]F as follows. Each node
v 2 V is split into two nodesv?! and vZ, with V' included in V' (i = 1;2). For eah edge
fu;vg 2 E, we add the edgesf u?; v2g and fu?;vig to E, and setCiyyg = & yiyzg = Gryzyig =
1 xiP  xiP. Obsenethat a path from u! 2 V! to v2 2 V2 in G correspondsto a walk of
odd length in G from u to v.

A shortest path from v! to v2 in G correspondsto a shortest odd length closedwalk in G
containing v. The reasonthat we are looking for a shortest path is that an odd hole H in G
de nes a violated odd hole inequality if c(E(H)) < 1, and a short closedwalk in G is more
likely to lead to a violated lifted odd hole inequality than a long one. In our implementation,
we restricted ourselvesto shortest path with length at most 1:125. Shortest paths in a graph
with non-negative edgelengths can be found using Dijkstra's algorithm [14]. Hence,we can
nd a closedwalk

in G with odd k that is minimal with respect to ¢ and jCj by using Dijkstra's algorithm to
nd a shortest path (with respect to ) of minimal cardinality from v! to v2 in G. Someof
the v; may occur more than once,and the walk may have chords.
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The construction of H is illustrated in Figure 4. We proceedby showing that H is indeed
an odd hole.

Prop osition 5.6. Let H be constructed as atove. Then, H is an odd hole in G.

Proof. Becausefvl;v?g 2 E, we havethat jHj 3. Clearly H is a cyclein G. By choice of
i and j, H doesnot contain chords, soH is a holein G. It remainsto prove that jV(H)j
(=] i+ 1)isodd. Supposeby way of contradiction that jV(H)j is even. Then,

o P
cfeswiiing@ =G 1) @ hiaxd) P xP:

It follows from xP (fvp;vpe1g) 1 that

i 1
xe (G i 1=
p=i+l
Therefore,
cfessiingd G0 G i 1) xW X =Gy
so C%is not longer than C with respect to c. However, C?is of smaller cardinality, which
contradicts our choiceof C. HenceH is an odd holein G. O

If jV(H)j = 3,then H is acliquein G, and we ignore it in our computations.
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5.7.2 Lifting an Odd Hole Inequalit y

Let H be an odd holein G. Assumethat we have an ordering of the node setV nV (H) that

facet if we choose

P

w = biV(H)j=2c maxfx(V(H)) + 1 Xy X2 Xis;

|
i

where

In order to compute the lifting coe cien ts, we have to compute sewral maximum weight
independert sets, one for ead lifting coe cien t.
Nemhauserand Sigismondi[28] obsenedthat = Oforv2 VnV(H) if JN¢(v)\ V(H)j
2. This implies that the independert setproblemsthat haveto be solved in order to compute
the lifting coe cien ts arerelatively small in practice. Welift the variablesin non-decreasing
lexicographic order of the pairs (j% Xvi; ] N1(v)\ V(H)j), whereties are broken at random.
To compute the coe cien ts , we make useof a path decomposition (seeBodlaender[3],
and de Fluiter [15)) of the graph induced by the nodesin the hole and the nodes we al-
ready lifted. Here we describe how we maintain the path decomposition. How to use path
decompositions to compute maximum weight independert setsis described by Verweij [35].

De nition  5.1. A path decomposition of a graph G = (V; E) is a sequencgS;){L; satisfying
the following conditions:

S
for all fu;vg 2 E there existsi 2 f1;:::;ng with fu;vg Sj, and (16)
foralli;j; kwith 1 i<j<k nwehaeS\ S §: a7)

The width of a path decomposition (S;){L; is the value maxi.; jSij 1.

We may assumewithout lossof generality that S; and S;j+1 dier in only one node, i.e.,
that Sj41 = S [ fvgor Sj.p = S nfvg for somev 2 V. We may also assumewithout
loss of generality that S; = S, = ?. A path decomposition satisfying these assumptionsis
called normalised. A normalised path decomposition hasn = 2jVj + 1. We will presen our
algorithm to compute the maximum weight of an independert set given a path decomposition
in the next sub-section. Here, we proceedby outlining how we obtain and maintain the path
decomposition that we usefor this purpose.

Givena hole H = (vp;e1;Vvi;:::;€en;Van = Vp), an initial path decomposition of the graph
GI[V(H)] = (V(H);E(H)) of width two is given by
8
?; ifi=21ori=2V(H)j+ 1,
_ fvog; ifi=2ori=2V(H)j,
! 3 Fvoi kg if 2< i< 2jV(H)jandi= 2k + 1,

" fvoivio k19 if2< i< 2)V(H)jandi = 2(k+ 1).

Supposeat somestagewe want to compute the lifting coe cien t for somenodev 2 V. Let V°
be the setof nodesthat are either in the hole or did already receiwe a positive lifting coe cien t
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at someearlier stage. Assumethat (S; izi\iom is a path decomposition of the graph induced

by V2 A path decomposition of G[V °nN1(v)] can be obtained from (S izi\{oj” by eliminating

(i.e., setsS; and Sj;1 that are equal).

For eadh node that we assigna positive lifting coe cien t, we have to update our path
decomposition. Supposeat somestagewe have found a strictly positive lifting coe cien t for
somenodev 2 V. Let V@ (Si)izi\{01+1 be asbefore. We have to extend the path decomposition
so that it becomesa path decomposition for G[V°[ fvg]. We do this in a greedy fashion,
by identifying the indices j; k such that j = minfi j fu;vg 2 E;u 2 S;jg and k = maxfi |
fu;vg 2 E;u 2 Sjg, and adding v to all setsS; for i 2 fj; :::;kg. Having done this, our
path decomposition satis es conditions (15){(17) for the graph G[V°[ fvg]. We normalise
the resulting path decomposition to ensurethat it satis es our assumptionson the di erences
between consecutie sets.

5.8 Separation of Maximally Violated Mo d-k Cuts

SupposexP 2 Pg is a fractional solution to the maximum independert set problem. We
usethe algorithm described by Caprara, Fischetti, and Letchford [4, 5] to seardy maximally
violated mod-k cuts. The most time-consuming step of the separation algorithm consists of
computing, if it exists, a solution to a system of mod-k congruenceghat is formed by those
constraints of the constraint matrix that are satis ed with equality. For this purposewe com-
pute an LU-factorisation using arithmetic in GF (k) for k 2 f2;3;5;7;11;,13;17,19; 23, 2%.
As input to the mod-k separationalgorithm, we useall (globally) valid inequalities for P;g
that are presert in the formulation of the linear programming relaxation and are satis ed with
equality by x'P. The inequalities we use are the following: maximal clique inequalities (4),
lifted odd hole inequalities (5), non-negativity constraints on Xy, upper bound constraints of
1 on componerts of xy, and mod-k cuts that werefound at an earlier stageof the algorithm.

5.9 Separation for Map Labelling Problems

We can exploit the structure of the independert set problems arising from map labelling
by more consenatively calling our separation routines. Becauseadding cuts or bounds only
tends to changethe LP solution in a small region surrounding the nodesthat are directly
e ected by them, there is no needto call the separation routines again in parts of the graph
where no changeof the LP solution has occurred.

We sgy that a solution x precedesx in a branch-and-cut algorithm if x (x) is the optimal
solution to an LP relaxation P (P, respectively), and P is derived in the branch-and-cut
algorithm from P by adding cuts or variable bounds. Focus on iteration i of the branch-
and-cut algorithm, and let v; be the parent of v; in the branch-and-bound tree if i > 1. If
the current LP relaxation is P and P is not the rst iteration of the cutting plane algorithm
in iteration i of the branch-and-cut algorithm, then P is the LP relaxation assaiated with
the previous iteration of the cutting plane algorithm. Otherwise, if i > 1 and the current
iteration of the cutting plane algorithm isits rst iteration in iteration i of the branch-and-cut
algorithm, then P is the LP relaxation assaiated with the last iteration of the cutting plane
algorithm in iteration j of the branch-and-cut algorithm.

Let G = (V;E) denote the conict graph of an instance of the map labelling problem.
Recall the de nition of Pg from Section 3. Focus on iteration i of the branch-and-cut al-
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gorithm. Supposethat x 2 Pg is an optimal solution to an LP relaxation in iteration i of
the branch-and-cut algorithm, and let x°2 Pg be the optimal LP solution that precedesx.
In ead iteration of the branch-and-cut algorithm, we only call the separation algorithm for
lifted odd hole inequalities presenied in Section 3.3 starting from nodesv 2 V for which xy is
fractional and x, 6 x9. In this way, we avoid doing the samecalculations over and over again
in ead iteration of the branch-and-cut algorithm. Although there is no guararntee that we
nd all the lifted odd hole inequalities one could nd if onewould start the separation from
all nodesthat correspond to fractional variables, we believe that our cutting plane algorithm
still nds most of them. The decreasein processingtime neededfor ead iteration of our
branch-and-cut algorithm is considerable.

We now focus our attention on the remaining separation algorithms. For large map
labelling instances,the systemsof congruencesmod-k that we have to solve for ead run of
the mod-k separation algorithm by Caprara, Fischetti, and Letchford [4, 5] are large as well.
As a consequencethe mod-k separationturns out to be very time consuming. Although we
suspect that a similar incremertal strategy as for separating lifted odd-holeswould solve this
problem, dewveloping sudh a strategy is non-trivial, and is still on our to-do list. Therefore,
in our implementation we restrict the separation of mod-k inequalities to iteration one of the
branch-and-cut algorithm. Since we start out with the complete clique formulation, we do
not call our separation routines for nding maximal clique inequalities.

5.10 Enumeration and Branc hing Schemes

There are two aspects of the branch-and-cut algorithm that needto be speci ed to complete
its description, namely, how we selectthe next open problem and how we chooseto branch
on fractional solutions. We usethe best- rst strategy in selectingthe next open problem, i.e.,
we chooseto processthat open problem for which the value of the LP relaxation in its parent
node is as high as possible.

There are seeral possibleways to branch on a fractional solution. One way is branching
on a fractional variable, another is using a GUB constraint to derive a partitioning of the
feasibleregion. We compute a so-called pseudo-ost for ead possiblebranch, and then use
theseto decideon how to partition the feasibleregion. Details of our branching schemecan
be found in Verweij [35]. Using pseudo-costsdates back to the nineteen seerties and has
most recerly beenreported on by Linderoth and Savelsbergh [27].

6 Computational Results on Map Lab elling Instances

We tested our heuristic and optimisation algorithms on the same classof map labelling in-
stancesasusedby Christensenet al. [7] and van Dijk et al. [13]. Theseinstancesare generated
by placing n (integer) points on a standard map of size 792 by 612. The points have to be
labelled using labels of size30 7.1 For eac n 2 100,150, :::; 750 950y we randomly gener-
ated 25 maps. Wewill rst turn our attention to the computational behaviour of our heuristic

1Since we use closed labels, the label Q; = fx 2 R?j0 x  (30;7)" g intersects the label Q( ) = fx 2
R? j x (1+30; 2+ 7)Tgforal withj j (30;7)". From the integrality of the data it follows that
either j 1j 31,0rj »j 8, or both if Q; and Q( ) do not intersect. Someresearders seethis as a reason
to actually uselabelsofsize(30 ;7 )T for somesmall constant > 0. The reader should be aware of this
when comparing the results preserted in this chapter to results found in the literature.
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Name | Heuristic | Section

SA Simulated Annealing 4.1

DS Diversi ed Neighbourhood Seard 4.2

01 1-Opt starting from zero 4.3

02 1-Opt followed by 2-opt starting from zero 4.3

TS Tabu Seart on Independert Set Formulation 4.4

L1 Simple LP rounding followed by 1-opt 45.1,4.3
L2 Simple LP rounding followed by 1-opt and 2-opt | 4.5.1,4.3
R1 Minim um regret rounding with parametert = 1 | 4.5.2

R2 Minim um regret rounding with parametert = 2 | 4.5.2

Table 1: Heuristics Applied to Map Labelling Instances

algorithms, then we will discussour optimisation algorithms, and nally we will discussthe
in uence of SRS.

6.1 Heuristics

We ewvaluated the performance of our heuristics for the maximum independert set problem
on conict graphs of map labelling problem instances. The algorithms are summarisedin
Table 1. All LP-based rounding algorithms are started from a fractional independert set
computed by the cutting plane algorithm as described in Section 5.9, using the complete
clique formulation.

The averagenumber of labels placed by our LP-based rounding algorithms and the cor-
responding running times are reported in Table 2. Becausethe separation of the mod-k cuts
is computationally intensive we tried our heuristics with and without them. The column LP
shows the averageamount of CPU time neededto compute the LP relaxations in seconds.
The L1 and L2 columns refer to the algorithms that rst apply the simple LP rounding
algorithms from Section 4.5.1 to obtain an integer solution. Next, these algorithms invoke
an iterativ e improvemert algorithm starting from this integer solution using the 1-opt and
2-opt neighbourhoods, respectively. The R1 and R2 columns refer to algorithms that apply
the minimum regret rounding heuristic from Section 4.5.2to the optimal solution of the LP
relaxation, with the parametert equalto 1 and 2, respectively. The columns contain the
averagenumber of labels placed, the CPU columns cortain the averagenumber of CPU sec-
onds that were neededto nd the reported independert sets, excluding the time neededto
solve the LP relaxations. Finally, the (G) column cortains the averageoptimal number of
labelsthat can be placedin the test instances.

It is clear from Table 2 that all rounding heuristics are very fast in practice, provided one
already hassolved the LP relaxation. Their running time is negligible for instanceswith up to
950 cities. The minimum regret rounding algorithms are the bestin terms of solution quality.
Also, the mod-k cuts do improve the solution quality slightly, at the cost of a tremendous
increasein running time. Using 2-opt after rounding outperforms using 1-opt after rounding.
The minimum regret heuristics with parameterst = 2 and t = 1 both perform equally well.
The averagenumber of labels placed by the minimum regret heuristics is within four tenth of
the averagenumber of labelsin the optimal solutions for all choicesof n, and strictly within
onetenth for all choicesof n 850, with the parametert = 2.
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SA DS O1 02 TS
n CPU CPU CPU CPU CPU (G)
1001000 011000 OO| 975 00| 1000 00| 1000 00| 10G0
150 | 1499 0:2 | 1499 01| 1442 001495 00| 1499 01| 1499
200 1999 03]1999 0:1]1890 001988 001998 01| 1999
25012496 042496 0:2]2328 00 |2476 00 ]2495 02| 2496
300 2990 062992 03]2749 00 ]2943 002989 03| 2992
3501|3483 0:8|3484 06 |3141 003401 00 |3480 04| 3485
400 | 3973 1.0 | 3976 08| 3542 0.0 |3860 0.0 |396 05| 3977
450 | 4445 1:3|4450 09 |3887 004284 004441 07| 4451
500 | 4917 1:7 | 4925 11| 4228 004698 00 |4909 09| 4929
550 | 5382 2:3 5394 1:3|4569 0.0 |5101 005376 1.1 | 5397
600 | 5803 2:7 | 5818 1.5 |4860 0.0 |5466 00 |5794 15| 5829
650 | 6238 3.0 | 6259 1.7 |5184 0.0 |5846 01 |6242 19| 6273
700 | 6659 34| 6689 1.9 |5453 006194 01| 6662 24| 6704
750 | 7031 387061 22 |5718 006516 017046 32| 7092
800 | 7404 42| 7460 24 |6009 00 |6841 017434 36| 7493
850 | 7753 46| 7809 276229 007129 01 |7790 44| 7860
900 | 8045 518123 30|6399 00 )|7385 018105 52| 8182
950 | 8344 56 |8459 33 |6647 00| 7627 01|8447 66| 8526

Table 3: Local Seart Algorithms

The averagenumber of labels placed by our local seard algorithms and the corresponding
running times are reported in Table 3. The SA and DS columnsrefer to simulated annealing
and diversi ed neighbourhood seard, respectively, applied to a map labelling formulation.
The columnsO1 and O2 refer to the iterativ e improvemert algorithms that were preseried in
Section 4.3. Thesealgorithms usethe 1-opt and 2-opt neighbourhoods, respectively, starting
from 0. The column TS refersto the tabu seard algorithm applied to an independert set
formulation.

The 1-opt and 2-opt algorithms are the fastest but they produce inferior solutions when
started from zero. The simulated annealing algorithm works reasonably fast and produces
solutions of reasonablequality. However, it is outperformed by the diversi ed neighbourhood
seart and the tabu seart. The diversi ed neighbourhood seard seemsto be the best
heuristic among the onesthat are not basedon LP relaxations, being twice as fast as the
tabu seard and producing solutions with more labelled cities.

When comparing the minimum regret rounding with parametert = 2 without the mod-k
cuts with the diversi ed neighbourhood seard, we notice that the minimum regret rounding
is faster and producesbetter solutions for instanceswith up to 650 cities. For larger instances
minimum regret rounding is slower, but still producesa higher solution quality.

6.2 Optimisation Algorithms

We tested our cutting plane/branch-and-bound algorithm and our branch-and-cut algorithm
for the map labelling problem on the same set of instancesthat we usedto evaluate the
performance of our heuristics. The averagerunning times and branch-and-bound tree sizes
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Figure 5: An Optimal Solution to a Map Labelling Problem on 950 Cities
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Figure 7: Problem Statistics and Constraint Performance

of these algorithms can be found in Figure 6. For the branch-and-cut algorithm, problem
statistics and the gapsclosedby the various valid inequalities are depicted in Figure 7, run
time proling data is given in Figure 8, and nally the averagenumber of variables set by
pre-processing,reduced cost, and logical implication sub-routines and the averagenumber of
the mod-k cuts found for ead value of k are given in Figure 9.

The rst thing to note from Figure 6 is that the branch-and-bound tree doesnot start to
grow until the number of cities to label is approximately 750, and then it starts to grow at a
tremendousrate. There is an obvious explanation for this, namely, that we do increasethe
number of cities that we label but we do not increasethe map, sothe problems becomemore
dense,and 750 cities seemsto be a critical number. Taking this into accourt, the steady
exponertial growth of the running time neededseemsto be remarkable. The exponertial
growth of the running time demonstratesthat the cutting plane algorithm itself behaves
exponertially .

For the purpose of testing the in uence of SRS we did some experiments in which we
scaledthe size of the map in order to keepthe density of the graphs constart. We discuss
these experiments in detail later in this section. What is important hereis to note that they
also shaw that the tremendousgrowth doesnot occur if the density is kept constart; instead
we seea more modest exponertial growth (seeFigure 10).

From Figure 7 it is clear that although the number of lifted odd hole inequalities is small,
their contribution to the quality of the LP formulation is signi cant. The same holds for
mod-k cuts, although to a lesserextent. From Figure 8 it is clear that most of the running
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Figure 10: In uence of SRSon the Behaviour of the Branch-and-Cut Algorithm

time is spert in the separation of mod-k cuts. We feel that this is due to the fact that we do
not exploit the similarity betweenconsecutive LP solutions in the branch-and-cut algorithm
aswe do with the lifted odd hole separation as discussedin Section5.9.

We end the discussionof our optimisation algorithm by considering Figure 9. It shows
that the average number of times that a variable can be set. Here U, L, SP, D, SD, and
SRS indicate setting by reduced cost to upper bound, to lower bound, setting of simplicial
nodes, dominated nodes, set dominated nodesand SRS, respectively. The spike in the graph
of setting variables to their lower bound is causedby a single run in which this could be
applied frequertly in the lower parts of the tree. SRSonly starts to play a role for the larger
instances.

6.2.1 SRS

To evaluate the in uence that SRS can have on the performance of our algorithm, we con-
ducted a secondset of experiments. Theseexperiments were conductedwith an earlier version
of our code that did not feature the strengthened reduced cost setting from Section 5.4, the
pre-processingfrom Section 3.4, the complete GUB formulation of Section3.2 and the separa-
tion of mod-k inequalities. In theseexperimernts the density of the problemswaskept constart
by making the map siz%a function of thepnumber of cities. For a problem with n cities, we
usea map of sizeb792= 750=nc b612= 750=nc. For each n 2 600 650 :::;900, 950y we
randomly generated50 maps. From ead generatedmap, we selectedits largest connected
componert and usedthat asthe input for our algorithm both with and without SRS.Figure 10
shows the averagebranch-and-bound tree sizesand running times for theseexperiments. The
reported branch-and-bound tree sizesfor the casewith SRS includes the nodesin branch-
and-bound trees of recursive calls. Consideringthe logarithmic scaleon the vertical axis, the
potential savings from using SRSare clear.
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