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Abstract. We introduce a measure for computing the similarity be-
tween multiple polylines and a polygon, that can be computed in
O(km?*n?) time with a straightforward dynamic programming algorithm.
We then present a novel fast algorithm that runs in time O(kmn log mn).
Here, m denotes the number of vertices in the polygon, and n is the total
number of vertices in the k polylines that are matched against the poly-
gon. The effectiveness of the similarity measure has been demonstrated
in a part-based retrieval application with known ground-truth.

1 Introduction

The motivation for multiple polyline to polygon matching is twofold. Firstly, the
matching of shapes has been done mostly by comparing them as a whole [2I8/T0].
This fails when a significant part of one shape is occluded, or distorted by noise.
In this paper, we address the partial shape matching problem, matching portions
of two given shapes. Secondly, partial matching helps identifying similarities
even when a significant portion of one shape boundary is occluded, or seriously
distorted. It could also help in identifying similarities between contours of a non-
rigid object in different configurations of its moving parts, like the contours of a
sitting and a walking cat. Finally, partial matching helps alleviating the problem
of unreliable object segmentation from images, over or undersegmentation, giving
only partially correct contours.

Contribution. Firstly, we introduce a measure for computing the similarity
between multiple polylines and a polygon. This similarity measure is a turning
angle function-based similarity, minimized over all possible shiftings of the end-
points of the parts over the shape, and also over all independent rotations of
the parts. Since we allow the parts to rotate independently, this measure could
capture the similarity between contours of non-rigid objects, with parts in dif-
ferent relative positions. We then derive a number of non-trivial properties of
the similarity measure.

Secondly, based on these properties we characterize the optimal solution that
leads to a straightforward O(km?n?)-time and space dynamic programming algo-
rithm. We then present a novel O(kmnlogmn) time and space algorithm. Here,
m denotes the number of vertices in the polygon, and n is the total number of
vertices in the k polylines that are matched against the polygon.

Thirdly, we have experimented with a part-based retrieval application. Given
a large collection of shapes and a query consisting of a set of polylines, we want to
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retrieve those shapes in the collection that best match our query. The evaluation
using a known ground-truth indicates that a part-based approach improves the
global matching performance for difficult categories of shapes.

2 Related Work

Arkin et al. [2] describe a metric for comparing two whole polygons that is
invariant under translation, rotation and scaling. It is based on the Ls-distance
between the turning functions of the two polygons, and can be computed in
O(mnlogmn) time, where m is the number of vertices in one polygon and n is
the number of vertices in the other.

Most partial shape matching methods are based on computing local features
of the contour, and then looking for correspondences between the features of the
two shapes, for example points of high curvature [1I7]. Such local features-based
solutions work well when the matched subparts are almost equivalent up to a
transformation such as translation, rotation or scaling, because for such subparts
the sequences of local features are very similar. However, parts that we perceive
as similar, may have quite different local features (different number of curvature
extrema for example).

Geometric hashing [12] is a method that determines if there is a transformed
subset of the query point set that matches a subset of a target point set, by
building a hash table in transformation space. Also the Hausdorff distance [3]
allows partial matching. It is defined for arbitrary non-empty bounded and closed
sets A and B as the infimum of the distance of the points in A to B and the
points in B to A. Both methods are designed for partial matching, but do not
easily transform to our case of matching multiple polylines to a polygon.

Partially matching the turning angle function of two polylines under scaling,
translation and rotation, can be done in time O(m?n?) [4]. Given two matches
with the same squared error, the match involving the longer part of the polylines
has a lower dissimilarity. The dissimilarity measure is a function of the scale,
rotation, and the shift of one polyline along the other. However, this works for
only two single polylines.

Latecki et al [6], establish the best correspondence of parts in a decomposition
of the matched shapes. The best correspondence between the maximal convex
arcs of two simplified versions of the original shapes gives the partial similarity
measure between the shapes. One drawback of this approach is that the matching
is done between parts of simplified shapes at “the appropriate evolution stage”.
How these evolution stages are identified is not indicated in their papers, though
it certainly has an effect on the quality of the matching process.

3 Polylines-to-Polygon Matching

We concentrate on the problem of matching an ordered set {Py, P, ..., Py} of
k polylines against a polygon P. We want to compute how close an ordered set
of polylines {P;, Ps, ..., Pi} is to being part of the boundary of P in the given
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Py Py P3 P

Fig. 1. Matching an ordered set {Py, P>, Ps} of polylines against a polygon P

order in counter-clockwise direction around P (see figure [I]). For this purpose,
the polylines are rotated and shifted along the polygon P, in such a way that the
pieces of the boundary of P “covered” by the k polylines are mutually disjoint
except possibly at their endpoints. Note that P is a polygon and not an open
polyline, only because of the intended application of part based retrieval.

3.1 Similarity Between Multiple Polylines and a Polygon

The turning function ©4 of a polygon A measures the angle of the counter-
clockwise tangent with respect to a reference orientation as a function of the
arc-length s, measured from some reference point on the boundary of A. It is a
piecewise constant function, with jumps corresponding to the vertices of A. A
rotation of A by an angle 6 corresponds to a shifting of © 4 over a distance 6 in
the vertical direction. Moving the location of the reference point A(0) over a dis-
tance t € [0,14) along the boundary of A corresponds to shifting © 4 horizontally
over a distance .

Let © : [0,1] — R be the turning function of a polygon P of m vertices, and
of perimeter length [. Since P is a closed polyline, the domain of @ can be easily
extended to the entire real line, by O(s + 1) = O(s) + 2. Let {P1, Py, ... P}
be a set of polylines, and let ©; : [0,1;] — R denote the turning function of the
polyline P; of length I;. If P; is made of n; segments, ©; is piecewise-constant
with n; — 1 jumps.

For simplicity of exposition, f;(¢,6) denotes the quadratic similarity between
the polyline P; and the polygon P, for a given placement (t,60) of P; over P:
£5(t,0) = [ (O(s +1t) — O;(s) + 0)%ds.

We assume the polylines {Py, P, ..., Py} satisfy the condition Zle I <l
The similarity measure, which we denote by d(Py,..., Py; P), is the square root
of the sum of quadratic similarities f;, minimized over all valid placements of
Py, ..., P, over P:

1/2

k
d(P,..., Py P)= i fi(t;,0;
( b ok ) valid leI;iIclmcnts Z j( 77 J)
(t1.61) .. (tk, 0) \I=!
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Fig. 2. To compute d(P1, ..., Px; P) between the polylines Pi,..., P; and the polygon
P, we shift the turning functions @i, ©2, and O3 horizontally and vertically over ©

It remains to define what the valid placements are. The horizontal shifts
t1,...,t, correspond to shiftings of the starting points of the polylines P, ..., Py
along P. We require that the starting points of Pi,..., P, are matched with
points on the boundary of P in counterclockwise order around P, that is: t;_; <
t; for all 1 < j <k, and t; <1 + . Furthermore, we require that the matched
parts are disjoint (except possibly at their endpoints), sharpening the constraints
totj_1 + 11 <tjforalll <j <k, and ¢ty + lx <1 +1 (see figure[2).

The vertical shifts 61,...,0; correspond to rotations of the polylines P,
..., P, with respect to the reference orientation, and are independent of each
other. Therefore, in an optimal placement the quadratic similarity between a
particular polyline P; and P depends only on the horizontal shift ¢;, while the
vertical shift must be optimal for the given horizontal shift. We can thus express
the similarity between P; and P for a given positioning ¢; of the starting point
of Pj over P as: f}(t;) = minger f;(t;, 0).

The similarity between the polylines P, ..., Py and the polygon P is thus:

i 1/2

d(Pi,..., Py P) = min > f(t;) . (1)

t1€[0,0), ta,....t, €[0,21); j=1
Vie{2,.. k}: tj_a+l—1<tj; tp+lp<ti+l

3.2 Properties of the Similarity Function

In this section we give a few properties of f} (t), as functions of ¢, that constitute
the basis of the algorithms for computing d( P4, . .., P; P) in sectionsB3land B4l
We also give a simpler formulation of the optimization problem in the definition
of d(P,..., Pg; P). Arkin et al. [2] have shown that for any fixed ¢, the function
f;(t,0) is a quadratic convex function of . This implies that for a given ¢, the
optimization problem mingeg f;(¢,6) has a unique solution, given by the root
0% (t) of the equation Of;(t,0)/00 = 0. As a result:

Lemma 1. For a given positioning t of the starting point of P; over P, the
rotation that minimizes the quadratic similarity between P; and P is given by

0:(t) = — 7 (B(s +t) — O;(s))ds/L,.
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We now consider the properties of f}(t) = f;(¢,07(t)), as a function of ¢.

Lemma 2. The quadratic similarity fj’-*(t) has the following properties:
i) it is periodic, with period l;
it) it is piecewise quadratic, with mn; breakpoints within any interval of length
l; moreover, the parabolic pieces are concave.

For a proof of this and the following lemmas, see [I1].
The following corollary indicates that to compute the minimum of the function
f7, we need to look only a discrete set of at most mn; points.

Corollary 1. The local minima of the function f; are among the breakpoints
between its parabolic pieces.

We now give a simpler formulation of the optimization problem in the defini-
tion of d(Py, ..., Px; P). In order to simplify the restrictions on ¢; in equation (),

we define: f;(t) := fr (t + Zf;ll li) . In other words, the function f; is a copy of

f, but shifted to the left with Zf;ll l;. Obviously, f; has the same properties as
f7, that is: it is a piecewise quadratic function of ¢ that has its local minima in at
most mn; breakpoints in any interval of length [. With this simple transforma-
tion of the set of functions f, the optimization problem defining d(Pi, . .., Py; P)
becomes: 1/2
k
d(Pi,..., Py P) = min > F(ty) . (2
t1€[0,0), t2,...,tx €[0,20); j=1
Vie{2,....k}: tj_1<t;; tr<ti+lo

where [y := lele 1;. Notice that if (Z;,...,%) is a solution to the optimization
problem in equation (2)), then (¢7,...,t;), with ¢} := Z; + 37711, is a solution
to the optimization problem in equation ().

3.3 Characterization of an Optimal Solution

In this section we characterize the structure of an optimal solution to the opti-
mization problem in equation (2]), and give a recursive definition of this solution.
This definition forms the basis of a straightforward dynamic programming solu-
tion to the problem.

Let (#],...,%;) be a solution to the optimization problem in equation ().

Lemma 3. The values of an optimal solution (t,,...,1,) are Jound in a discrete
set of points X C [0,21) of the breakpoints of the functions fq,...,fx, plus two
copies of each breakpoint: one shifted left by ly and one shifted right by ly.

We call a point in [0, 2]), which is either a breakpoint of fi,...,Tx, or such a
breakpoint shifted left or right by lo, a critical point. Since function f; has 2mn;
breakpoints, the total number of critical points in [0, 2) is at most 6m Zle n; =
6mn. Let X = {xq,...,2n_1} be the set of critical points in [0, 21).
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With the observations above, the optimization problem we have to solve is:

. 1/2
d(Py,...,P; P) = i fi(t; )
( 1, s Lk ) tl,..I.I,liIleX Zf](tj) (3)
Vi>1:tjo1 <tjstr —t1 <lo J=1
J
We denote: pij,a,p] = min SRt (4)

where j € {1,...,k}, a,b € {0,...,N — 1}, and a < b. Equation (@) describes
the subproblem of matching the set {P,..., P;} of j polylines to a subchain of
P, starting at P(z,) and ending at P(zp + 25:1 1;). We now show that D[j, a, b]
can be computed recursively. Let (7, .. .tJ@) be an optimal solution for D[}, a, b].
Regarding the value of tJ@ we distinguish two cases:

- tj@ = 23, in which case (t?, .. .tj®71) must be an optimal solution for D[j —
1,a,b], otherwise (t¥,.. .tj®) would not give a minimum for D[j, a, b]; thus
in this case, D[j,a,b] = D[j — 1,a,b] + f;(xp);

— ts-a # xp, in which case (9, . .. t?) must be an optimal solution for D[j,a,b—

1]; otherwise (¢, . .. t?) would not give a minimum for D[j, a, b]; thus in this
case Dl[j,a,b] = D[j,a,b—1].

We can now conclude that :
D[j,a,b] = min (D[j — 1,a,b] + f;(xs), D[j,a,b—1]) forj>1Aa<b, (5)

where the boundary cases are D[0, a,b] = 0 and D[j, a,a — 1] has no solution.
A solution of the optimization problem (@] is then given by

d(P,.... Py P)= ~  min Dk ab]. (6)

Equations (@) and (@) lead to a straightforward dynamic programming algo-
rithm for computing the similarity measure d(P;, ..., Py; P) in O(km?n?) time.

3.4 A Fast Algorithm

The above time bound to computate of the similarity measure d(Py, ..., Py; P)
can be improved to O(kmn log mn). The refinement of the dynamic programming
algorithm is based on the following property of equation (&l):

Lemma 4. For any polyline P;, j € {1,...,k}, and any critical point xy, b €
{0,...,N — 1}, there is a critical point x,, 0 < z < b, such that:

i) D[j,a,b] = D[j,a,b—1], for all a € {0, ...,z — 1}, and
it) D[j,a,b] = D[j — 1,a,b] +f;(zs), for all a € {z,...,b}.
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For given j and b, we consider the function D[j,b] : {0,N — 1} — R, with
D[j,b](a) = D[j,a,b]. Lemma M expresses the fact that the values of function
D[4, b] can be obtained from D[j, b — 1] up to some value z, and from D[j — 1, b]
(while adding f;(xp)) from this value onwards. This property allows us to improve
the time bound of the dynamic programming algorithm. Instead of computing
arrays of scalars D[j, a,b], we will compute arrays of functions D[j, b]. The key
to success will be to represent these functions in such a way that they can be
evaluated fast and D[j, b] can be constructed from D[j — 1, b] and D[j, b— 1] fast.

Algorithm FastCompute d(P4,..., Py; P)
. Compute the set of critical points X = {zo,...,zn-1}, and sort them
.Forall j € {1,...,k} and all b € {0, ..., N — 1}, evaluate f;(z3)
ZERO « a function that always evaluates to zero (see Lemma [3])
. INFINITY « a function that always evaluates to co (see Lemma [B])
MIN « oo
a0
.for j — 1to k do
Dlj, —1] < INFINITY
.forb—0to N —1do
D[0,b] — ZERO
for j — 1to k do
Construct D[j, b] from D[j — 1,b] and D[j,b — 1]
while z, < xp — lp do
a+—a+1
val < evaluation of D[k, b](a)
16. MIN « min (val, MIN)
17. return vV MIN

© 00 NOUA W N

el el el e
vk W= o

The running time of this algorithm depends on how the functions D[j, ] are
represented. In order to make especially steps 12 and 15 of the above algorithm
efficient, we represent the functions D[j, b] by means of balanced binary trees.
Asano et al. [3] used an idea similar in spirit.

An efficient representation for function D[j, b]. We now describe the tree
T, used for storing the function D[j,b]. Each node v of 7} ; is associated with
an interval [a;,a;}], with 0 < a,; < a} < N — 1. The root p is associated with
the full domain, that is: a; = 0 and a} = N — 1. Each node v with a, < a}} is
an internal node that has a split value a,, = [(a, +a;})/2] associated with it. Its
left and right children are associated with [a}, a,] and [a, + 1, a}], respectively.
Each node v with a;, = a; is a leaf of the tree, with a, = a, = a. For any
index a of a critical point z,, we will denote the leaf v that has a, = a by A,.
Note that so far, the tree looks exactly the same for each function D[j, b]: they
are balanced binary trees with N leaves, and log N height. Moreover, all trees
have the same associated intervals, and split values in their corresponding nodes.
With each node v we also store a weight w,, such that 7;; has the following
property: D[j, b](a) is the sum of the weights on the path from the tree root to the
leaf A,. Such a representation of a function D[j,b] is not unique. Furthermore,
we store with each node v a value m, which is the sum of the weights on the
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Fig. 3. The tree 7;; is contructed from 7;,—1 and 7;_1 by creating new nodes along
the path from the root to the leaf \,, and adopting the subtrees to the left of the path
from 7;,—1, and the subtrees to the right of the path from 7;_1

path from the left child of v to the leaf A\, , that is: the rightmost descendant of
the left child of v.

Lemma 5. The data structure T;, for the representation of function D[j,b] can
be operated on such that:

(i) The representation of a zero-function (i.e. a function that always evaluates
to zero) can be constructed in O(N) time. Also the representation of a
function that always evaluates to oo can be constructed in O(N) time.

(i1) Given Ty of D[j,b], evaluating function D[j,b](a) takes O(log N) time.

(i1i) Given Tj_1 and Tjp—1 of the functions D[j — 1,b] and D[j,b — 1], re-
spectively, a representation Ty, of D[j,b] can be computed in O(log N)
time.

Proof. We restrict ourselves to item (iii), the main element of the solution.

To construct 7 from 7,1 and 7;_1, efficiently, we take the following
approach. We find the sequences of left and right turns that lead from the root
of the trees down to the leaf )., where z is defined as in lemma Fl Note that the
sequences of left and right turns are the same in the trees 71, 75 p—1, and T;_1 p,
only the weights on the path differ. Though we do not compute z explicitly, we
will show below that we are able to construct the path from the root of the tree
to the leaf )\, corresponding to z, by identifying, based on the stored weights, at
each node along this path whether the path continues left or right.

Lemma [ tells us that for each leaf left of A, the total weight on the path
to the root in 7;; must be the same as the total weight on the corresponding
path in 7;,_1. At A, itself and right of A., the total weights to the root in 7},
must equal those in 7;_1 p, plus ?j(azz). We construct the tree 7, with these
properties as follows. We start building 7; ; by constructing a root p. If the path
to A, goes into the right subtree, we adopt as left child of p the corresponding
left child v of the root from 7;;_1. There is no need to copy v: we just add a
pointer to it. Furthermore, we set the weight of p equal to the weight of the root
of 7 p—1. If the path to A, goes into the left subtree, we adopt the right child
from 7;_1; and take the weight of p from there, now adding f;(z.).
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Then we make a new root for the other subtree of the root p, i.e. the one that
contains A, and continue the construction process in that subtree. Every time
we go into the left branch, we adopt the right child from 7;_; 5, and every time
we go into the right branch, we adopt the left child from 7;,_1 (see figure B).
For every constructed node v, we set its weight w, so that the total weight of v
and its ancestors equals the total weight of the corresponding nodes in the tree
from which we adopt v’s child — if the subtree adopted comes from 7;_;, we
increase w,, by f;(z.).

By keeping track of the accumulated weights on the path down from the root
in all the trees, we can set the weight of each newly constructed node v correctly
in constant time per node. The accumulated weights together with the stored
weights for the paths down to left childrens’ rightmost descendants, also allow us
to decide in constant time which is better: D[j, b—1](a,) or D[j—1, b](a,)+f;(z.).
This will tell us if A, is to be found in the left or in the right subtree of v.

The complete construction process only takes O(1) time for each node on the
path from p to A.. Since the trees are perfectly balanced, this path has only
O(log N) nodes, so that 7j; is constructed in time O(log N). O

Theorem 1. The similarity d(Pi, ..., Py; P) between k polylines {Py,..., P;}
with n vertices in total, and a polygon P with m wvertices, can be computed in
O(kmnlog(mn)) time using O(kmnlog(mn)) storage.

Proof. We use algorithm Fastcompute d(Py,. .., Py; P) with the data structure
described above. Step 1 and 2 of the algorithm can be executed in O(kmn +
mnlogn) time. From lemma [B we have that the zero-function ZERO can be
constructed in O(N) time (line 3). Similarly, the infinity-function INFINITY
can be constructed in O(N) time (line 4). Lemmal[Blalso insures that constructing
D[j,b] from D[j — 1,b] and D[j,b — 1] (line 12) takes O(log N) time, and that
the evaluation of D[k, b](a) (line 15) takes O(log N) time. Notice that no node
is ever edited after it has been constructed. Thus, the total running time of the
above algorithm will be dominated by O(kN) executions of line 12, taking in
total O(kN log N) = O(kmnlog(mn)) time.

Apart from the function values of ?j computed in step 2, we have to store
the ZERO and the INFINITY function. All these require O(kN) = O(kmn)
storage. Notice that any of the functions constructed in step 12 requires only
storing O(log(N)) = O(log(mn)) new nodes and pointers to nodes in previously
computed trees, and thus we need O(kmn log(mn)) for all the trees computed in
step 12. So the total storage required by the algorithm is O(kmnlog(mn)). O

We note that the problem resembles a general edit distance type approximate
string matching [9]. Global string matching under a general edit distance error
model can be done by dynamic programming in O(kN) time, where k and N rep-
resent the lengths of the two strings. The same time complexity can be achieved
for partial string matching through a standard “assign first line to zero” trick
[9]. This however does not apply here due to the condition xp — z, < lp.
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4 Experimental Results

Our algorithm has been implemented in C++ and is evaluated in a part-based
shape retrieval application (see http://give-lab.cs.uu.nl/Matching/Mtam/)
with the Core Experiment “CE-Shape-1” part B test set devised by the MPEG-7
group to measure the performance of similarity-based retrieval for shape descrip-
tors. This test set consists of 1400 images: 70 shape classes, with 20 images per
class. The shape descriptor selected by MPEG-7 to represent a closed contour of
a 2D object or region in an image is based on the Curvature Scale Space (CSS)
representation [§]. We compared our matching to the CSS method, as well as to
matching the global contours with turning angle functions (GTA).
The performance of each shape

descriptor was measured using the CSS/GTA | Part-based ||[Bull’s Eye Score
“bull’s-eye” percentage: the per- Query Image|Query Parts||CSS GTA|MPP
centage of retrieved images belong-

ing to the same class among the top §

40 matches (twice the class size).
These experimental results indicate H
that for those classes with a low

10| 30 | 65

beetle-20

performance of the CSS matching, —"
our approach consistently performs <>

better. See figure (] for two exam- 15115 | 70

ples. The emphasis of this paper
lies on the algorithmic aspects, but ray-3
for a rigorous experimental evalu-

ation, see [I1]. The running time Fig.4. A comparison of the Curvature Scale
Space (CSS), Global Turning Angle function
(GTA), and our Multiple Polyline to Polygon
(MPP) matching (in %)

NS4

for a single query on the MPEG-7
test set of 1400 images is typically
about one second on a 2 GHz PC.
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