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THE NP- COMPLETENESS OF FINDING MINIMUM AREAR LAYOUTS
FOR ARBITRARY VLS| - CIRCUITS

M. R. Kromee omd J. vonm Leewrsen/

De,?cu\%mu.w‘( crg Ccmp\)‘ex gu‘a«&., mewwrf-} c'g UWhre AS—
PO Bex 80 ooz , 3508 TH (M'recb(, e NeX £ar Councls

Absbradd. u‘s{:\s ﬂwmpscmlfs moded ?or VLS) we preve He Wmm‘n.s Fr-obfbm Ao
be NP - u:-mrlv(e. : %;W oo (cmnedAfed) grafﬁ G omd om mee,gzr AR, com G
be embedded n o McJ‘M%Ct eg area § A,

K_%ch: ownd P&ro./;v: . VLS, draad T"af'ﬁ,, jascm)(, aea f—edcw\g&,

A VLSL- )4-(&0»3 draids  are  ewaluaded in Aenms c(f Ahein cwv\pwlw'n%
dime omd poriod | amd Ahe arca requared gcr an e,mkechL{.\_& on @ di“a For
Our purposes A circwid widl /n‘mf(:] be a (gx‘m‘)(e) gra,,o( , widh neden wr-
respending Vo aoJ(m and edyen cerres poncling Ao wires Thad connedS %d%. ( we
will condinune Ao wgu Ao edgen on A L) ch/w—:m& TLOm,erﬂ\ Lv] we c&%n&
a chip o be w almple cnd comneded dlomain of seme sRape o Ale a- A
mensional quid . (We owly ommiden 00 - erienfed | reNamgular hips bd soume.
limen weakor amumphions ote made.) Bach cell of Al yrid may condfain
a node v ome or Ao e *:c.gmem}{zs» Onﬁ& ond wA R oy “uohEsS A Q\(\W\ w&z
beundany and (Rence) Yo wires com oA bel cross in o Mn.g(z . Abo, Ha
numben cg i maded No o »s;‘p\%fa ncole n.agu';cwf% bowndledd by 7. M-
will be liar whid & mecdl by an embedeling of o grak on w hip, or "in
A

-re.vlwv}iwob gm* Mc&c&nﬁ faruffa in VLS| oue fa’rgcl% %wfc/-u( by Lews bic
- Frem o AReerebead FC‘;IO( cj’ Anewr Pr‘c":&»w\/) c'g Caﬂomm‘mde.) oPHmoJ&lg/
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can be sludied ac&iuo)‘dj within Yhe &rmwwﬁ rﬁ Thompson ‘n moded (T
shedd be no¥ed WL Yhe medel amvumen a wnid 4ine f«-—r wey node cnd o
nd A L {c—r woy wir i-cgwclews A Zu%/\‘{) Lecrersen (3] provides @
good Auwovey of weme of Ahe rerulls and XeoLMi-«m fw c’ly‘(w‘n,in,g " asea e,f—
gfdM " QC\QC'\JA. Y Al nofe we shall oMempl Ao ossers Ade Fn‘na‘pa,[ oC«J
frostly of finding absclidely minimum area (ayeds.

M o eorlion /74«.‘.003 we Wewed fhe wﬁul.ol.{ng Frc/bzbm wh wv\fn‘fsh‘né
of Awe pats @ (@) placimed of Vhe noder and (b) rowhing of Ak wires. ¥
was shouwn Akl Ve problem of deciding whotfon Yhere «ts o rewhing o ol
5«# o Qinen reo»d»w\ev&‘ , m general ) L NP - u»mpﬂz)(a (Kramer amd von Lecwwen
[21) W miew o Al generad  Ghwikion fw NP-uwF&Je Prol'a[.ows Aoy macns
Aol opfimal i rcru)‘a'né muw be Ccmpda)(s-a-y\alzal Rard no mlfor kel ori-
Aenion of o-r:v’(fm.cvef’(s v wsed . We shall new prove Ak 7‘&3@«4@1 embecdodling
,Pro'b[e»m , Al oL g'u.l-ow\ rj F(acune,d, w» NP- wf&)(e as wefl* Mere pre
o&u;(.‘}, we wenmiden e ﬂcdo»\m‘né pm‘v&w: and prive each ome Ao be NP-
complite :

R %f;W\Q- 3""1"{‘ G omd a h.e.c)(om.gll_ R, cam G be embedolec G R,

B‘.%/{w\aggrmff\GMoLMJn*%H’cmekcw&cl.o&.c(;v\CL
redamq_{& ¢§ Lo € H)

C. gmen a conneched ym.({ G omd am wdger A, cam G be embed Lo
Dno.uc)(c\mg& of anea. s A

*Sn&pmwﬁj , omed QfPMU\jZ‘J Le{u‘—re ws Dolev amd Tr.‘vLﬁ ("0 Lincar asew
M&Lc‘«umg crg Pfe.ﬁw\.o.( gr«f(/;“ , Teka. Rep STAN- CS . 8i- 27¢ Slo«.gwo( LLMu-umLJ)
.c,&a} Rove shown AR g-mctm.g AL MAIA M GAeC ennl)e,clour\.g v NP- ccmpéz)(e gv‘r
gv-rw%‘ Howevon | )“7\»3 weed o moded &w VLSI Ak permids no wine wrossings
amd deewe e NP cempldenss quention open for comneled graphs. Se D.S &ckrvnm
[T nP- complidenns coliumn @ am engoing %w«‘c&“, ‘S R{gcr 3 (i482) 89-99, p ?SJ
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&:\au s cuns  n Mc)(l‘c‘ﬂ 2 )‘{\d PYD‘Jme/’ A amodl B e %50\/{"“% CFC
tlr\o-mnwdj) K,C(MV&.(CV\)(

Ve asmsume foms Garidy awidl e Aheery g NP - complofeners  ( Garey and
Jebmron [T 1 1) Nn packicdan we aRall wmake we of Ak [llowing problem
wﬁu,ﬂ » known Ao be NP- ccmplie)(e. tn e »,('rn\& senne (e, uw.uq.s NP -
omFi?dc.“, peys %e\-(ezj cund Afafmmrn L1 ] seod v2.2) .

3- PARTITION | §imtn pesibinve c',«\)(cg,vm m, B and o s of 2m Dn’(e,g,e/v

q_"...’a_Bm WJ\ 7(&0‘ s‘8< a; < 18 amd 2&. = mB o es ’(g\.-u{

exind o PM)‘V“ICY\ :X Ahin sed wafe m oLu:Arc-mX éwbs.z)(b 'Su.J\ AR ek
sbseAd swmn Yo B

- (Nede AR L3 Ao mine comNraind om Mo a; cach sbaed c{ & 3- fw\l‘ﬂ’(ﬁc)’n‘
v g,a'vc.z,cL Ao conain e.xa.d(&l B,Cﬁbﬁ‘l\ﬂ\){’:‘:>

2. Dowa Pro&m}nua_gmo\{/s ,_owmel AR NP - w-mF&)(&r\ﬂys cf_‘orvé&am A ond B.
ProL)[—bW\ B J““M[‘j recln con ’(o \l— Cﬂb‘(w\c.% cS Frvb{.om A Bu.)‘ kc:m%z atea
. Lh 31'\1% tn L:nncurj ’“\AA w M‘( G f’c‘é&ww(

redwchon . For evuo‘-\gi pe peses
’”w—wcsh, U w» &cw «-X "‘KL gc&«.&mv\% r%wu (gn-m »w‘mo& U S«vr(jcw's 7‘2.“)‘ A

Com be amswmed Vo (zna-wuu,x bounded n 7([4_/”’11 o‘g e %1’0-{:‘\) :

’

Theerem 2.1 ( Valiant (1) Eeny QJ\M.?K e‘g n noden  cnd ol.z.gma_ <9 com be
Kc..icL e o @an) oL .

Fer ,O:‘M purposes We need o e /aFe,u‘uj_ L{ni ’f gfro.f:‘: colled o ug}rw
‘&ra‘;(\ (6&4’_ Qfl%wrt’. ‘)‘

D_bgam/‘wo-n Fer w*&g&fm «, Y ond L:,e i A < >b omd X)Q e g/rcwu.
graph FC,y, b, B) b efined Ae be Yhe w-by.y grd

”/\Aﬂ‘ nCLO‘..u " (..w“ O'Mx UV\ 7‘£JL ’W\.«{ OLLLC& -



1% Fat]
[l
?\%«M{ . ()‘Ka ahodecd Faw‘(
« b ;/3 3/1’\\.{ oc'v\.n.LJ(e,cL)
Q }l"";]

Flo, ¥, b () fon MX-L{.’ noder | amd s “nafwrdd” m,ée.cLoUn.g (see

Theorem 2.2 led 2 ‘o+36l9?. amd ¥ > £+36Lﬂ Then ﬁhm\l«o embed -
ding of F(et,Y, b, 0 powible in xy ara i Ahe nedirdd embedding,
o - by- mo(omg&
Preef. )
) By Au.s\l c,own%w\% ‘n,cw ony wa/a ane fz.eiu,n{ci gfrrr o oles G/Koul u (gc(
Lorwa AL am f/vvube.cLoLth o &JM"(‘L ~37 Xy o4ea  cam “asanrle” no mere
Ao bl ce% om opin /spouut ol '\Anru\g Cenmidor am WJOL.LO‘AA.S vg
F (e, ¥, b, 1) v awm laj Y Y{CXQM%(:L A A XY, T XY For Ale ar
«au.me,d Eee,‘rw Wt use Aeu. W«mv\% %ewmbrrgs Nodes wn Ade q‘( o - by~
D) pedt of Fltyy, by 1) anll be cadled “wed”, Hore i Mo wpper L%
L Y Pcuv‘ “3rcu\ C(Neser mind ALd on Min way  Asome ncles are bl
d and graem ) We will show AA Al aed amd green nodes | and Gkewis
e remaindin of Fle,y, b, () met occur wn adducad Fosi/ﬂon , or ebse mev
homw bl cdls wodd be necded gmf o oli b enad AGiring . We  commi den ensen
74--/&\5 Nuc cl,«ﬁwem% Cabes .

Come T @ &, $X.

Parkidson Ade /uc)(om%& 3 by-s boxes (e {ynerc Ak, rewneling ngicf{"‘
A A berdenbing) . A box 1 cdied fld avhen b Ron ed nodes W ol s
9 wlls . (The redis im o g«,& bt~ uc,vyw«u"l% ot m naXwrad perihen L)g‘)
XWA ebsewi g Whe dogres e{ Me nodes.) Node dhod Yhare mast be af leayt—
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? « LU—{(J ZZNBZ bexes AZ‘U{ cenNain oA beanY one red ncole X.Z»V\.Cf./
o leand 10“’2«‘ > 1 bl sbrips 0’5 « - lrj—z A confain 4wk boxes
n Ak Fah/w‘/{'»‘nec{ MCXMQS& Mo rap pese AH A and ome crg MHaore 2 b1
abips  coladnn (£) o WM bex wntk o red node, or (CO cm,g W
boxen ag e neder bud Awo ¢g A Ko fse,‘acu*c\)(u( 53 o "blank” box o
seme oNben aord o'g wanlfe on  2xhro /w-irin.g. Then 2 2 bl cells wedd be
wanfed on nemany erxwnrs Wiring wnﬁro.o(,«J—m,s Ahad oA wosd 6(4 wliy
were awed Lable gmr oA Ris puarpest . we concducle Ao Mare mund be an -
ij- 3 -s4vip oA kA c\.@b corAdainm grwa bo xes °§ red nceles | ik ne waxle
dune Ao wAring Ae ned nodesn fo Ahar (rd) nedes. The M boxer must—
be mo(,‘g&-W\J‘ omd asre (MC.();/‘:CJ‘:Q) o noJ(M-al ")l’YfP {/rm A gh‘v(. Thew
ane Awo W‘.b\-@dw, D) U s e c«c-m‘:[c)(e “workicad” strip grm Mo
red Pcw)( erg 1le ogra—fre\ ( amel. o = o() o~ b)) b v o mrﬁde “Rovi zom -
Al shap gﬂr\m Me red ‘ouﬂ . An cidker cose Ake shp nierkol be A Lear
Cre bl red neden long . Commidon Ake tmmediadely acjaced aingle colimn
or row eg (d) noder comnecded Ao ALe Ao 3& U o el comnefed Ao
e sbip in nedurad order bd (soq) one node & fucdler o, Ak o
’ﬂ‘myez [oo»Ju‘n.& cc—vv-r;o(.ULc.Xc‘cm‘ ahews Yhod nene of Abe noder gmm He collum.
or row com be oUrcc/((J ova(.jc»w\)( Yo Ade M‘rIP ciAden ( He pm‘:(:em\ Lunﬁ/
Ale rc—u)ll:mg :rg Abe rsrer Mo amd widbin Ahe added celivmn or rw) . B
4L Yt am  xwmh  tn el gw nSring 2 18 bl , whick o mere Ao
B pevmidfed. Condining ARy one com angue Ahd cveny pard o F (e, b, {
mwd be in Us ndlwcad place ond oroler.

Cone T , >

Thin cane v e same wm requi ring EA Yi <Y - M can be ch»[jz‘{
uau((;j Like came I ,  connidlening e green needes A ead of He red
onen Mo ’gz«'.\ol, o aclid shap ouad go'roz, Ahe natwn t Ma:(a&‘n.g c«f He
graph from Ahce. |

The Frvndd ng o(;ge,d wn Ahe eu,suwne,d v e,cu-ri(% whaorbed n Mo sleck
og Al bownmds en & amd Y . estaming dhod b awd ( are nod Ao

)

Amedl . 0O
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_Pﬁio-;vsi/“fcn 2.3 Problems A ond B are " Pv&gnw:u( A e Tmn.x equd -
mﬁwl", c.e. e_im“uala\)‘ o 7“.1 Senne °5 CocL
Proel.

me;duams o inaYance of Fr‘c")&«m A, &iw'{in‘s ARe e«m/‘)u[o(a‘n.é c*! am
V\'NOGLL\KYQ«F‘Q\ G on Aeme ELU-K KC)(M%& (L%&f%\‘w n b:‘nwj)
Bj Abrcrem 2.1 me Moy  arhuame AlaA b amd L are oA mwmosd O(n*). o
A <= b+ 3¢ bl and Y = l. 366l , and conider e can{om e 0{ pro-
btew B 'e‘i“”'”h"‘% Afe uwbe.o{.cb‘ms \.-f G o F(x,x,%[) wn XY orea . Nete
dhol Ale tsfamce of problem B han sine bownded by O (nf) | whidk &
Fr(,\fnmcl wn Ake aina oj roblem A . By Aheorem 2.2 Ade ‘NZS @m/‘)ec(&"\j
g P(o(x {) n wau: >4Z.an)(wro1 Me.clo(«n,s) ond M He -
Aamce 03’ fraLC«bm B w bl—'(ﬁwty% «gcw\‘k '”l‘k .,g G Sn)(/: n Al middl, b- by - {
A nclow . A

Rl commidin . inifoce pg, Frﬁ:&m B. ab Haorem 2.1 W amay -
sime Aol Ahe awca og ’“ax. MecLoLms » bounded. Lz O(n’) . Thus rrvfn(a-m B
com be aelied L«3 ’)ctc-{n.s O(n) imalameen *X Frc'o(bm AR. o

(From e nenwdds below F fm&ﬂ.ms { oA rrcb&mv, A amd B are , n {g)cLJ(

pyfﬁw&mwﬂé &KM\U\\.&A\)( in Ahe Acnne c*f KMF . See gMiab cnd Jcﬁm/:h\
[ ]’ ArA 5.2, g«.f-r o s canviem og A hene u.mccry‘(é)

)

Theotm 2.9 Perblem A & NP - OL"W\PL{XZ ( in AL »s’er.é Seare ) |
Peoblom A chiownly b in NP We shall dinign o precdeprbuomio
Aramsfcrmadion from 3= PARTITION Ao problem A. Lok om inslomee of 3-
PARTITION be qiven. For cach tnfegen o demign o compomend  C(ar) Yha
moa g by sma grid  ows alown &\SMC 2(a) . (M skedod be ob-
i ows Vhed ?“\.z na)(Mcl cwvbchoLmS f\x ufmpo—nen)( o Ak c—wg one M (s
mi i mamn | ( >(¥w)( when ne exdra s gw AT g () Lt G be Ahe cellecdiom
oS cc‘vn]ocm&\)(": Cla), 1s¢53m . Commdin ‘U?\.L v.m‘fcmm f PWLCM A ALA re-
T«%‘L; oA e uwfomoung f G w A Le FCC)(M%CL R cj” A1 2 ‘im-éj~ smB ) w



» smB

1) mes e ——

A — 1.
T-—J:Ll)— PN :1:1 }'7
—l—t‘—‘i)— —«.—-«:‘) 1 - ) Ym
170 1 -

(a) . §

(b)
gfgwfe L2

ahhown in g‘\%w&. 2 (b). X 7‘“1. naVonce cf 3- PARTITION fon = hwévi(cm\ A e
4o does ke nadance cS Fmbum A. The () ownponemﬁzs wrre/:roncl«n,s fo o
awbsol Akl svwamns Ao B cam be packdd o o q-by- smB ship , and m
such ships me }}:A wm R (M.wdqﬂ.)) Howevern | A connrse in Arur hiro
 For Auppone W howe o Aorladion Ao ARe tandance ¢£ froL&,m A. G b as man:
neden an Ahine ane celds im R, and femee ey wmpcnem)( A gzu-rc,z,c( o be_
embedded in minimam crea . This v ke "brick” form ahewn n figae 2 (@)
Becamne Sma;, > 9m . no brick com be p(o»u.a{ Ww)(a'ctﬂ&. Y @ams AL k-
R de compenen v m fori vordal ~hrips F a5 AL ave CMP&)lbéy
vaﬁul.. The alvips Aroanlade bock tafo swbscls AR one o meldion o He
nlomce of 3- PARTITION.

Obseene Abad Yo reckicckiom com be cc—.afu)‘ed. wn Aoma Faé]n,om,ic w“vi m
wnd B The Ramed ming con i oms yw prewelope CYLLWJ n-e,otuuhmh Cga.ws e
lcwmu—n L+ 3, P :ot) ose eo.méj w»( se.l 83 Gorey ancl &cfm& cz,mmc

.1, Frc]:&»w\ A o NP- cm‘o@e)lc Cim ‘4&41«»«6 senne ), @

Theerem 2.5 Poblew B » NP- c,em\f(iz)(e_ (in Ahe 6"‘\‘0-1% Aeas ).

Prblom B agoin clovwo-w:% »om NP We shedl dermignm o Mol.c()t.s
nermiod  edi o on g/v'rm 3- PARTITION Y4 s oy Mrm(wr o o He Frmt
of AReorem 14 . LA o wsfomce of 3o PARTITION be gioem. For cack
we dimign o w—.nf,o-nemﬂ C () an Le/ge-rc. Led G be Ade gmf,l ccwn‘/s‘(.‘m.j
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3m) 4::-8&)(2.»( wa M e F(‘imr‘f, smBry, um, S‘mB)_’

w-m,]omem‘{ cf G. Cewiden new Ae tnNomce
cg Prcbcbm B AL ’?.Liu./,\'/a on Moto&mgz

o 6 AT aea .

The remad nden c‘g AL f’h:'v.“g v vy /ﬂrmgu-
an gw MHevem 2.9 . Nede Ad G Las s

mamg nosler o Afre by w A area | %Kws
ﬁlrru'n\.g eoch ccmpmud {o be ’YV\/IMM:‘VLE& ZLin -
bedalecd . Bud His &wm He gvm %/va.f#h\ ndo
e neAwrd grrm , omol Ao rdmm\vu‘ni o pt

nenis gvg G Ae gﬂ ’(Z«. nlena o FM n
wmy(,v(bts 7(2.1 A eami wcus s l;ug;'re, a

3, -n'\L NP - VC'MP&)‘Q«V\%> 0'5__Fr0‘6-22zwx C .
The Prv-vgzs o‘g Aleoremr 2.4 cmd 2.5 ,
?ﬂrvn 3 -

wAtl many c»empc-ne«\)(é (“m ey din comneAed de'ox‘oﬁ ).

Ml‘n.‘g l:cuﬁw.l.fj \“:7& A O PCCLLL(/ALM
F\QM—}LJ CLR/PQM.OL on hung able Mo cowbra A o %/va?t: G
31-\ \1‘2/1—/3 s chon e
wa il fm,co(agts A he Prm:& wg Alecrem 2.5 »0 an Ho and wp f\u—.‘)fﬁ o conneNed
gro\frﬁ. Fer am (}nhoa&c)(a‘c-n W {{(-.‘rs\] dis cans o fwo.:s >(o a,z,( a "wa\.«»&u‘“
Procg &g Alecrem 2.5 . Recdl 7”10.)( n ‘J/ig_ 'orm:f o wsed o Ao gxrw wr th

a musf.e, wandow (zsu g{gwre, ).

PARTIT(ON |

Secemed F_\(_}\E_AJK ARecvem 2.5

Recall Ald e givew proef of Mhecremn 2.5 ended wp with o graph G Ho
ywn ondy pessibilidy, Kad an encbedoling Yhod divided acowally wlo m  dis
4‘#1‘:\74 abips . Thus we codd Love wned o S‘rcvm.l. Wikl o awadews (‘j
it q, end separaded by chaina of widlh 1), amd akll ol He some
fe A omd o walid reduchion. The nexd slep 0 Ho Fg‘“" e woindows ko
rilz,oda.uj raAfen Ao fve»u/-ic:cvaj ;o sejucnct , el Yo sfmwﬁ Ahem on vize
by c/d*-‘;\.s Ak g‘:\c)(u*r o il Thus e wse g«cv Cla;) He H-Ej«s‘qc‘
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D3>
s
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” |
A
‘d

2 / - =~
(v / _
NP
(b) m windows
&f&m 4

“beick &m g\\{m y(a) amd an @rw Ve F(e,s5mBramez, 9,

, seporaded windows an in Kiguee o (b) .
M o el Roed No see Ahod Ao news comnbruchen aRU 33<14}> o walidl
preacopelynomiad Acduchion §rom 3 PARTITION Ao problem B. Observe (%
A wedd dewn ?rm aboud 20 B Ao abod 4omB here. a

S'M5+:Lm-1) M’([\ m -l/r\’(ej’v;c"r

To %01 o omneded %raf»k grvrw\ )(Z.L grw wn gﬂgwu 9 () oumd )(zz. Im
Sepanale c,c—m':onew(f:, we proceed an g/a(low/;, Fiead we "abred L’ Ahe gr‘ame
Lj 3m B; inseling nodes in A he 'va‘arof)(;n.g clwman . ( Thir gives Ale i n-
Lowan Q\AQ‘U sm+y , buf Ahiic widl remains 5B.) Nexd we P on exm)(gj
sm Lifelines (junt edger) Ahrowgh dhe millle of Ak frame ol Ae way ackos
gfa'm ene end Ao Ahe Aher | amd X{nwa:} w pin cach C (&) Ao s cum ﬁtgz
Line . S Akin Wy eack ocwpc-ncn)( » conneoled Ao Ahe grw, buA dhein
pomihen e amere reatri Aed A hon Logg—u (" C»OW\FO'V\.QM.X/: com  be ‘;ru/é%
shifed oo Vheie Gleline™ )| The muwpperting frame wsll be amade bigyer , 50

an Xo gc—raL @ wiu @w‘av.o(«:ﬁn_g.

Theorem 3.1 Preblem C s NP-ccm(aCz)(e (im Ahe /s("fcm,& Sense ) .
)

Preblom C obvicmly in i NP We shall donign o procdepolynemicd re-
duchion frem 32 PARTITION Yo poblom € rey much bike (0 Yhe precicws
Yheicrems. LA om 'wa\lma.tg 3. PARTITION be Sivem . We Ahedl  conmbruck
a comneAad S/YQ./FE\ G cn cdlined abeve. To Akin end | we alad widd o
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RENET W NP P Y —

" o ———om -
(T B 5@ T,

« : ' " A [3'“ T E.-M
»(%f_ijfi CERCNENEY ﬂi S
/

\‘\\ { // (b)

N ,

VS o T

() m wAndews
figme s

frame F(,y, 3mtu, SmB +am-2) omd dine v wericn o m
cc—m-‘:cm)(«m@rd/s :S il 5B wn shown m /gq‘sme s (). (& omd Y wnl be
hosen LakAen ) Spom ALe am ,&gchm across . For each wleygen «; (1sis
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