
A. Pinto

Music matching by
graphs

MIR Symposium
Utrecht University

Alberto Pinto
PhD Student,

University of  Milan

1



A. Pinto

Main topics

• Structural features modeling

• Graph model

• Structurally oriented music language
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Structural features modeling

• Large scale: Petri Nets

• Small scale: Graphs
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4T’rh                5T’rh          6T’rh

4T’lh                5T’lh          6T’lh

Structural representation 
by Petri Nets
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A. Pinto130 8. Application and Evaluation of MX

Figure 8.4: ScoreSynth, an application to manage music structures in Petri Nets format.

to face. The solution is choosing the absolute timing provided by the audio/video clip being
played as a guide. Consequently, the real-time comprehensive visualization of an MX file is
possible only in two cases:

1. by specifying a relative/absolute time ratio;

2. by running one and only one associated performance/clip.

In the applications we will describe, our approach follows the latter method. Graphic con-
tents can be enjoyed at any time, with or without audio/video contents. If an audio/video
content is selected, its absolute timing rules score following and visual contents synchroniza-
tion. Absolute timings let the application determine the precise occurrence of a given event
within the clip. In this way, when an audio/video file is playing, the time specification of the
related spine event is translated to absolute time. This mechanism allows the association of
different performances (with their different absolute timings) to the same logical representation
(which has a unique relative timing).

Of course, when Play command is issued in a performance/clip window, previously run-
ning files are stopped. This is the only case of non-concurrency among media contents: a per-
formance file (e.g. a MIDI file) cannot be played during an audio file execution (e.g. an MP3
file), as well as two or more audio or performance files cannot be played together; all the other
linked objects, described in other layers, can be displayed at the same time in a synchronized
fashion.

8.2.1 MX Jazz Demo
MX Jazz Demo, shown in Figure 8.5, features two jazz pieces:
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Examples: theme structure

K2 ˘ ˘ ˘ ˘ 4̆ ˇ ˇ ˘ 7 ˇ ˇ!̌!̆̌

K2 ˘ ˘ ˘ ˘ ˘ ˇ ˇ ˘ 7 ˇ ˇÄ̌Ä̆̌
(d,f )

(a,d)(e,g)

K2 ˘ ˘ ˘ ˘ 4̆ ˇ ˇ ˘ 7 ˇ ˇ ˇ ˇ ˘
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Small scale: Melodic themes

• Build a mathematical object representing the 
structure of  a melodic theme

• Match objects instead of  melodies
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(Musical) Graphs

arrow-set of  the graph

vertex-set of  the graph

set of  intervals

metric space of  pitch(class)es

A

V
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Example

AG = {(CE), (EG), (GA), (AF ), (FE), (EC)}

VG = {C,E, F, G,A}

Musical Graphs

G ˘ ˘ ˘ ˘ ˘ ˘
Music Domain Graph Domain
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Musical graphs

• finite,

• connected (1 connected component),

• eulerian,

• such that exists a metric on the set VG

d : VG ! VG " R+
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Equivalence of  TFs

• Def  Two thematic fragments are Euler-equivalent if  
they have the same representative graph

• Th A Graph G is eulerian iff  it is decomposable in 
edge-disjoint cycles

• Cor Euler-equivalent themes differ by permutation of 
subfragments
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Example

A B

B

K2 ˘ ˘ ˘ ˘ ˘ ˇ ˇ ˘ 7 ˇ ˇÄ̌Ä̆̌

A

K2 ˘ ˘ ˇ ˇ ˘ 9 ˇ ˇÄ̌Ä̆̌ ˘ ˘ ˘
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We can calculate the number of Euler-equivalent 
fragments through the BEST theorem.

Euler-equivalence of  thematic fragments

The cardinality of each TF-class is

c ·
n!

i=1

(d+
i ! 1)!

where c is the number of equioriented spanning trees of the representative graph.

14



A. Pinto

Example

K2 9
16
` (ˇ ˇ 4̌ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ

K2S ˘ `ˇ (ˇ `ˇ (ˇ ˘

A Novel XML Music Information Retrieval Method Using Graph Invariants · 15

Fig. 10. The graph on the left contains a subgraph isomorphic to the graph on the right.

Proposition 3.14. Let M be a theme and M ! another theme obtained from
M by the addition of closed embellishment to the notes of M . Then G(M) is an
(eulerian) subgraph of G(M !).

Now we are going to introduce a notion of inclusion using the “weak inclusion”
defined in Appendix A.

Consider the musical theme [Bach 1976]:

Ǧ ˇ ˇ ˇ ÃÃ̌̌ ˇ ˇ ˇ
Ǧ ˇ ˇ ˇ ˇ ˇ ˇ ˇ

Fig. 11. Graph representation of the two melodic lines.

It is clear, musically speaking, that the first theme is a variation of the second
one. The next definition formalizes this concept.

ACM Journal Name, Vol. V, No. N, Month 20YY.
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G1

G2

Graph Matching

Theme 1

Theme 2

?
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Graph matching:

1. Similarity function

2. Spectral metric

17



A. Pinto

1. Similarity function

Let M and M !, M ≤ M !, be two themes with representative graphs G =
G(M) and H = H(M). Given r ∈ N , the r-order similarity function is:

σ(M,M !) = σ(G, H) = max
φ

r!

i=1

αi
|G|−

""G \ Hi \ Hi"1
""

|G|

where H0 = ∅, αi are positive coe!cients which depend upon the weights as-
signed to the di"erent trail lenghts and φ varies among all the possible isometries
from VG to VH .
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G2S (ˇ ˇ ˇ ˇ ˇ 4ˇ (ˇ
G2S ˇ ˇ ˇ ˇ ˇ!̌!!!̌ ˇ ˇ 4"̌"""̌ ˇ ˇ"̌"""̌

Similarity function

Example

A Novel XML Music Information Retrieval Method Using Graph Invariants · 23

r = 2 and !1 = !2 = 1. In this example is evident that the max can be realized
only by the identity function, thus we have:

"(A,B) = max
!

2!

i=1

!i
|G|!

""G \ Hi \ Hi!1
""

|G| =

= 1
|G|!

""G \ H2 \ H
""

|G| + 1
|G|! |G \ H \ "|

|G| =

= 1
7! 6

7
+ 1

7! 1
7

=
1
7

+
6
7

= 1 (20)

Example 3.35. Now, consider the two themes [Bach 1976]

G2916 ` (ˇ ˇ 4̌ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ
G2S ˘ `ˇ (ˇ `ˇ (ˇ ˘

The second one (B), as we’ve already pointed out in 3.3, is even an eulerian
subgraph of the first one (A) because its intervals are present also in the first one.

Let’s calculate the similarity function with r = 2 and !1 = 1
2 , !2 = 1. Like in the

previous example, it is evident that the max can be realized only by the identity
function, thus we have:

"(A,B) = max
!

2!

i=1

!i
|G|!

""G \ Hi \ Hi!1
""

|G| =

=
1
2

|G|!
""G \ H2 \ H

""
|G| + 1

|G|! |G \ H \ "|
|G| =

=
1
2

6! 6
6

+ 1
6! 0

6
= 0 + 1 = 1 (21)

4. MODEL IMPLEMENTATION IN MX

4.1 MX layers

XML organizes information in a hierarchic structure, so MX represents each layer as
a secondary branch of the source element. The conceptual hierarchy is represented
in figure 13. We are not interested here in describing all MX layers, for a complete
treatment of the subject, see for example [Haus and Longari 2005]. We’ll limit our
description to the structural layer, after a short overview of the general layer.

<!ELEMENT mx (general, structural?,
logic, notational?,
performance?, audio?)

>

ACM Journal Name, Vol. V, No. N, Month 20YY.
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Necessary conditions for graph 
inclusion

1. Order and size

2. Complexity

3. Degree sequence

4. Metric preservation

5. Power graphs conditions

} Invariants

20
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Distribution of  filtering parameters

A Novel XML Music Information Retrieval Method Using Graph Invariants · 31

This is not our approach essentially for two reasons. First of all this approach
has the practical disadvantage that it may be hard to obtain the necessary empiri-
cal data and, moreover, there is no proof of the existence of a universally accepted
“ground truth” concerning the problem of musical similarity. The other point is that
we are interested in structural similarity, that could be easily skipped away by any
non music expert. More pragmatically, we choose to compare the ratings of graph
distance and other functional distance measures in recognizing structural similair-
ities and investigate possible di!erences in features like discriminating power.

The comparison of the di!erent distance measures was performed using a database
of musical themes from a catalogue of 100 works by J. S. Bach and W.A. Mozart,
with a mean duration of 5 bars and ordered by catalog number. The catalogue
included also all the incipits of The Art of Fugue counterpoints, which corresponds
to tracks 69-83, in order to test the e!ectiveness with standard musical transfor-
mations like transpositions and inversions and structural similarities.

With a subset of ninety themes (excluding The Art of Fugue in order to avoid
too much similar themes) we performed all the possible pair-wise comparisons using
three di!erent similarity measures: the graph similarity function of section 3.6 and
two functional metrics: absolute and Sobolev second order. The first is quite rough
and the second has the advantage of to be transposition invariant.

5.1 Invariant evaluation

Graph invariants are very important in filtering processes because of their mono-
tonicity with note insertion, as pointed out in section 3.3. As for the recognition of
inclusion, order, size and complexity are used as necessary conditions.

One issue in the evaluation of how such conditions can be useful in practical MIR
is the statistical distribution of these three graph invariants on a significative set
of themes. In fact if they were closely clustered for most themes the contribution
for retrieval would be very much limited. From Figures 16, 17 and 18 we can argue
that they are not closely clustered. Figure 16 graph order clusters are plotted and
here we can argue something about the genre of music incipits contained in the
detabase. In fact graph order tells us how many di!erent pitches are present in
the melodies, so that, for example, a database full of dodecaphonic music would be
plotted as an high peak at value 12.

Another important factor in the evaluation process is to show the independence
of order, size and complexity. This can be achieved by analyzing the correlation
matrix (22), whose entries (x, y) give the correlation value between the invariant
x and the invariant y. The low values of the o!-diagonal elements show that they
are low-correlated, thus graph invariants can be used independently as filtering
parameters in order to retrieve variations of themes.

In Figure 19 we show a comparison of invariant values against the set of ninety
themes from our database.

! =




1, 0000 0, 2106 0, 2999
0, 2106 1, 0000 0, 5033
0, 2999 0, 5033 1, 0000



 (22)
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2. Spectral matching:

by vertexes permutations and, moreover, because it is possible to give a sat-

isfying distance measure between two directed graphs by applying suitable

functional metrics to their eigenvalues.

Let G and F be weighted graphs. Their adjacency matrices AG and

AH are squared matrices with order equal to the order of the graph and i, j

entries equal to the number of edges between the node i and the node j. The

ordered set of eigenvalues {λ1,λ2, . . . ,λn} is the spectrum of the graph. Now,

let the number of nodes in graph G and H be nG and nH , respectively, with

{λ1,λ2, . . . ,λnG} and {µ1, µ2, . . . , µnH} their spectra, respectivly. Without

loss of generality we can assume nG > nH . To compare the eigenvalues of

two graphs of di!erent sizes we insert zeros into the smaller spectrum until

the two spectra are of the same lenght. This is equivalent to adding isolated

nodes in the smaller graph. Thus, let the new eigenvalue sequence of the

graph H be {µ1, µ2, . . . , µnG}.

There is also another important matrix that can be associated to a graph,

which usually is related to the energy of the graph (cfr. [8]). This is called

the Laplacian matrix (L) and we can define it as:

L = D !A (4)

where D is the incidence matrix and A is the adjacency matrix of the graph.

We are going to compare those two di!erent sets of eigenvalues in the next

section. A measure of the distance between two spectra can be given by the

following formula:
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Fig. 10. The graph on the left contains a subgraph isomorphic to the graph on the right.

Proposition 3.14. Let M be a theme and M ! another theme obtained from
M by the addition of closed embellishment to the notes of M . Then G(M) is an
(eulerian) subgraph of G(M !).

Now we are going to introduce a notion of inclusion using the “weak inclusion”
defined in Appendix A.

Consider the musical theme [Bach 1976]:

Ǧ ˇ ˇ ˇ ÃÃ̌̌ ˇ ˇ ˇ
Ǧ ˇ ˇ ˇ ˇ ˇ ˇ ˇ

Fig. 11. Graph representation of the two melodic lines.

It is clear, musically speaking, that the first theme is a variation of the second
one. The next definition formalizes this concept.

ACM Journal Name, Vol. V, No. N, Month 20YY.

which allows he computation of the eigenvalues of the matrix X that can

be identified either the adjacency matrix A(G) or with the laplacian matrix

L(G). It is possible to give a measure δ of the distance by means of an

euclidean distance in the 12-dimensional space of spectral vectors as in the

following formula:

δ(G, H) =

√√√√
nG∑

i=1

(λi − µi)2 (4)

where λi and µi are the eigenvalue whether of the adjacency matrix or

the Laplacian matrix. It is important to point out that we can compute this

measure without bring the nodes of the two graphs into correspondence.

The problem with graph spectra is that they do not really characterize

a graph as two non isomorphic graph can share the same spectrum. [14]

provides an estimation of the percentage of cospectral graphs with 11 vertices

both for the adjacency matrix (∼21%) and for the laplacian matrix (∼9%).

In other words, we are looking for a polynomial p(G) associated with a graph

G such that






if G1 #= G2 then p(G1) #= p(G2)

if p(G1) #= p(G2) then G1 #= G2

(5)

As for the equals in the equations above, we remind that for graphs equal

means isomorphic and for polynomials it means to have the same degree and

coe!cients. As graph isomorphism is known as an NP-complete problem, in

8
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Example: 2 voice canon
(BWV 1080, Canon 8)

0 100 200 300 400
55

60

65

70

75

80

85

90
onset vs pitch of the melody Sobolev distance

5 10 15 20 25

5

10

15

20

25

Adjacency distance

5 10 15 20 25

5

10

15

20

25

Laplacian distance

5 10 15 20 25

5

10

15

20

25

0 100 200 300 400
35

40

45

50

55

60

65

70
onset vs pitch of the melody Sobolev distance

5 10 15 20 25

5

10

15

20

25

Adjacency distance

5 10 15 20 25

5

10

15

20

25

Laplacian distance

5 10 15 20 25

5

10

15

20

25

Figure 9: Canon 8, BWV 1080; auto correlation of the two voices; window-

ing:100 minimum event
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Figure 10: Canon 8, BWV 1080; auto correlation of the two voices; window-

ing:100 minimum event

18

0 100 200 300 400
55

60

65

70

75

80

85

90
onset vs pitch of the melody Sobolev distance

5 10 15 20 25

5

10

15

20

25

Adjacency distance

5 10 15 20 25

5

10

15

20

25

Laplacian distance

5 10 15 20 25

5

10

15

20

25

0 100 200 300 400
35

40

45

50

55

60

65

70
onset vs pitch of the melody Sobolev distance

5 10 15 20 25

5

10

15

20

25

Adjacency distance

5 10 15 20 25

5

10

15

20

25

Laplacian distance

5 10 15 20 25

5

10

15

20

25

Figure 9: Canon 8, BWV 1080; auto correlation of the two voices; window-

ing:100 minimum event

0 100 200 300 400
55

60

65

70

75

80

85

90
onset vs pitch of the melody Sobolev distance

5 10 15 20 25

5

10

15

20

25

Adjacency distance

5 10 15 20 25

5

10

15

20

25

Laplacian distance

5 10 15 20 25

5

10

15

20

25

0 100 200 300 400
35

40

45

50

55

60

65

70
onset vs pitch of the melody Sobolev distance

5 10 15 20 25

5

10

15

20

25

Adjacency distance

5 10 15 20 25

5

10

15

20

25

Laplacian distance

5 10 15 20 25

5

10

15

20

25

Figure 10: Canon 8, BWV 1080; auto correlation of the two voices; window-

ing:100 minimum event

18

23



A. Pinto

Example: 2 voice invention n.4
(BWV 775)
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MX: an XML environment

• structural representation of  music

• specific representation of  thematic fragments

• embedding of  MIR-related features
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MX
Representing musical structures

The main advantage of MX is the richness of our descriptive format, which
is based on other commonly accepted encodings aimed at more specific descrip-
tions.

Fig. 1. (a) Music information layers and (b) relations among them

Considering music structure as a multi-layered information, we need a sort
of glue to keep together the heterogeneous contributions that compose it. Ac-
cordingly, we introduced the concept of spine. Spine is a structure that relates
time and spatial information (see Figure 2), where measurement units are ex-
pressed in relative format. Through such a mapping, it is possible to fix a point
in a layer instance (e.g. Notational) and investigate the corresponding point in
another one (e.g. Performance or Audio).

2.1 A MX encoding example

In the following, we provide a series of significant portions of MX encoding
the different layers, together with some comments for demonstration purpose.
The complete DTD of MX 1.5 format is available at http://www.computer.org/-
standards/1599/par.htm

The Logic layer contains information referenced by all other layers, and rep-
resents what the composer intended to put in the piece. It is composed of two
elements: i) the Spine description, used to mark the significant events in order
to reference them from the other layers and ii) the LOS (Logically Organized
Symbols) element, that describes the score from a symbolic point of view (e.g.,
chords, rest). The second example below illustrates how notes, chords and rests
can be represented in MX notation.

26



A. Pinto7.5. Retrieving Synchronization Data from Media Contents 121

Figure 7.6: Ludwig Van Beethoven, Symphony No. 7 in A major, Op. 92 (1812), 4th movement - Inter-
layer synchronization based on spine.

27
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8.2. Applications Aimed at Music Fruition 131

1. King Porter Stomp, by Jelly Roll Morton, providing two score versions and three audio/video
clips;

2. Crazy Rhythm, as improvised by Benny Carter, Andre Ekyan, Alix Combelle and Coleman
Hawkins during a 1937 jam session, providing an audio based on five improvisations on
a fixed harmonic grid.

Figure 8.5: MX Jazz Demo. Jelly Roll Morton, King Porter Stomp (1906).

The aim of the application is providing a tool to navigate an MX file and its associated media
files, maintaining synchronization among all layers: the user can load an MX file and open
its heterogeneous linked material. When a linked clip is played, other media are shown in a
synchronized fashion: there is a small rectangle that displays the note currently playing in the
score part of the window, while the active part of the MX file is highlighted, and the Chord grid
advances.

The main part of the window displays the selected score. On the top frame, the XML repre-
sentation of the current element is shown, according to the layer to be displayed: for instance,
it is possible to view its description in Logic, Audio, or Notational layer.

This application faces some interesting representational problems, such as structural de-
scriptions for those pieces that do not employ traditional notation. As the application addresses
jazz music, harmonic grid is supported as a form of score for jazz improvisation. Let us recall
that virtually any type of graphical representation of music can be mapped in an MX file, even
if not explicitly supported by the original format (as the harmonic grid in Crazy Rhythm shown
in Figure 8.6), and this confers great flexibility and descriptive power to MX.
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Macro structure of  a complete MX file
70 5. MX Layers

<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE mx SYSTEM "http://www.lim.dico.unimi.it/mx/mx.dtd">
<mx>

<general>
...

</general>
<logic>

...
</logic>
<structural>

...
</structural>
<notational>

...
</notational>
<performance>

...
</performance>
<audio>

...
</audio>

</mx>

Figure 5.2: Macro-structure of a complete MX file.

<!ELEMENT general (description, casting?, related files?,
analog media?, notes?, rights?)>

Figure 5.3: DTD definition of general element.

sented, with references to element definitions and attribute declarations; in a third subsection,
clarifying examples are provided and commented; finally, advanced applications and future
works are described.

5.1 General Layer

5.1.1 Overview

General layer is mainly aimed at expressing catalog information about the piece. In addition,
data about casting, and digital or analogue media objects not directly related to music content
can be described. Finally, there exist sub-elements devoted to annotations and digital rights
management. The corresponding DTD line is shown in Figure 5.3

General layer is not directly related to score and audio contents. This layer simply describes
some basic alphanumeric information about the coded music work. The situation is clearly
shown in Figure 4.1, where General block is connected to other blocks only by a dotted line,
even if it belongs to Symbolic Music Information as well. The dotted line represents a weak
connection, as references toward spine can be employed by related files to create tempo-
rized slide shows.
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Structural layer
<!ELEMENT structural (analysis*, PN*)>

<!-- Melodic themes -->
<!ELEMENT analysis (theme*, segment*,

transformation*,
relationship*)

>
...

<!ELEMENT theme (invariants?)>
<!ELEMENT invariants (order, size, complexity)>
<!ELEMENT order (#PCDATA)>
<!ELEMENT size (#PCDATA)>
<!ELEMENT complexity (#PCDATA)>

...
30
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Example <?xml version="1.0" encoding="UTF-8"?>
<mx>

<general>
<description>

<movement_title>Inventio #4
</movement_title>

</description>
</general>
<structural>

<themes>
<theme id="theme0">

<thm_spineref endref="v1_12"
partref="part0" stafref="v1_0"
voiceref="voice0" />

<thm_spineref endref="v2_12"
partref="part1" stafref="v2_0"
voiceref="voice0" />

<invariants>
<order="7">
<size="12">
<complexity="54">

</invariants>
</theme>

</themes>
</structural>

...
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Alberto Pinto

Inventio #4

J. S. Bach
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• Structural similarities recognition

• better retrieval through graph invariants

• easy XML implementation in MX

Conclusions
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Work in progress...

• evaluate the model with different collections,

• integration of  rhythmic and accentual dimensions,

• integration in MX of  new MIR features
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!ank y"!

pinto@dico.unimi.it
http://www.lim.dico.unimi.it

http://www.cs.uu.nl/staff/alberto.html

alberto@cs.uu.nl
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