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Abstract

In this paper, we study the Graph Isomorphism problem on graphs of bounded
treewidth, bounded degree or bounded bandwidth. Graph Isomorphism can be
solved in polynomial time for graphs of bounded treewidth, pathwidth, or band-
width, but the exponent depends on the treewidth, pathwidth, or bandwidth. Thus,
we look for special cases where ‘fixed parameter tractable’ polynomial time algo-
rithms can be established. We introduce some new and natural graph parame-
ters: the (rooted) path distance width, which is a restriction of bandwidth, and the
(rooted) tree distance width, which is a restriction of treewidth. We give algorithms
that solve Graph Isomorphism in O(n?) time for graphs with bounded rooted path
distance width, and in O(n3) time for graphs with bounded rooted tree distance
width. Additionally, we show that computing the path distance width of a graph is
NP-hard, but both path and tree distance width can be computed in O(n**!) time,
when they are bounded by a constant k; the rooted path or tree distance width can
be computed in O(ne) time. Finally, we study the relationships between the newly
introduced parameters and other existing graph parameters.

1 Introduction

In this paper, we consider the Graph Isomorphism problem, for graphs for which certain
parameters can be assumed to be small constants. We are especially interested in Graph
Isomorphism on graphs where either the treewidth, bandwidth, or degree of the graph
is bounded, as there are many interesting graph classes which have a bound on one of
these parameters (see e.g. [2]). For these parameters, it has been shown that when the
parameter is a constant, then Graph Isomorphism is polynomial time solvable (see [12]
for bounded degree, and [3] for bounded treewidth and bandwidth). However, in each
of these three cases, the exponent of the algorithm grows with the parameter. Thus,
a question is, whether algorithms exist for Graph Isomorphism with a running time
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O(f(k)n®), c a small constant, k£ the maximum degree / treewidth / bandwidth / .../
of the graph; in other words, whether Graph Isomorphism is fized parameter tractable
(in the sense of the fixed parameter complexity theory of Downey and Fellows, see e.g.
[8, 9]), with the maximum degree / treewidth / bandwidth / .../ as parameter.

Thus, we are looking for answers to the questions whether Graph Isomorphism is
fixed parameter tractable for the case that the parameter is the degree, treewidth or
bandwidth of the graph. These questions are apparently hard. In this paper, we are
able to solve some interesting special cases of these problems.

For this, several natural graph parameters are introduced: the (rooted) path distance
width, and the (rooted) tree distance width. The notion of path distance width can be
seen to have a close relation to bandwidth; the notion of tree distance width is a natural
tree-like generalisation of this notion, with a close relationship to treewidth.

This paper is organised as follows. In section 2 we prove that the rooted path (tree)
distance width of a graph can be computed in O(ne) time, that computing the path
distance width of a graph is NP-hard, but if the path or tree distance width is at most
some fixed constant k, then the minimum path (tree) distance width can be computed
in O(n**") time. The main results of the paper can be found in Section 3: it is shown
that Graph Isomorphism is solvable in O(n?) time for graphs with bounded rooted path
distance width, thus solving a significant special case of Graph Isomorphism for graphs
of bounded bandwidth. Furthermore, it is shown that Graph Isomorphism is solvable in
O(n?) time for graphs with bounded rooted tree distance width, which solves a special
case for Graph Isomorphism for graphs of bounded treewidth. In Section 4, the relations
between the different considered parameters are investigated.

2 Definitions and Complexity Results for Distance Width

The graphs we consider are simple, undirected and connected, and contain no self loops.
For a graph G, we denote its set of vertices by V(G) and its set of edges by F(G). Also,
we denote as G[S] the subgraph of G induced by S C V(G). For two graphs G and H,
a function f: V(G) — V(H) is called an isomorphism (from G to H) if f is a bijection
and for each v, w € V(G), {v,w} € E(G) iff {f(v), f(w)} € E(H). Two graphs G and
H are isomorphic if there is an isomorphism from G to H. The Graph Isomorphism
problem is the problem of checking for two given graphs whether they are isomorphic.

A graph parameter is a function which maps each graph to a positive integer.

We first review a number of graph parameters.

e A tree decomposition of a graph G = (V,E) is a pair ({X; | i € I},T = (I, F)),
where {X; | i € I'} is a collection of subsets of V and T is a tree, such that

1€l

for each edge {v,w} € E, there is an ¢ € I such that v,w € X;, and

— for each v € V the set of nodes {i | v € X;} forms a subtree of T.

The width of a tree decomposition ({X; |i € I},T = (I, F')) equals malx(|Xi| —1).
1€

The treewidth of a graph G is the minimum width over all tree decompositions



of G. The corresponding graph parameter (which is the function that maps each
graph to its treewidth) is denoted by TW.

A (linear) layout of a graph G is a one-to-one function f: V(G) = {1,...,|V(G)|}.

e The bandwidth of a layout f of a graph G is defined as . r?a%{(@ |f(u) = f(v)].
u,v e

The bandwidth of a graph G is the minimum bandwidth over all layouts of G.
The corresponding graph parameter is denoted by BW.

For a given graph G and two vertices u,v € V(G), de(u,v) denotes the distance
between v and v, which is the number of edges on a shortest path between « and v. For
aset S C V(G) and a vertex w € V(G), dg(S,w) denotes mi;l da(v,w).

veE

e A tree distance decomposition of a graph G = (V, F) is a triple ({X; | i € I}, T =
(I,F),r), where

- UX;=V(G) and for all i # j, X; N X, =0,
el

— for each v € V, if v € X, then dg(X,,v) = dp(r,i), and

— for each edge {v,w} € E, there are ¢,j € I such that v € X;, w € X; and
either i = j or {i,j} € F.

Node r is called the root of the tree T, and X, is called the root set of the tree

distance decomposition. The width of a tree distance decomposition ({X; | i €

I}, T,r)is equal to max | X;|. The tree distance width of a graph G is the minimum
1€

width over all possible tree distance decompositions of G. The corresponding graph
parameter is denoted by TDW.

e A rooted tree distance decomposition of a graph G = (V,E) is a tree distance
decomposition ({X; |i € I},T = (I, F),r) of G in which | X,.| = 1. The rooted tree
distance width of a graph G is the minimum width over all rooted tree distance
decompositions. The corresponding graph parameter is denoted by RT DW.

e The (rooted) path distance decomposition and the parameter of (rooted) path dis-
tance width of a graph G = (V| E) are defined similar to the (rooted) tree distance
decomposition and (rooted) tree distance width, but now the tree T is required to
be a path. For reasons of simplicity we will denote a (rooted) path distance decom-
position as (X, Xo,..., Xy), where X is the root set of the decomposition. We
denote the corresponding graph parameters by PDW, and RPDW, respectively.

It is easy to check that for any graph G, TW(G) < 2TDW(G) — 1, TDW(G) <
RTDW(G), BW(G) < 2PDW(G) — 1 and PDW(G) < RPDW(G). Hence fixed pa-
rameter tractability of Graph Isomorphism for 7W implies the same for 7DW and
RTDW, and fixed parameter tractability of Graph Isomorphism for BW implies the
same for PDW and RPDW. Also, showing that for Graph Isomorphism is fixed param-
eter tractable for e.g. RPDW might give more insight in whether it is fixed parameter
tractable for BW. Therefore, we study the complexity of Graph Isomorphism on graphs
for which PDW, RPDW, TDW or RT DW is bounded.



Procedure GET-TDD
input: a graph G = (V, E) and a root set S
output: the minimal tree distance decomposition ({X; |i € I}, T = (I, F),r), (X, = S5)
1: for any v € V set distance(v) = dg(S,v);
2:  m := max distance(v);
veV
3: I:=0,F:=0,and h :=0;
4: for any i,0 <i<m+1set V; ={v eV |distance(v) =i};
5: for ¢ :=m down to 0 do
6: Compute the connected components of G[{v € V | i < distance(v) < i+ 1}];
/* We call the connected components Sy, ..., S:*/
7 for j:=1tot do
8: Xnyj =87 —Vig;
9: Add edges {v,u},v,u € Xpy; to E(G) such that G[X}4;] becomes connected;
10: I'=TU{h+j};
11: F:=FU{{h+j,k‘}|XkCSjA]€§h};
12: od
13: h:=h+t
14: od
15: end.

Figure 1: Procedure GET-TDD(G, S).

For a given graph G and S C V(G), there is a unique path distance decomposition
of G with root set S, and this decomposition can be found in O(e) time (e = |E(G)|):
for each vertex v € V(G), compute dg(S,v) using breadth first search. Then for each
possible distance d, make a node X, containing all vertices with distance d to S.

Definition Let D = ({X; |i € I},T = (I,F),r) be a tree distance decomposition of
G. Given a vertex v € I we denote as T, the connected subtree of T" induced by all the

nodes in I that are connected with r via paths containing v. Finally, given a node i € T
we set V(D,i)= U Xu.
weV(T;)

For a given graph G and set S C V(G), there may be more than one tree distance
decomposition with root set S. However we define the minimal tree distance decompo-
sition of a graph G with root set S as follows.

Definition Let D = ({X; |i € I},T = (I,F),r) be a tree distance decomposition of
G. We call D minimal if, for each i € I, G[V (D, 1)] is connected.

An immediate consequence of the definition above is that given a graph G and a
root set S the minimal tree distance decomposition is uniquely defined. Also, it can be
found with procedure GET-TDD presented in Figure 1, which can be made to run in
O(e) time.

Theorem 2.1 Given a graph G and a set S C V(G), we can compute in O(|E(G)|)
time the unique path distance decomposition with root set S, or the unique minimal tree
distance decomposition with root set S.



Proof. Let D= ({X;|i€I},T = (I,F),r) be some output of GET-TDD. It is easy
to see that D is a tree distance decomposition of G.

We will prove that for any i € I, G[V(D, )] is connected. Let m = max;er dr(r,1).
We will use induction on m —dg(r,i). If dp(r,i) = m, then it is clear from the algorithm
that G[V (D, 1)] is connected.

Assume that for any 7 € I such that dp(r,i) > n (0 < n < m), G[V(D,1)] is
connected. Let ¢ € I such that dp(r,i) = n. Let also {i1,...,i} C I be such that for
all iy, 1 <o < t, dr(r,is) = n+ 1 and {{i,i1},...,{i,it}} € F. We will prove that
G[V(D,1)] is connected, that is, we will show that for any pair of vertices v,u € V(D, i),
there exists a path connecting v and v in G[V(D,i)]. From the induction hypothesis
and the fact that all vertices in L,y; = X;, U... U X, are adjacent to a vertex in X,
we have that there exist two vertices v/, v’ in X; connected by some paths in G[V(D,1)]
with v and u respectively. The connectivity of G[V (D, )] follows now easily in the case
where G[X; U L, 1] is connected. Suppose that G[X; U L, 1] is not connected. In this
case we notice that X; U L, ;1 must induce one of the connected components computed
during the (m — n 4 1)th execution of step 5 (m is defined at step 2). Clearly, each of
these connected components became connected because of the addition of some number
of edges connecting vertices in X;_,1 < o < t during the (m — n)th execution of loop
7-12. We call these edges new edges and denote the current graph after the (n — 1)th
loop by G,,. As there exists in G,[X; U L,1] a path connecting v" and u’, such a path
must contain a number of new edges (see Figure 2). From the induction hypothesis we
have that any new edge corresponds to a path in G[V(D,i,)| connecting its endpoints
for some 0,1 < o < t. Thus, we can construct a path in G[V(D,i)] connecting u' and
v'. Therefore, there exists a walk (hence path) connecting u and v and the connectivity
of G[V(D,1)] follows.

The original graph The graph after the 2nd execution of the loop
defined by steps 6-13 in GET-TDD

Figure 2: An example for the procedure GET-TDD.

Step 1 uses breadth first search to assign for each vertex in the graph its distance
from the root set. This costs O(|E(G)|) time. Also loop 5-14 needs in total O(|E(G)|)
time as the executions of step 6 use in total O(|E(G)|) time and each call of line 9 can
be executed in O(|V(X),4;)|) time. O



From Theorem 2.1 and the fact that, if a graph has (rooted) tree or path distance
width at most k, then e = O(kn), we get the following result.

Corollary 2.2 There is an algorithm that computes a rooted path (tree) distance de-
composition of minimum width of a graph G in O(kn?) time, where k is the rooted path
(tree) distance width of the graph.

There is an algorithm that computes a path (tree) distance decomposition of minimum
width of a graph in O(kn**1) time, where k denotes the path (tree) distance width of the
graph.

The following result concerns the complexity of (rooted) path (tree) distance width.

Theorem 2.3 The following problem is NP-complete even if the input graphs are trees.
Given a graph G and an integer k, does G have path distance width at most k¢

Proof. The proof is based on a reduction from the following strongly NP-complete
problem:

3PARTITION

Instance: A set A = {aq,...,as,} of positive integers and an integer value

B such that B/4 < a;, < B/2,1<i<3m,m>1,and Y. a; =mB.
1<i<3m
Question: Is there a partition of A into m disjoint sets Ay, Ag,---, A, such

that > a=B,1 <i<m?
a€A;

We describe a transformation that, given an instance of the 3PARTITION problem, out-
puts a tree T such that T has path distance width at most d iff the answer for the
3PARTITION problem is yes.

Let c =57Tm+1and d = ¢- B+ 9m. T is constructed as follows: First we set
Ui = {tits - Uim}y Vi = {vit, o Viea; }, 1 <0 < 3my and W= {wr, ..., w2g19m }-
Then, we define T; = ({z} UU; UV, {{z,u;1}} U {{w;j uijr1} |1 <j<m-1}U
Hvigrwim} |1 <j <c-ai}),1 <i <3m. Now, set T= (WU U V(To),{{r,w} |

1<i<3m

1<i<2d—12m}U( U E(T;))) (see also Figure 3).
1<i<3m

We will prove now that the 3PARTITION instance has a solution iff T has a path
distance decomposition (X1, Xo,..., X;) with width at most d.

Let {Aq, Ay, -+, A} be a solution of the 3PARTITION problem. We construct a path
distance decomposition as follows. We first define f : {1,2,....3m} — {z}U U U;
1<i<3m

such that f(i) = = iff a; € Ay and f(i) = w; ;1 iff a; € 4;,2 < j < m. We set
S = {wi,wa, -, wg_3m} U{f(1),...,f(3m)}. Let (X1 = S, Xs,...,X,) be the path
distance decomposition of G with root set S.

Now we prove that forall i, 1 <i < r, |X;| < d. By the construction, we have that the
cardinality of the root set S = X is no more than d. We also observe that Xy contains

d—9m vertices from W, and at most 3m+2-3m vertices from Ur = {z}U |J U;. So
1<i<3m
| X2| < d. It is now easy to see that for any i > 2, X; must contain at most 3-3m vertices
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Figure 3: The reduction of Theorem 2.3.

from Uz and ca;, + cai, + ca;, vertices from V;, UV, UV;, where A; = {a;,, ai,,a; } is
some set A; of the solution of the 3PARTITION problem. Thus ca;, +ca;, +ca;; = c¢B and
for any ¢ > 2, X; must contain at most d = ¢B + 9m vertices. Therefore, (X1,...,X,)
has distance width at most d.

Suppose now that (Xq,...,X;) is a path distance decomposition of T' that has width
at most d. We prove that there exists a partition of A = {ay,...,asy,} into m disjoint
sets Ay,..., Ap such that > 4. a = B,1 <i < m. We distinguish two cases:

Case 1: x € X;. In this case we easily observe that W C X; U X3 and thus we have
| X1 N W[+ |XoNW| = |W| = 2d— 12m. Using this and the fact that | X[, |X2| < d,
we have that 2d > |X1| + |X2| = |X1 — W| + |X1 N W| + |X2 — W| + |X2 N W| =
|X9 — W[+ | Xy —-W[+2d—12m > |X; —W|+2d - 12m = |X; - W| < 12m,i=1,2.

Let {R; | j > 1} be a collection of subsets of {1,2,...,3m} such that ¢ € R; iff
| X; N Vi > ca; — 12m.

We first claim that for all ¢, 1 < ¢ < 3m, there exists at most one 5 > 1 such that
i € Rj Suppose that for some 7, there are j and j' such that j # j',i € R; andi € Rj. In
such a case we have that |X;NV;| > ca;—12m and | X;NV;| > ca;—12m. As X;NX; =0,
we conclude that |V;| > 2ca; — 24m = ca; > 2ca; — 24m = 24m > ca; > c=5Tm+1, a
contradiction.

We now claim that for all z, 1 < 4 < 3m, there exists a j > 1, such that ¢ € R;.



Choose j' such that u;m € Xjr. Notice that for all v € V;, either v € Xy or v € Xjiyy.
As X;iNV; € Xy =W, we have that | X; NV;| < 12m and thus | X1, NV;| > ca; —12m =
1€ Rj’+1-

We claim that if j = 1,2 then R; = (. Indeed, suppose, on the contrary, that for
some j = 1,2 there exists an ¢,1 <4 < 3m such that ¢ € R;. In this case we have that
| X;NVi| > ca; —12m. But, as |X; —W| < 12m,j =1,2and X;NV; C X; —-W,j =
1,2,1 <i < 3m, we conclude that 12m > | X; —W| > |X;NVi| > ca; —12m > c—12m =
5Tm + 1 — 12m = 45m + 1, a contradiction. Notice also that, as x € X;, we have that
V(T) C X1 U---U X492 and thus for all j > m + 3, R; = 0.

We now set A; ={a; | i € Rj42},1 <j <m. Clearly, A;,..., Ay, is a partition of
A.

We claim that for all j, 1 < 57 < m, |Aj| < 3. Suppose, on the contrary that
for some j,1 < j < m, |Aj| > 4. Then ZaieA]- | X2 NV > ZaieAj(ca,- — 12m) >
ZaieAj(C% —12m) > 4(L +<—-12m) > cB+c—48m > cB+9m+1 > d, a
contradiction.

From the claims above, we conclude that the sets Aq,..., A,, form a partition of A
into sets consisting of at most 3 elements.

What now remains to be proven is that for all 7, 1 < j < m, ZaEA]- a = B. Clearly,
as 1<.2<:3 a; = mB, it is sufficient to prove that for all j, 1 <7 < m, ZaEA]- a < B. For
this, we first notice that € asen; @i < Vaien, ([ Xjp2 N Vil +12m) < |Xjpof + 36m <
d+ 36m = ¢B 4+ 9m + 36m < ¢B + 45m. Finally, we have that ZaieAj a; < B+ 457”1
which implies 32, 4. @i < B+ [45m | = B (|£2] = 0 because ¢ = 57m + 1 > 45m).
Case 2: © ¢ Xy. In this case we can easily see that X1 UW # ) because otherwise, if
x € X; for some i, then W C X, 4, but [W| > d. So, z € Xp, and W C X; U X3 =
| X1 NW |+ |X3sNW| = 2d—12m. Using the fact that | X[, |X3| < d and, using a similar
argument as in Case 1, we have that | X; — W| < 12m, i =1,3.

We define {R; | j > 1} as in Case 1 and following a similar argumentation, we
deduce that any i € {1,...,3m} belongs to exactly one A;. Also very similarly to
Case 1 we have that if i = 1 or 3, then R; = (). Moreover, we claim that R,,41o = 0.
Suppose, on the contrary, that i € R,,42. This means that |X,,4o N Vi| > ca; — 12m
and thus there exists some vertex w € X,,+2 that belongs in V;. Notice now that, as
dr(X1,w) =m+1> 3 we have that for all h, 1 < h <m, u;;, € Xp41 and thus z € X,
contradiction. (if x € X;,7 > 2 then W C X;;1 a contradiction) Finally, as x € X,
and for all w € V(T), dr(x,w) < m + 1, we easily conclude that for all j > m + 4,
Xj =0 = Rj = (.

WesetAlz{a,- | iGRQ}, Aj:{aj | iERj+2},2§j§m—1and
Ap ={a; | i € Rpys}. Following now the same steps as in Case 1, one can prove that
Ayq, ..., Ay is a partition of A into sets consisting of at most 3 elements such that for
allj,lgjgm,zaeAjazB. O



3 Graph Isomorphism for Graphs of Bounded Distance
Width

In this section, it is shown that the Graph Isomorphism problem is fixed parameter
tractable for graphs of bounded rooted path distance width or bounded rooted tree
distance width.

We present an algorithm with running time O(n?) that tests isomorphism for two
graphs with rooted path distance width at most some constant k, and an algorithm with
running time O(n3) that tests isomorphism for graphs with rooted tree distance width
at most some constant k.

Algorithm RPDW-ISO(G, H)
input: graphs G and H of rooted path distance width at most k.
output: “Yes”, if G is isomorphic to H,
“No”, otherwise.
1: Let D% = (XE,..., XtGC;) be a rooted path distance decomposition
of G with root set X = {va} and rooted path distance width at most k.
2: for each vy € V(H) do

3: let D7 = (X{,..., X/T) be a rooted
path distance decomposition of G with root set X{' = {vg};
4: if SUB-RPDW (DY, DH) =true
5: then return “Yes”;
6: od
7: return “No”;
8 end

Procedure SUB-RPDW (DY, DH)
input:  decompositions D¢ = (XF,..., Xt% ),
DY = (x{,... X/,
output: “true”, if D is isomorphic to DT, “false”
1. if tg # ty then return false

, otherwise.

2: else let t « tg;
3: fori:=1totdo
4: if | X¢| = |XZ| then return false;
5: let R; be the set of bijections from G[XE] to H[X/[];
6: if Ry = 0 then return false;
7: for i:=t—1downto 1 do
8: let R; — 0;
9: for each bijection f from G[X] to H[X[]
10: if there exists a bijection g € R;41 such that f U g is an isomorphism
from G[XEF U Xﬁ_l] to G[XF U Xﬁ_l
11: then R; +— R; U {f},
12: od
13: if Ri #0
14: then return true
15: else return false;
16: end.

Definition Let D¢ = (X{,..., X7 ) and D = (X{',..., XT) be two path distance
decompositions of graphs G and H respectively. We call D¢ and D isomorphic if there
exists an isomorphism f : V(G) — V(H) from G to H such that for all i, 1 < i < ¢,
Vv e X& f(v) e XH.



Theorem 3.1 The algorithm RPDW-ISO(G, H) above, checks whether two input graphs
G and H of rooted path distance width at most k are isomorphic. The algorithm runs
in O(K?k2n?) time, where n = |V(G)].

Proof. For input graphs G and H, the algorithm works as follows. There are two
phases. In the first phase (step 1 of RPDW-ISO(G, H)), a rooted path distance decom-
position of minimum width is computed for G. By Corollary 2.2 this phase costs O(kn?)
time (as |E(G)| = O(k|V(G)|)).

In the second phase of the algorithm, we compute for each vy € V(H) the unique
rooted path distance decomposition D = (X{7,... X/T) of H where X[ = {vy}
(step 3 of RPDW-ISO(G, H)). The main part of the algorithm is step 4 where procedure
SUB-RPDW (D%, D) computes whether decompositions D and D are isomorphic.
If DY and D are isomorphic, then we may conclude that G and H are isomorphic.
On the other hand, if there is no rooted path distance decomposition of H which is
isomorphic to DY, then G and H cannot be isomorphic: if f is an isomorphism from G
to H, then the rooted path decomposition of H with X{7 = {f(v¢)} must be isomorphic
to the rooted path decomposition of G with X = {vg}. So the given algorithm correctly
computes whether G and H are isomorphic.

What now remains is to show that, given two path distance decompositions DY
and D, SUB-RPDW(D%, D) indeed checks whether they are isomorphic. During
steps 1-4 SUB-RPDW (D%, D) checks if t¢ =ty and whether fori = 1,...,tq | X%| =
|XH|. Tf not, then clearly DY and D cannot be isomorphic. In the sequel (steps 5-
12), for each i,1 < i < t = tg, SUB-RPDW(D%, D) computes the set R;, which
contains all isomorphisms from G[X{] to H[X/T] that are extendible, i.e. R; contains
all isomorphisms f from G[X{] to H[X/T] for which there is an isomorphism g from
GIXFuU...uXF to HIXH U...,uX/], such that for all x € X7, f(z) = g(x) and
forall j, ¢ <7 <t forall x € X]G g(x) € X]H Now, it is clear that R; is not empty
iff D and D are isomorphic. The set R; is computed in a bottom-up way, by first
computing Ry, and then, for each 7,1 < i <t — 1, computing R; from R;;1. The set R,
is easily computed by checking for each bijection f : X& — X/, if it is an isomorphism.
If so, SUB-RPDW (D%, D) puts f in R; (step 5). This takes constant time, since there
are at most k! such bijections.

For each i, 1 < i < t, SUB-RPDW(D%, D) computes R; as follows: for each
bijection f : X — X/, checks if there is a ¢ € R;;1, such that f Ug: X U XEH —
X& U XM is an isomorphism from G[XF U XZ,] to H[X/T U X/T,]. If so, then put f
in R; (step 11). This can again be done in constant time. As there are no edges in X
(X}) adjacent with vertices in Xﬁrg (Xfw) for 0 = 2,...,t — i, it is now easy to see
that R; is the set of all the extendible isomorphisms from X to X/

The running time of RPWD-ISO(G, H) is O(k!?k%*n?): computing the rooted path
distance decomposition of H for each possible root set take O(kn) time. Furthermore,
checking if two decompositions are isomorphic can be done in O(k!?k?n) time: computing
R; for some i takes a constant time of O(k!?k2), and there are at most O(n) nodes. O

Notice that it is not necessary that the input path decompositions of SUB-RPDW
are rooted. Using this fact we can modify algorithm RPDW-ISO(G, H) in order to check
isomorphism of graphs with small path distance width.
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Algorithm RTDW-ISO(G, H)
input: graphs G and H of rooted tree distance width at most k.
output: “Yes”, if G is isomorphic to H,
“No”, otherwise.
1: Use GET-TDD to compute a minimum width rooted tree distance decomposition D¢
of G with width at most k& and root set consisting of an arbitrary vertex vg € V(G);
2: for each vy € H do
3: Use GET-TDD to compute a rooted
tree distance decomposition D of H with root set {vpg};

4: if the width of D is at most k
5: if ISO-CHECK(D®, D)
6: then return “Yes”;

7: od

8: return “No”;

9: end.

Figure 4: Algorithm RTDW-ISO.

Corollary 3.2 There exist an algorithm that checks whether two graphs G and H of
path distance width at most k are isomorphic in O(K?E*n 1) time (n = |V(G)|).

Proof. We first compute an optimal path distance decomposition D (this requires
O(n*) time), and then we check, using SUB-RPDW (D%, D), if there exists some root
set X1 C V(H) (|X{| < k) for which the corresponding path distance decomposition
D™ is isomorphic to D (this requires O(k!*k>n*+1) time). 0

We now present an algorithm that computes whether two input graphs which have
rooted tree distance width at most k& for some fixed k are isomorphic. The running time
of the algorithm is O(n?). The algorithm can be found in Figures 4, 5 and 6.

Definition Let DY = ({X& | i € I9},TY = (I9, FY9),rg) and DF = ({X/ | i €
I TH = (1", F"), ri) be two rooted tree distance decompositions of the graphs G
and H respectively. We call D and D isomorphic if there exists an isomorphism
f:V(G) = V(H) from G to H and an isomorphism ¢ : I¢ — I'' from T to T such
that g(r®) = 1 and for each i,i € I, and each x € IY, f(x) € I;{i>.

Theorem 3.3 Algorithm RTDW-ISO(G, H) checks whether two input graphs G and H
of rooted tree distance width at most k are isomorphic. The algorithm runs in O(k!?k*n3)
time, where n = |V(G)|.

Proof. The basic structure of the algorithm is the same as for graphs of bounded rooted
path distance width: there are again two phases. In the first phase (step 1 of RTDW-
ISO(G, H)), a rooted tree distance decomposition of minimum width is computed for
G. This is done in the following way. For each vertex v € V, GET-TDD is used to
compute the unique minimal rooted tree distance decomposition of G with root set {v}.
Then, the decomposition D of smallest width, say k is selected. Let DY = ({ X | i €
IV, T = (I%, F%),r%) denote this decomposition. By Corollary 2.2, this phase needs
O(kn?) time.

11



Procedure ISO-CHECK(DY, D)
input: decompositions D¢ = ({XF | i € 19}, 7% = (1%, F%), rg),
DY = ({XH |ie "}y, T" = (17, F), ri).
output: “true”, if DY is isomorphic to D, “false”, otherwise.
1: if T% and T are not isomorphic
2: then return false;
3: let m be the depth of T¢
4: for [ :=m down to 0 do
5: for each pair (p,q), p € V(T) and ¢ € V(TH)
6: such that dpe (p,rq) =dpu(¢,rm) =1 do
T: Compute R using GET-IB(p,q,1);
8 if Ry =10
9: then return false
10: else return true;
11: end.

Figure 5: Procedure ISO-CHECK.

In the second phase of the algorithm (steps 2-11), RTDW-ISO(G, H) computes,
for each w € V(H), the unique minimal rooted tree distance decomposition D¥ of H
with root set {w}. Let D¥ = ({X/T | i € 1"}, 7" = (1" ,F") 1) denote such a
decomposition. If the width of DY equals k, then procedure ISO-CHECK (D%, D)
is used to test whether decompositions D and D are isomorphic. In the same way
as for the rooted path distance decompositions, we may conclude that G and H are
isomorphic if D% and DY are isomorphic. On the other hand, if there is no minimal
rooted tree distance decomposition of H which is isomorphic to D¢, then G and H
cannot be isomorphic. So the given algorithm correctly computes whether G and H are
isomorphic, assumed that procedure ISO-CHECK is correct.

What now remains is to see that procedure ISO-CHECK(D®, D) indeed tests
whether two rooted tree distance decompositions are isomorphic.

Suppose D¢ = ({X& | i € I}, T% = (I, F%),r%) and D¥ = ({X/T | i ¢
"y, 1H = (1" FH),r") are minimal rooted tree distance decompositions of graphs
G and H, respectively. Note that D® and D¥ cannot be isomorphic if T¢ and TH
are not isomorphic. Therefore, ISO-CHECK (D%, D) first test whether T¢ and T
are isomorphic (step 1). This test uses the rooted tree isomorphism checking algorithm
from [6] and requires O(n) time. Now suppose T¢ and T* are isomorphic. The depth of
a node in a rooted tree is the length of a path from this node to the root (so the root has
depth zero). Let m denote the maximum depth of a node in 7¢ (and hence in T). The
nodes of depth [ are called nodes on level . Now, for each level [, 0 <[ < m, and each
pair of nodes p, ¢, with p € I¢ and ¢ € I'?, both on level I, we compute the set R’ of
isomorphisms f : X& — X from G[X{] to H[XH] which are extendible. The definition
of an extendible isomorphism for tree distance decompositions is a generalisation of the
one used in the proof of Theorem 3.1 and is the following:

Definition Let G, = G[V(D%,p)] and H, = H[V(D"¢)]. We say an isomorphism f
from G[X[] to H[X] is extendible if there exists an isomorphism ¢’ : V/(T) — V(T1)
from TpG to TqH and an isomorphism f’: V(G,) — V(H,) from G, to H, such that for

12



Sub-procedure GET-IB(p, q, 1)
input: Nodes p in 7 and ¢ in 77 such that dpc (ra,p) = dpa (v, q) = L.
output: RP9.

1: RP?:=1;

:if | X5| # | X)| then return;

3:  Count the number of children of p in T¢;

4:  Count the number of children of ¢ in T;

5: if the numbers of children of p and ¢ are different then return;

6: for each bijection f : XE — Xf that is an isomorphism do

T Set childrenP := {p : p is a child of p};

8: Set children@ := {qG : ¢ is a child of ¢};

9: for each p € childrenP do

10: for each ¢ € children@ do

11: for each g€ Rf’fl do

12: if G[XF U Xg] and H[X U X/] are isomorphic under the function f U g
13: then childrenP := childrenP — {p};
14: childrenQ := children@ — {¢};
15: goto step 20;

16: od

17: od

18: goto step 22;

19: od

20: R := R U f;

21: od

22: end.

Figure 6: Sub-procedure GET-IB.

each a € V(TpG) and each v € X&, f'(v) € X;I(a>, and furthermore, for each v € Xf,
f(v) = f'(v) (see Figure 7).

G .H
From the definition above it is clear that R, " is not empty iff D and D are

isomorphic. The set RSG‘TH is computed in a bottom-up way, by first computing RP:?
for all nodes p € I¢ and ¢ € I'! on level m, and then, for each I, 0 <1 < m, computing
R?? for all nodes p € I% and ¢ € Il on level [, by using the values of R} for all
children p of p and ¢ of gq.

The sets RP7 (p and ¢ are nodes of level m in T and TH respectively) are computed
during the first execution of loop 4-7 of ISO-CHECK(DY, D"): if |[X¢| # | X[, then
RP:1 = () (step 2 of GET-IB(p, ¢,1)). Otherwise, for each bijection f : XpG — Xf, GET-
IB(p, q,1) checks if it is an isomorphism (step 6), and if so, puts f in RP:? (step 21). This
takes constant time for each p and q.

For each [, 0 < | < m, and each p € I and ¢ € I on level [ of T® and TH
respectively, GET-IB(p,q,!) proceeds computing R}? as follows. First, it checks if
XS] = |XF| and the number of children of p equals the number of children of ¢. If
not, then R"? = (). Otherwise, for each bijection f : X§ — X/ from G[XF] to H[X[]
that is an isomorphism, GET-IB(p, ¢,1) tries to make a matching between the children
of p and the children of ¢, i.e., it tries to match each child p of p to a child ¢ of ¢, in

such a way that there exists a g € Rffl for which fUg: Xf U Xf — X;I U Xf is an

13



Graph GH Decomposition D , D"

Thefunctions f, f’ and g’

Figure 7: An example of extendibility of isomorphism from G[X] to H[XJH]

isomorphism from G[XpG U XﬁG] to H[Xf U Xéq] (steps 9-20). As there are no vertices
in XpG (Xf) adjacent with vertices belonging to some X& (X)) where o (¢') is an
ancestor of p (¢) in T (TH) that is not a child of p (¢), it is easy to see that there
exists such a matching iff f is extendible (see Figure 8).

gert Y geght geRrh)

Figure 8: An example of a matching between children of X and X]H

Towards computing a matching as described above, GET-IB(p, ¢,1) tries to match
the children of p one by one to a child of ¢ as follows: Take a child p of p which has
not yet been matched (step 9). For each unmatched child § of ¢, try to match p to ¢
(steps 10-18). As soon as a ¢ is found that can be matched to p, then match p to ¢, and
go on with the next child of p. If there is no ¢ which can be matched to p, then there
cannot be a matching between the children of p and of ¢, and hence f is not extendible.
On the other side, it is clear that if f is extendible, such a matching exists. Now, if it
is possible to match each child of p to a child of ¢, then GET-IB(p, ¢,1) adds f to R}
(step 21). (We can actually use this ‘greedy matching algorithm’, and need not use the
standard ‘maximum flow’ matching algorithm, because of transitivity of isomorphism.)

We can easily observe that during the /th execution of the loop defined by steps 4-7
of ISO-CHECK (D%, D), the number of the execution times of the loop defined by
steps 11-17 of GET-IB(p, ¢,1) is quadratic in the number of edges in T¢ (or T') that
have one endpoint in level / and one in level [ + 1. As the number of edges in T is

14



O(n) we can easily conclude that the overall complexity of ISO-CHECK(DY, D) is
O(k2k2n?).

The running time of the second phase of algorithm RTWD-ISO(G, H) is O(k!2k?*n?):
computing the minimal rooted tree distance decomposition of H for a root set {w} takes
O(n?) time. Moreover, as ISO-CHECK (DY, D) needs O(k!?k*n?) time and the number
of different root sets for H is n, the running time of O(k!?k%n?) now follows. O

Notice that it is not necessary that the inputs of ISO-CHECK (D%, D) are rooted.
Using this fact we can modify algorithm RTDW-ISO(G, H) in order to check isomor-
phism of graphs with small tree distance width.

Corollary 3.4 There exist an algorithm that checks whether two graphs G and H of
path distance width at most k are isomorphic in O(K?E*n 2 time (n = |V(G)]).

Proof. We first compute an optimal path distance decomposition D (this requires
O(n*) time), and then we check, using ISO-CHECK (D%, D), if there exists some root
set X CV(H) (|XJ]| < k) for which the corresponding tree distance decomposition
DM is isomorphic to D%. This requires O(n*) calls of ISO-CHECK (D%, D) and thus
O(k?k>n*+2) time. O

4 Relationships Among Classes of Bounded Width

In this section, first we give the definitions of some known graph parameters in order to
investigate their relations with (rooted) path distance width and (rooted) tree distance
width.

e A strong tree decomposition of a graph G = (V. E) is a pair ({X; | i € I},T =
(I,F)), where {X; | i € I'} is a collection of subsets of V" and T is a tree, such that
— UX;=Vandforali#j X;nX; =0,
i€l
— for each edge {v,w} € E, there are i,j € I with v € X; and w € X}, such
that either i = j or {i,j} € F.

The width of a strong tree decomposition ({X; | ¢ € I}, T = (I,F)) equals
malx(|X,-|). The strong treewidth of a graph G is the minimum width over all
1E

possible strong tree decompositions of G. The corresponding graph parameter is
denoted by STW.

e A connected strong tree decomposition of a graph G = (V,E) is a strong tree
decomposition ({X; | i € I},T = (I, F)) of G such that for each i € I, G[X]] is
connected. The connected strong treewidth of G is the minimum width over all
connected strong tree decompositions of G. The corresponding graph parameter
is denoted by CSTW.

e A path decomposition of a graph G is a tree decomposition ({X; | i € I}, T =
(I, F)) in which T is a path (i.e. two nodes in T have degree one, and all others
have degree two). The pathwidth of a graph G is the minimum width over all path
decompositions of G. The corresponding graph parameter is denoted by PW.
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In the same way, we can define the notions of strong pathwidth, and connected strong
pathwidth. We denote the corresponding graph parameters by SPW and CSPW, re-
spectively.

e The cutwidth of a layout f of a graph G is defined as
X {{u,v} € E(G) : f(u) < i< f(v)}].

ma

1<i<|V(G
The cutwidth of a graph G is the minimum cutwidth over all layouts of G. The
corresponding graph parameter is denoted by CW.

e For a given graph G, a subdivision is the operation which adds a new vertex u to
G and replaces an edge e = {v,w} € E(G) by two edges {v,u} and {u,w} (i.e.
it splits an edge of G into two edges). A refinement of a graph G is a graph G’
which is obtained from G by a number of subsequent subdivisions.

e The topological bandwidth of a graph G is the minimum bandwidth over all refine-
ments of G. The corresponding graph parameter is denoted by 7 BW.

e By D we denote the graph parameter which maps each graph to the maximum
degree of any vertex in the graph.

Let f and f’ be two graph parameters. We say that f’ covers f, denoted by f < f', if
there is a function g : N — N, such that for each graph G and each integer k, if f(G) < k
then f'(G) < g(k) (we also say that f is covered by f). For instance, if we take f = BW
and f' = CW, then f < f": for each graph G, CW(G) < BW(G)(BW(G) —1)/2. Hence
if we take g(k) = k(k — 1)/2, then for each graph G and each integer k, if BW(G) < k
then CW(G) < g(k).

If a graph parameter f is not covered by a parameter f’, we denote this by f & f'.
If f < f'but f' £ f, then we say that f’ strictly covers f, denoted by f < f'. If f < f'
and f' < f, then we say f ~ f'. If f £ f' and f' £ f, then we say that f and f’ are
not related, and we denote this by f % f’ (note that saying that f % f’ is not equivalent
to saying that f =~ f’ does not hold). It is easy to see that <, < and =~ are transitive
relations.

The notion of covering is interesting in the following sense. Suppose we have a graph
problem P (for example the isomorphism problem), and we have two graph parameters
f and f’, such that f < f’. If problem P is fixed parameter tractable for parameter f’,
then we can conclude immediately that P is fixed parameter tractable for f. On the
other hand, if we can show that problem P is fixed parameter tractable for parameter
f, then this might help to get more insight in whether P is fixed parameter tractable
for parameter f’.

We now give a number of relations for the graph parameters that are defined in
Section 2 and this section.

Theorem 4.1 The following relations hold (see also Figure 9).

(1) TW#D (2) CW < TW (8) CW < D
(4) CW =~ TBW (5) BW < CW (6) SPW ~ BW
(7) RTDW £ BW (8) RPDW < PDW  (9) PDW < BW

(10) CSPW < RPDW (11) CSTW & TDW (12) RTDW % CSTW
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TW % D

> 2+ 3+
4
STW CW ~ TBW
> Y A 5~

CSTW % TDW  BW X SPW
12X Y ok oY
RTDW PDW
8Y
RPDW
10Y
CSPW

Figure 9: Relations between graph parameters.

Proof. (1) In order to see that TW Z D it is sufficient to observe that trees have
treewidth 1 and arbitrary large maximum degree. For D A TW, we may notice that
grids have maximum degree < 4 and arbitrary large treewidth (see [13]).

(2) CW < TW follows immediately from the fact that for any graph G, TW(G) <
CW(G) (see [1]). Also, it is known that for any complete binary tree Bj with depth
E>2 CW(Bg)=[(k—1)/2] +1 (see [4]). Hence TW A CW.

(3) It is easy to see that the CW(G) > D(G)/2 for any graph G. Thus, CW < D.

Moreover, as we mention in the proof of (2), the complete binary trees By with depth
k > 3, have cutwidth equal to [(k —1)/2] + 1. As A(B) = 3 we have that D A CW.

(4) It is known that TBW(G) < CW(G) for any graph G (see [4]), and that there exists
a function f such that for any graph G, CW(G) < f(TBW(G)) (see [5]). Hence, we
have CW < TBW and TBW < CW.
(5) In [1], it is shown that for any graph G, BW(G)(BW(G)+1)/2 > CW(G). Therefore,
BW < CW.

Consider the class L of graphs shown in Figure 10. It is clear that these graphs
have bounded cutwidth but arbitrary large bandwidth (use the well known formula

% < BW(G), where diam(G) is the diameter of G, see [5]). Thus CW £ BW.

S L

Figure 10: A counterexample for CW A BW.
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(6) Let G be a graph which has a strong path decomposition (Xy, Xs,---, X;) with
width at most k. We will prove that the bandwidth of G is bounded by g(k) = 2k — 1.
Consider a linear layout 1 such that if u € X;, v € X;, and i < j then f(u) < f(v). Let
{u,v} be an edge in G, and let ¢ and j be the subscripts such that v € X; and v € X;.
Since |X}| < k for each h,1 < h <tand |i—j| <1, |l(u)—I(v)] <2k —1. Hence G has
bandwidth < 2k — 1. Thus, we have that SPW < BW.

Let G be a graph with bandwidth < k. We will prove that SPW(G) < k. There
exists a linear layout f such that for all {u,v} € E(G), |f(u) — f(v)| < k. For each i,
1<i<[n/k],let X; ={u]ueV(G),i-1k+1< f(u) <ik} (n=|V(G)|). Clearly,
(X1, X, -+, Xpn/k1) is a strong path decomposition with strong pathwidth &. Thus we
have that BW < SPW.

(7) Tt is easy to see that RTDW £ BW by considering the class of complete binary trees.
(It is well known that the bandwidth of a k-depth complete binary tree is [(2¥ —1)/k],
see [15].)
(8) We straightforwardly obtain RPDW < PDW from the definitions.

Consider the class L of graphs described in Figure 11. It is clear that any graph in L
has bounded path distance width and arbitrary large rooted path distance width. Thus

PDW £ RPDW.
| X j§<
4

R e

Figure 11: A counterexample for PDW £ RPDW.

(9) As any path distance decomposition is also a strong path decomposition of the same
width, we have that PDW < SPW (and hence PDW < BW).

We prove that SPW A PDW. We call the graph in Figure 12(a) a double ribbon
with size k (in Figure 12(a) k = 3). We call the rightmost vertex and the leftmost vertex
in a double ribbon endpoints. The middle vertex in a double ribbon is called the center.
The strong pathwidth of Hy is at most 3 for each & (see Figure 12(b,c)). We show that
for each k, the path distance width of Hy is at least k + 1. Suppose, on the contrary,
that there exists a path distance decomposition of H; with root set S and width at most
k. Since the size of S is at most k, there exists at least one double ribbon R which does
not have vertices in S. Let a and b be the endpoints of R, and let ¢ be the center of
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R. We set d, = d, (S,a),dp = dp,(S,b),d. = dp, (S,c). Without loss of generality, we
assume that d, < d;. Then we have d. = d, + 2F + 2F = d, + 2¥*" and this means that
there exist at least k 4 2 vertices with distance d, + 28! which is a contradiction (see
Figure 12(a)). Hence, we have SPW £ PDW (and thus BW A PDW).

241
vertices 4 k+2 vertices
) with distance

S . A
@

Nisdseel sansasedll Salisanleatasandl

ereeeseesae besd eeeeeaadoa. Lol
(b)

Hk ,ﬂ { r% - M
1 2 k +1

(©

Figure 12: A counterexample for SPW £ PDW.

(10) Let G be a graph with CSPW(G) < k. We show that RPDW(G) < k% Let
(X1,Xs,...,X,n) be a connected strong path decomposition of G of width at most k.
We will construct a rooted path distance decomposition of G of width at most k2.

Let r be an arbitrary vertex from X7, let {r} be the root set. Furthermore, let
Li = y V)

vngéde(r v)

Si = min de(r,v),
rt(z) = max{j | X; contains a vertex v with dg(r,v) =i} and
1t(i) = min{j | X; contains a vertex v with dg(r,v) = i}. For example, in Figure 13
L2 = 3, 52 = ]_, I‘t(3) = 4, and 1t(3) = 2.

Notice that (i) as G[X;] is connected, we have that for alli, 1 <i <m, L;—S; < k—1,
(ii) for all 4, 1 < ¢ <m —1, S;31 — S; > 1 and (iii) for all ¢, 1 < i < m — 1, for all j,
1<j<m—1i, 8 +7 < Siyy.

We will now show that Vd, 1 < d < 7@/@(&&) de(r,v), rt(d) — It(d) < k, or in other

IS

words, the number of sets X; which have a vertex with distance d from the root is at

most k. Suppose, on the contrary, that 1t(d) + & < rt(d) for some d. Since there exists
a vertex with distance d in X4y and because of (i), we have that

d < Liyg) < Siyay +k — 1. (1)
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X% % X%

A connected strong path decomposition A labeled decomposition

Figure 13: An example of labelled decomposition.

Also, using (ii), (iii), the assumption above and the fact that there exists a vertex in
X:t(ay with distance d from the root, we have that

Sigay + k< Sig(ay+r < Sry(ay < d- 2)

From (1) and (2) we have that d < Syy(g)+k—1 < Syyqy+k < d, which is a contradiction.
Hence, for any integer d the number of the vertices of the strong path decomposition
that have a vertex with distance d from the root is at most k. Therefore, the number
of vertices having distance d from the root is at most k? and thus, we can construct a
rooted path distance decomposition of G with width at most k2.

It is easy to see (using the class of cycles as a counterexample) that RPDW A
CSPW.

(11) Consider the class of graphs G, k > 1 in Figure 14. Clearly, these graphs have
connected strong treewidth equal to 2. Now, towards proving CSTW A TDW, we will
show that for any k£, the tree distance width of Gy is greater than or equal to k + 1.
Suppose, on the contrary that there exists a tree distance decomposition of G, with root
set S and width at most k. Since the size of S is at most k, there exists at least one
copy, say H, of G, in G} such that H does not have vertices in S. Let b; be the base (see
Figure 14) of H, and dp, be the distance between S and b; in G}.. It is not hard to see
that H has exactly k + 1 vertices which are of distance dp, + 1 from S, a contradiction.
Finally, using again the class of cycles as a counter example, we have TDW A CSTW.

(12) It is easy to see that RTDW A CSTW (the class of cycles is again a coun-
terexample). Using again the class of graphs in Figure 14 as a counter example, we have
CSTW LA RTDW. O

An immediate consequence of the above relations and Theorem 3.1 is that graph
isomorphism is fixed parameter tractable (can be solved in O(n?) time) when the input
graphs have bounded connected strong pathwidth.

5 Open problems

An interesting open problem is to find in the hierarchy depicted in Figure 9, the boundary
between the parameters that give fixed parameter tractability for Graph Isomorphism,
and the parameters that (probably) do not, i.e. for which Graph Isomorphism is W{t]-
hard for some ¢ (as defined by [8, 9]): until now, we only know that Graph Isomorphism
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base

k +1 copies of Gg

Figure 14: A counterexample for CSTW A TDW.

is fixed parameter tractable for parameters RTDW, RPDW and CSPW, but for all
other parameters in the figure, the problem is still open.

Finally, we conjecture that, in analogy with Theorem 2.3, the problem of computing,

given a graph G and an integer k, whether GG has tree distance width at most &, is NP-

complete.
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