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Abstract

This paper presents a method for the (re)construction of a simple closed polygon (2D) or
polyhedron (3D) passing through all the points of a given set. The points are assumed to
lie on the boundary of a closed object without through-passages and inner voids. No a pri-
ori knowledge about any topological relation between the points, nor additional information
such as sample density or normal vectors is used. The construction technique is based on a
parameterized geometric graph, the -Neighborhood Graph. The hull of the -Neighborhood
Graph is iteratively constricted, exploiting geometric information incorporated in the graph.
This constriction technique provides a uniform approach for 2D and 3D.
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1 Introduction

In many applications in geometric modeling, computer graphics, computer vision, distance map
image processing, and pattern recognition, the input is a set of points of an object boundary.
Some boundary of the point set, however, de�ning an unambiguous object model is often needed
for further processing. This paper presents a method to (re)construct such a boundary.

Points on the boundary of an object can be obtained in a variety of ways. If a set of points from
a 2D object is given in a sequential order along the boundary, for example obtained by tracing, the
points form a contour chain representing the boundary curve. If a set of points from a 3D object
is given by a pile of contours, for example obtained from parallel object cross sections, the points
on pairs of consecutive contours can be joined so as to generate ribbons of triangles which in turn
form a closed boundary surface. There are numerous data sources that do not yield such a clear
structural relation between the points in the data set:

� A typical laser range system measures 3D points on the surface of an object by emitting
a laser beam at certain x; y-coordinates and inferring the corresponding z-coordinates [21].
Parts of the surface can be hidden and become visible only after rotating the object or moving
around it, because of shadowing by self-occlusion [6]. A horizontal scan of points will thus
generally not yield points that are successively adjacent on the surface. So, the order in
which the points are acquired provides no adjacency relation.

� 3D coordinates of boundary points can be computed from stereographic images, for example
X-ray images, or from a sequence of images of a moving object [22]. In both cases the set of
calculated coordinates generally provides no topological relation between the points.
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� Image processing techniques for low level computer vision can extract feature data like object
corners from images [14], which can be converted into coordinates; however, information such
as the topological relation between the points are not obtained by this low level processing.

If there is no structural relation between the points, or no such information is available because
the data source is not known, or if a single boundary construction method is to be used for data
from di�erent sources, no structural relation between the points may be assumed. The only a
priori knowledge is that they lie on the boundary of an object. This paper presents a method
for the construction of a simple closed polygon (2D) or polyhedron (3D) passing through all the
points of a given set. The points are assumed to lie on the boundary of a closed object without
through-passages and inner voids, but no assumptions about geometrical relations between the
points is made. Additionally, no a priori knowledge such as sample density, curvature, or normal
vectors is used.

In the following, Nv will denote the number of vertices, Ne the number of edges, and Nt the
number of triangles under consideration.

1.1 Statement of the problem

The problem stated so far, \construct an object boundary through a set of boundary points", is
ill-stated. To get a better statement we have to make some restrictions. First of all we restrict the
constructed object to have no through-passages and inner voids. So, a 2D object must be bounded
by a single contour, it has no inner contour; the boundary must be topologically equivalent to
a circle. A 3D object must be bounded by a single surface and may not have through-passages
(like a torus); the boundary must be topologically equivalent to a sphere. Furthermore, we restrict
the boundary to be piecewise linear. So, a 2D boundary must consist of line segments and a 3D
boundary of at polygons. Since a triangle is the only n-gon through n vertices in 3D that is
guaranteed to be at, the class of 3D boundaries is further restricted to consist of triangles.

The 2D boundary construction problem is formally stated as follows:

Boundary Construction 2D Given a set of vertices in 2D, �nd a simple closed polygon
through all vertices.

By de�nition, a simple polygon is topologically equivalent to a circle, and therefore a valid boundary
of an object. In graph-theoretical terms, a simple polygon through all vertices is a Hamilton cycle.
I will occasionally call a Hamilton cycle a `Hamilton polygon'.

The 3D boundary construction problem is formally stated as follows:

Boundary Construction 3D Given a set of vertices in 3D, �nd a simple closed polyhedron of
triangular faces through all vertices.

By de�nition, a simple polyhedron is topologically equivalent to a sphere, and thus a valid object
boundary. I will call a simple polyhedron through all vertices a `Hamilton polyhedron'. Note that
this is not a 3D Hamilton cycle of edges.

The boundary construction problems are clearly underconstrained, so that a solution is not
unique. Indeed, a set of vertices is an ambiguous boundary representation. In 3D, even a wire
frame model (where we are given edges in addition to the vertices) is still ambiguous. Some
criterion is needed to select the boundary that is considered the best among all solutions; however,
there is no known algorithm that generates all solutions eÆciently.

A brute force algorithm for 2D, where a boundary must consist of Ne = Nv edges, takes all
combinations of Nv edges out of all
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possible edges and tests whether each of the combinations

is a simple polygon through all vertices. This gives a time complexity of
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which is at least 
(NNv

v ). In 3D, where a boundary must consist of Nt = 2Nv � 4 triangles, the
analogous algorithm gives a time complexity of

�

 � �
Nv
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;

which is at least 
(N5Nv

v ).
Such brute force approaches are clearly infeasible. It is logical to exploit some geometric relation

between the vertices. In particular we can construct a graph on the set of vertices such that the
existence of edges between the vertices depends on some chosen geometric relation. Such a graph
is called a geometric graph. After construction of the geometric graph we may take advantage of
the incorporated geometric property. As a �rst try one can think of a shortest distance property,
as in the Nearest Neighbors Graph. Many edges in the Nearest Neighbors Graph can be part of
a valid boundary, but the shortest distance does not always suitably correspond with the geodetic
metric on the object boundary, speci�cally at highly curved parts. As a result, nearest neighbors
need not be consecutive points on the boundary.

One can also think of other geometric graphs such as the Convex Hull, giving a rough approx-
imation of a boundary, or the ubiquitous Delaunay Triangulation. An advantage of the Delaunay
Triangulation is that it is a connected graph that contains not as few joins as, for example, the
Euclidean Minimum Spanning Tree, and also not as many as the complete graph. Adding edges
(triangles) to a 2D (3D) Delaunay Triangulation introduces overlapping triangles (tetrahedra).
However, a brute force search in the Delaunay Triangulation for a collection of edges that forms a
valid boundary is not feasible. After all, a Delaunay Triangulation in 2D consists of 3Nv�6 edges,
giving a time complexity of �(

�
3Nv�6
Nv

�
) which is 
(3Nv). In 3D the maximum number of triangles

in the Delaunay Triangulation is �(N2

v ), giving a worst case complexity of �(
�

N2

v

2Nv�4

�
) which is


(N3Nv

v ).
All the brute force approaches described require exponential time. In order to achieve a poly-

nomial time complexity some heuristic is used that gives a single boundary. Besides, it is not
suÆcient to compute all possible simple boundaries: we need to �nd a good, or likely, one. The
heuristic must be chosen so as to yield a boundary that is considered a likely boundary for the given
set of vertices, among all possible solutions. This is clearly a subjective notion. Such heuristic
approaches and qualitative descriptions of the visual environment receive growing interest in the
computer vision community [20].

1.2 Related work

Several methods expand some initial triangulation until all data points are included in the boundary
polyhedron [2] [4] [5]. A drawback of these methods is that additional information is needed, for
example the surface normal at the data points, but this information can be estimated from the
point data [4] so that only the coordinates of the points are used. A heuristic algorithm that tries
to �nd the polyhedron of minimal surface area is presented in [16]. This heuristic algorithm does
not guarantee a surface within a �xed error fraction of the minimal area. Moreover, the minimal
area polyhedron can be an unnatural object boundary [4]. The method in [18] tries to �nd the
simple polygon in the Delaunay Triangulation that corresponds to the shortest tree, or skeleton,
in the dual Voronoi Diagram. For objects that have no distinct skeleton this method gives strange
results, especially for the generalization to 3D. The methods in [3] and [4] take the 2D or 3D
Delaunay Triangulation and successively delete segments from the hull until it passes through all
data points. Not every non-degenerate Delaunay Triangulation contains a simple closed boundary
through all data points. Moreover, both in 2D and in 3D this constriction process can get locked
in the sense that no more segments can be deleted without yielding an invalid boundary, while not
yet all data points lie on the current hull. A method that can handle objects with through-passages

3



and inner voids is presented in [15]; however, the boundary need not exactly pass through the data
points. The technique is dependent on an a priori known sample density.

Point clustering [11] [12], planar contour construction from rays [1], and surface construction
from a pile of contours [13] or multiaxial contours [19] are related but di�erent or simpler problems
than we consider here.

The solution presented in this paper is also a constriction method, but will always �nd a simple
closed boundary. The method is not dependent on a known sampling density, normal vectors,
or curvature information. The constriction is performed on the -Neighborhood Graph, which is
presented in Section 2. Section 3 explains the constriction process itself. Section 4 discusses the
question of existence of a Hamilton polygon or polyhedron in the graph. Section 5 presents results
of our technique and gives a comparison with some other methods. Implementation issues and
the algorithmic complexity are treated in Section 6. Section 7 discusses constriction under certain
constraints. Finally, Section 8 gives some concluding remarks.

2 The -Neighborhood Graph

The -Neighborhood Graph has been introduced in [25]. Here we will consider one particular form.
For explanatory purposes, let us consider the 2D Delaunay Triangulation on a set of points. The
Delaunay Triangulation is a �lling of the plane inside the Convex Hull of the point set by triangles
with the following properties:

1. the vertices of each triangle are data points,

2. the disc touching the vertices of each triangle contains no other data point in its interior.

A disc that contains no data point in its interior is called empty. If no more than three data points
lie on an empty disc, the Delaunay Triangulation is uniquely de�ned. Otherwise the triangulation
on these speci�c points must be non-overlapping.

The Delaunay Triangulation can equivalently be de�ned as the collection of all edges that have
an empty disc touching its vertices. For all these edges there are two largest possible empty discs
touching their vertices, which either touch a third point or have an in�nite radius. In this last
situation the disc degenerates to an empty half-plane, and the edge lies on the Convex Hull. The
radii of the two discs are a scaling of the radius r of the smallest possible disc touching the two
vertices. These scaling factors are written as an expression 1=(1 � c), with 0 � c � 1. The two
radii are thus r=(1� c0) and r=(1� c1), with 0 � c0; c1 � 1.

The Delaunay Triangulation is a particular instance of the -Neighborhood Graph, except that
the latter incorporates the the values of c0 and c1. This graph discriminates between the case that
the centers of the discs lie at opposite sides of the edge and the case that they lie at the same side.
In the latter case the parameter c0 is taken negative. So, c0 lies in the range [�1; 1], de�ning a
radius of r=(1� jc0j). Parameter c1 still lies in the range [0; 1]. The -Neighborhood Graph that
coincides with the Delaunay Triangulation is denoted ([�1; 1]; [0; 1]).

For each edge in the Delaunay Triangulation the union of two discs touching its vertices is
empty. The -Neighborhood Graph also considers the case that only the intersection of two discs
is empty. In that case the parameter c1 is taken negative. So, c1 may lie in the range [�1; 1],
de�ning a radius of r=(1 � jc1j). The graph ([�1; 1]; [d; 1]) for some d 2 [�1; 0] is the Delaunay
Triangulation plus all edges for which there are c0 2 [�1; 1] and c1 2 [d; 0] such that the intersection
of two discs touching their vertices with radii r=(1 � jc0j) and r=(1 � jc1j) is empty. The smaller
the value of d, the smaller the area of the intersection, and the more edges are included in the
-Graph. The ([�1; 1]; [d; 1]), d 2 [�1; 0] will be used to novel fundamental e�ect: it remedies the
fact that the Delaunay Triangulation need not always contain a Hamilton polygon or polyhedron

For the 3D -Graph we consider three data points and two balls touching these points. The
radii of the two balls are a scaling of the radius r of the smallest possible ball touching the three
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vertices: r=(1 � jc0j) and r=(1 � jc1j), with �1 � c0; c1 � 1. The 3D -Graph is a (hyper-)graph
connecting three vertices by a triangle if the union or intersection of the two balls is empty.

As in 2D, the -Neighborhood Graph that coincides with the 3D Delaunay Triangulation (Tetra-
hedrization) is ([�1; 1]; [0; 1]). The graph ([�1; 1]; [d; 1]) for some d 2 [�1; 0] is the Delaunay
Tetrahedrization plus all triangles for which there are c0 2 [�1; 1] and c1 2 [d; 0] such that the
intersection of two balls touching their vertices with radii r=(1 � jc0j) and r=(1 � jc1j) is empty.
The smaller the value of d, the smaller the volume of the intersection, and the more triangles are
included in the -Graph. The -Graph is further incorporates these values of c0 and c1.

Each d 2 [�1; 0] yields one speci�c -Graph from the whole spectrum of graphs ([: : :]; [: : :]).
This spectrum uni�es a number of geometric graphs such as the Convex Hull, the Delaunay Trian-
gulation and in 2D also the Gabriel Graph and the �-Skeleton, into a continuum that ranges from
the void to the complete graph. The -Graph provides a geometric structure for point pattern anal-
ysis and can for example be used for geographics and network analysis. The graph ([�1; 1]; [d; 1]),
d 2 [�1; 0] is the -Graph that we use for boundary construction.

A formal de�nition and analysis and many examples of the -Neighborhood Graph are given in
[25]. The 2D ([�1; 1]; [d; 1]) can be constructed in �(Nv logNv) time for d = 0, which is optimal,
and O(N2

v ) time for d < 0. The size of the graph is �(Nv) and O(N2

v ) respectively. In 3D,
([�1; 1]; [d; 1]) can be constructed in �(N2

v ) time for d = 0, which is optimal, and O(N4
v ) time

for d < 0. The size is O(N2

v ) and O(N
3

v ) respectively.

3 Boundary construction

In this section we construct a boundary of a set of vertices by constricting a ([�1; 1]; [c; 1]),
c 2 [�1; 0] of the input point set. The choice of a suitable value of c is discussed in Section 4.
Note that the hull of any ([�1; 1]; [c; 1]), c 2 [�1; 0] is the Convex Hull. Constricting the hull of
a graph is the process of deleting a hull segment from the graph in such a way that the boundary
is properly de�ned (see below). A -Graph from which segments are deleted is not a -Graph
any more, but is called a pruned -Graph. In order to �nd a boundary through all data points, a
([�1; 1]; [c; 1]), c 2 [�1; 0] is constricted on the basis of the geometric information in the graph,
until all data points lie on the pruned graph hull.

3.1 Boundary polygon

We �rst construct a simple closed polygon through all points of a given planar data set by con-
stricting the 2D ([�1; 1]; [c; 1]), �1 � c � 0 on the point set.

If three edges in the graph implicitly form a triangle and one of the edges is a hull edge, the
triangle is called a hull triangle. Our constriction process selects in each iteration the hull edge
that is the best candidate for deletion. Note that deletion of an edge of a hull of a (pruned)
-Graph must keep the boundary a single manifold, i.e. a simple polygon. Therefore, deletion is
only allowed if the hull triangle vertex vk opposite to a hull edge vivj is not already in the current
boundary. A hull edge vivj that satis�es this condition is called removable (with respect to vk).

The selection of the next removable edge vivj to be deleted is based on the observation that the
interior vertex vk of the hull triangle vivjvk that has the largest angle 6 (vi; vk; vj) has the largest
possibility to be seen or sensed from outside the hull. Additionally, the change of shape of the hull
is small, relative to the size of the triangle.

The radius of the disc through vi; vj ; vk is denoted by R(vi; vj ; vk), and is equal to r(vi; vj)=(1�
jdj) for some d 2 [�1; 1]. This value is used in the following de�nition.

De�nition 1 (-indicator) Let vivj be an edge of an intermediate hull, let vivk and vjvk be edges
in the (pruned) -Graph, and let d be de�ned by R(vi; vj ; vk) = r(vi; vj)=(1� jdj). The -indicator
of vivj with respect to vk is jdj if the center of the circle through vi; vj ; vk lies at the same side of
vivj as vk; is �jdj if the center lies at the other side; and is zero if d = 0.
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Figure 1: Left: -indicator > 0. Right: -indicator < 0.

The magnitude of the -indicator is calculated during construction of the -Graph, and is
stored in it. The sign of the -indicator is positive if vi, vj , and vk have the same orientation as
vi, vj and the circle center C, that is, if

sign([vi � vk; vj � vk]) = sign([vi � C; vj � C]);

where `[ ]' denotes the determinant.
The more negative the -indicator, the closer vk lies to vivj , and the larger is angle 6 (vi; vk; vj),

see Figure 1. Note that the -indicator is independent of the size of the triangle. The selection
rule based on the -indicator is the following:

Selection rule Delete the removable hull edge that has the smallest -indicator.

This selection criterion combines a local measure (the -indicator) and global information (the
smallest value), and is orientation and scale independent.

Let us investigate the exact relation between the -indicator ind and angle 6 (vi; vk; vj). Ac-
cording to the sine rule, sin( 6 (vi; vk; vj)) = r(vi; vj)=R(vi; vj ; vk). By de�nition of ind, we have
r(vi; vj)=R(vi; vj ; vk) = 1 � jindj. If ind � 0, then 1 � ind = r(vi; vj)=R(vi; vj ; vk), and if
ind � 0, then 1 � ind = 2 � r(vi; vj)=R(vi; vj ; vk). So, if ind � 0, then 6 (vi; vk; vj) in-
creases when r(vi; vj)=R(vi; vj ; vk) increases; if ind � 0, then 6 (vi; vk; vj) increases when 2 �
r(vi; vj)=R(vi; vj ; vk) increases. The largest value of 1� ind is obtained for the smallest value of
ind, leading to the selection criterion stated above.

Consider a hull edge v1v2 as in Figure 2, with hull triangles v1v2v3, v1v2v4, and v1v2v5. In this
example, the -indicator with respect to v3 is smaller than those with respect to v4 and v5. If v1v2
is selected for deletion because it has the smallest -indicator of all removable hull edges, the edges
v2v4 and v2v5 must also be deleted in order to maintain a single manifold boundary. If v1v2 is not
removable with respect to v3 but is removable with respect to v4, and v1v2 is selected for deletion
due to the -indicator with respect to v4, then v1v3 and v2v5 must be deleted. In general, if hull

v1

v2

v4

v5

v3

Figure 2: Boundary edge in a 2D ([�1; 1]; [c; 1]), c 2 [�1; 0).
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edge vivj is deleted due to the -indicator with respect to vk, any edge crossing vivjvk must also
be deleted.

Selection and deletion of a hull edge is repeated until all vertices are part of the boundary
polygon. The time complexity of the entire constriction algorithm depends on the way we keep track
of the removable hull edges and their value of the -indicator. Implementational and complexity
issues are discussed in Section 6.

Figure 3 illustrates the constriction algorithm on a set of vertices from the silhouette of Ucello's
chalice, which serves as the cover picture of the journal `Computer Aided Geometric Design' [23].

3.2 Boundary polyhedron

In this section we construct a simple closed polyhedron through all points of a given 3D data set by
constricting the 3D ([�1; 1]; [c; 1]), �1 � c � 0 on the point set. If four triangles implicitly form a
tetrahedron, and one of the triangles is a hull triangle, the tetrahedron is called a hull tetrahedron.
A hull tetrahedron can have one, two, or three hull triangles.

Let us �rst consider tetrahedra with exactly one hull triangle. The selection of the next triangle
vivjvk to be deleted is based on the observation that the opposite vertex v` of the tetrahedron
vivjvkv` that has the largest solid angle ' has the largest probability to be sensed from outside
the hull, for example by a laser beam. Additionally, the change of shape of the hull is then small,
relative to the size of the tetrahedron.

Let a hull triangle vivjvk be incident to hull tetrahedron vivjvkv`. The radius of the ball
touching vi, vj , vk, and v` is denoted by R(vi; vj ; vk; v`). The selection rule is based on the notion
of -indicator:

De�nition 2 (-indicator) Let vivjvk be a triangle in a (pruned) -Graph hull, let vivjv`, vjvkv`,
and vivkv` be triangles in the graph, and let d be de�ned by R(vi; vj ; vk; v`) = r(vi; vj ; vk)=(1�jdj).
The -indicator of vivjvk with respect to v` is jdj if the center of the sphere through vi; vj ; vk; v`
lies at the same side of vivjvk as v`; is �jdj if the center lies at the other side; and is zero if d = 0.

The magnitude of the -indicators are calculated during construction of the -Graph, and are
stored in it. The sign of the -indicator is positive if vi, vj , vk, and v` have the same orientation
as vi, vj , vk, and the sphere center C, that is, if

sign([vi � v`; vj � v`; vk � v`]) = sign([vi � C; vj � C; vk � C]);

where `[ ]' denotes the determinant.
There is no `3D sine rule' relating the solid angle ' at v` to R(vi; vj ; vk; v`) and r(vi; vj ; vk). We

observe, however, that ' depends on how close v` lies to vivjvk relative to the size of the tetrahe-
dron, and on the shape of vivjvk. Observe that r(vi; vj ; vk)=R(vi; vj ; vk; v`) is independent of the
size of the tetrahedron. If the value of the -indicator ind � 0, then r(vi; vj ; vk)=R(vi; vj ; vk; v`) =
1 � ind, and if ind � 0, then 2 � r(vi; vj ; vk)=R(vi; vj ; vk; v`) = 1 � ind, provided that vivjvk
is �xed. So, the larger 1 � ind, the larger ', i.e. the wider the solid angle at v`. On the other
hand, if 1�ind is �xed and the shape of vivjvk varies, then ' increases when the area A of vivjvk
increases, see Figure 4. Since A=R2 is independent of the size of the tetrahedron, it seems obvious
to use a selection criterion based on both 1 � ind and A=R2. However, it appears that using
1� ind alone gives better results. Indeed, a typical Convex Hull contains many triangles of small
area (see for example Figures 5 and 7), and they should be deleted to obtain a good boundary
polyhedron.

Let us now consider a tetrahedron with exactly two hull triangles. All four vertices now lie on
the hull, so deletion of the two triangles does not add a new vertex to the boundary. This can
result in an extra hull tetrahedron, and moreover, deletion of the tetrahedron gives the two vertices
opposite to the hull triangles `more air', enlarging the probability that they are sensed from these
directions. Because the solid angles at the two vertices bound two non-overlapping parts of space,
it is obvious to sum the values 1� ind of both hull triangles in the selection rule.

7



Figure 3: Boundary construction example in 2D. Top left: 77 vertices. Top right: the corresponding
([�1; 1]; [0; 1]). Bottom left: ([�1; 1]; [0; 1]) with the constructed boundary. Bottom right: the
constructed boundary.
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Figure 4: The solid angle at v` in the left column is larger than in the right column. Top row:
�xed triangle vivjvk . Bottom row: �xed -indicator.

Deletion of a hull triangle from the graph must leave the boundary properly de�ned, i.e. a
single manifold boundary. Therefore, if a hull triangle vivjvk is removed due to the -indicator
with respect to a vertex v`, any triangle crossing vivjvkv` must also be removed. The boundary
polyhedron must also remain simple. Thus, deletion of three hull triangles of a hull tetrahedron
is never allowed, deletion of two hull triangles vivjvk, vjvkv` is only allowed if the edge viv` is
not already in the current hull (in which case they are called removable with respect to viv`), and
deletion of one hull triangle vivjvk is only allowed if the opposite vertex v` is not already in the
current hull (in which case it is called removable with respect to v`).

Since a large value of 1 � ind is equivalent to a small value of ind, the selection rule that
captures both the tetrahedra with exactly one and with two hull triangles then becomes:

Selection rule Delete those removable triangles (of a single tetrahedron) that have the smallest
sum of -indicators.

Again, this selection criterion combines a local measure (the -indicator) and global information
(the smallest value), and is orientation and scale independent.

Figure 5 shows how a synthetic set of 3D vertices modeling a candlestick is processed. Facets
that look rectangular are actually two triangles. The bottom left picture shows the result of the
constriction algorithm when stopped as soon as all points lie on the boundary. In this case, there
are still removable triangles. Especially for such arti�cial objects there is no general rule telling
how long to continue the same constriction procedure when already all vertices lie on the boundary.
That decision is typically made interactively by the user. The right picture shows the resulting
object after removing just enough triangles.

4 Hamiltonicity

The constriction process on a ([�1; 1]; [c; 1]) for some �xed c 2 [�1; 0] may stop without �nding
a Hamilton polygon or polyhedron. Moreover, not every graph contains one. Results from graph
theory on Hamiltonicity apply to Hamilton cycles, not Hamilton polyhedra. For example, graph
theory surveys the conditions a graph should satisfy to contain a Hamilton cycle, or how eÆciently
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Figure 5: Synthetic candlestick object. Top left: 481 vertices in 3D. Top right: Convex Hull,
consisting of 73 vertices and 142 triangles. Bottom row: both boundaries consist of 481 vertices
and 958 triangles.
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Figure 6: Top left: a 2D two-connected non-Hamiltonian Delaunay Triangulation. Top
right: the corresponding ([�1; 1]; [�0:1; 1]). Bottom left: ([�1; 1]; [�0:2; 1]). Bottom right:
([�1; 1]; [�0:3; 1]). The three -Graphs show the Hamilton cycle found by our constriction algo-
rithm in fat lines, and the deleted edges in dashed lines.

a Hamilton cycle can be found. A very general result is that a graph contains a Hamilton cycle
if every vertex has at least Nv=2 neighbors [10]. More strict conditions often apply to planar
graphs. For example, every four-connected, and thus �ve-connected, planar graph is Hamiltonian
[24]. (A graph is n-connected if there are n di�erent paths between any two distinct vertices, or
equivalently, if the removal of any n � 1 vertices leaves the graph connected.). A special planar
graph is a planar triangulation, which is at least two-connected and at most �ve-connected. A
particular planar triangulation is the 2D Delaunay Triangulation, so that we conclude that every
four- and �ve-connected 2D Delaunay Triangulation is Hamiltonian. For a long time it has been
unknown whether or not two- and three-connected non-degenerate Delaunay Triangulations (and
thus ([�1; 1]; [0; 1])'s) are always Hamiltonian [17]. A two-connected counterexample was given
in [7], which is shown in Figure 6, and a three-connected one in [8]. So, a 2D non-degenerate
([�1; 1]; [0; 1]) need not be Hamiltonian, and in any case, the constriction process can be unsuc-
cessful.

It is not yet known whether every non-degenerate Delaunay Tetrahedrization contains a simple
closed polyhedron through all data points. However, the constriction process can get locked in the
sense that no more triangles can be deleted without yielding an invalid boundary, while not yet all
data points lie on the current hull.

If we vary c 2 [�1; 0], then ([�1; 1]; [c; 1]) gives a whole spectrum of -Graphs. For a c
suÆciently smaller than d < 0, graph ([�1; 1]; [c; 1]) contains more edges (2D) or triangles (3D)
than ([�1; 1]; [d; 1]), implicitly forming more overlapping triangles (see Figure 6) or tetrahedra. So,
for a c suÆciently small, ([�1; 1]; [c; 1]) is Hamiltonian. After all, ([�1; 1]; [�1; 1]) is the complete
graph. There is no way of telling in advance for which value of c the graph ([�1; 1]; [c; 1]) will be
Hamiltonian, or constriction will not get stuck. The value should be guessed.

The smallest -indicator of hull faces in a ([�1; 1]; [c; 1]) can be smaller than in a ([�1; 1]; [d; 1])
for �1 � c < d < 0, providing better choices for deletion. This is illustrated in Figure 6,
where some of the extra boundary triangles have larger angles at the interior vertex. Indeed,
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constriction of ([�1; 1]; [�0:3; 1]) gives a di�erent Hamilton polygon than ([�1; 1]; [�0:2; 1]) and
([�1; 1]; [�0:1; 1]), although ([�1; 1]; [�0:1; 1]) is already Hamiltonian.

It turns out, however, that for practical situations constriction of ([�1; 1]; [0; 1]) works �ne,
and results in a Hamiltonian polygon or polyhedron. Indeed, the examples in the next section are
based on ([�1; 1]; [0; 1]).

5 Results

Figure 3 already showed a 2D example, and Figure 5 a 3D one. The fact that this synthetic object
is an object of revolution does not help the algorithm, because the algorithm is completely local
and greedy. Figure 7 illustrates the constriction process performed on points from the surface of
an Indian mask from the Man Museum in Ottawa, Canada, measured by a laser-range system [21].
The mask is truly 3D, because it has a few points added at the back (which nicely illustrates that
the points may be distributed with nonuniform density).

Once we have the -Graph constriction algorithm, the `Delaunay Triangulation constriction
method' [3] and the `Voronoi skeleton method' [18] are easily implemented, because both methods
are based on the Delaunay Triangulation, that is, the ([�1; 1]; [0; 1]). It turns out that in 2D all
three methods often give the same result. A set of vertices that gives di�erent results, taken from
[18], is shown in Figure 8. We see that if the original object is very curled, it is not likely that
the vertices are sensed from some distance of the object, and the -indicator provides no proper
heuristic. Conversely, if the original object does not have a clear skeleton, the Voronoi skeleton
method uses the wrong heuristic. For all other example sets of vertices from [18], the constriction
algorithms give intuitively expected boundaries.

In 3D the three methods often give di�erent results. The Delaunay Triangulation constriction
is sometimes inclined to sculpture its way into the object because the hull triangles are deleted in
the wrong order, see Figure 9 (middle), although for many other data sets [3] [4] the results are
similar to those of the -Graph constriction method. The mask data set suggests that constriction
based on the -indicator may yield a smoother boundary (see Figure 10, right column).

The Voronoi skeleton method is not suitable for many 3D objects, because there often is no
clear 3D object skeleton, or at least not one that corresponds to a Voronoi skeleton. Figures 9
and 10 show examples of this phenomenon. Although all vertices lie on the resulting boundary,
the body of the object is not �lled properly.

However, since the boundary reconstruction problem is underconstrained, there cannot be a
single best algorithm for all cases. Small scale experiments are not suÆcient to draw de�nite
conclusions.

Recall that Figure 6 gives an example of more theoretical interest. The example shows that
the graph ([�1; 1]; [c; 1]), c 2 [�1; 0], can be used to �nd a boundary even if the Delaunay
Triangulation contains no Hamilton polygon.

6 Implementation and complexity

The complexity of the constriction algorithm depends on the implementation, and in particular on
the data structures. In 2D the -Graph is edge-based, so the edges are stored explicitly. The edges
incident to a vertex are ordered around that vertex. In 3D the -Graph is triangle-oriented and
so the triangles are stored explicitly. Edges are also stored explicitly, and the triangles incident to
an edge are ordered around that edge.

With these data structures, both triangles and edges can be addressed in constant time, in
particular to check whether they lie on an intermediate hull. Given a hull face in a pruned
([�1; 1]; [0; 1]), the -indicator can be computed in constant time. Given a hull face in a pruned
([�1; 1]; [c; 1]), c < 0, the smallest -indicator can be calculated in O(m) time, where m is the
number of faces incident to the hull face, which is O(Nv).
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Figure 7: Indian mask reconstructed from 3D laser-range data points. Top left: 1468 scattered
vertices. Top right: Convex Hull consisting of 255 vertices and 504 triangles. Middle left: inter-
mediate hull, 1019 vertices and 2034 triangles. Middle right: intermediate hull, 1337 vertices and
2670 triangles. Bottom left: �nal boundary, 1468 vertices and 2930 triangles. Bottom right: wire
frame of the �nal boundary.
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Figure 8: Left: set of 2D vertices from [18]. Middle: Voronoi skeleton result. Right: constriction
result.

Figure 9: Comparing three methods on a set of vertices from a bottle's surface. Left: -indicator
method. Middle: minimal area change method. Right: Voronoi skeleton method.
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Figure 10: Comparing three methods on the candlestick (left column) and mask (right column)
data set. Top: -indicator method. Middle: Delaunay Triangulation constriction method. Bottom:
Voronoi skeleton method.
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Constrict ()
f graph Graph; // (pruned) -Graph

face Face, NewFace; // 2D: edge; 3D: triangle
int Nhv; // number of hull vertices
heap Heap;

1. Load--Graph (Graph);
2. Nhv = InitialBoundary (Graph, Heap);
3. while (Nhv < Nv && Heap != �)

f
4. Face = Root (Heap);
5. if (Removable (Face))

f
6. Nhv += Delete (Face, Graph);
7. for (each NewFace on the hull)
8. if (Removable (NewFace)) Insert (NewFace, Heap);

g
g

9. ReportBoundary (Graph);
g

Algorithm 1: Constriction algorithm.

In order to keep track of the hull faces and their -indicators, they are stored in a heap structure
sorted on increasing -indicator value. In 2D, the root of the heap contains the hull edge that has
the smallest -indicator, in 3D it contains the hull triangles of a single tetrahedron that have the
smallest sum of -indicators. Fetching the hull face and revalidating the heap takes O(n log n) time
for a heap of n elements. In order to keep the heap of size O(Nv) in the case of a ([�1; 1]; [c; 1]),
c < 0, only the smallest -indicator or sum of -indicators of each hull face is stored, not the values
of the overlapping edges or triangles.

Having mentioned the basics, Algorithm 1 shows the constriction algorithm in pseudo C-
language code (the nature of the algorithm is the same as the one in [4]). The heap is initially �lled
with the removable faces on the Convex Hull and their -indicator value (line 2); the hull vertices,
edges, and (in 3D) triangles are marked to lie on the boundary, to facilitate the test whether a
face is removable. As long as not all the vertices are on the boundary and the heap is not empty
(line 3), the face in the root of the heap is taken (line 4), involving revalidating the heap. Although
each face is removable at the time it is inserted into the heap, the check in line 5 is necessary since
a face can have become unremovable due to deletion of other faces. If deletion is allowed, then the
face is deleted (line 6), involving the deletion of overlapping faces in the case of a ([�1; 1]; [c; 1]),
c < 0 in order to get an unambiguous boundary. If necessary, the new boundary vertex, edges, and
triangles (in 3D), are marked and Nhv (the number of vertices on the hull) is incremented when
appropriate. Each new hull face (line 7) is inserted into the heap with its -indicator value, if its
removal is allowed (line 8). The �nal boundary can be extracted from the graph (line 9), if desired.

Let us analyze the time complexity of the algorithm for �ve di�erent cases: the worst case
in 2D and 3D for both ([�1; 1]; [0; 1]) and ([�1; 1]; [c; 1]), c < 0, and the expected case for
([�1; 1]; [0; 1]) (with points uniformly distributed within a ball [9]). Note that the while-loop is
executed O(Nv) times in 2D to include all vertices into the boundary, but O(N2) times in 3D,
because hull faces can be removed without adding vertices to the boundary. The results are listed
in Table 1, where for line 3 and 7 the number of iterations is given.

All storage complexities are dominated by the size of the -Graph. For practical cases, the use
of ([�1; 1]; [0; 1]) is predominant, resulting in a worst-case time complexity of O(Nv logNv) for
2D and O(N2

v ) for 3D. Note, however, that the latter complexity stems from the worst possible
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worst case exp. case
2D 3D 2D and 3D

line ([�1; 1]; [0; 1]) ([�1; 1]; [< 0; 1]) ([�1; 1]; [0; 1]) ([�1; 1]; [< 0; 1]) ([�1; 1]; [0; 1])
1 �(Nv) O(N2

v
) O(N2

v
) O(N3

v
) O(Nv)

2 �(Nv logNv) O(N2
v
) O(Nv logNv) O(N2

v
) O(Nv logNv)

3 O(Nv)� O(Nv)� O(N2
v
)� O(N2

v
)� O(Nv)�

4 O(logNv) O(logNv) O(logNv) O(logNv) O(logNv)
5 �(1) �(1) �(1) �(1) �(1)
6 �(1) �(1) �(1) �(1) �(1)
7 �(1)� O(Nv)� �(1)� O(Nv)� �(1)�
8 O(logNv) O(logNv) O(logNv) O(logNv) O(logNv)
9 �(Nv) �(Nv) �(Nv) �(Nv) �(Nv)

tot. O(Nv logNv) O(N2
v
logNv) O(N2

v
logNv) O(N3

v
logNv) O(Nv logNv)

Table 1: Complexity of the algorithm per step.

situation, i.e. the number of triangles in the -Graph is O(N2
v ). In terms of the number of triangles

Nt, line 1 takes O(Nt logNt), and the iteration over line 3 is performed O(Nt) times, resulting in
a total of O(Nt logNt) worst case time complexity.

Algorithm 1 has been implemented in C. The constriction process takes about one second on
a contemporary high-end workstation type of machine for the mask data set of Figure 7. The
([�1; 1]; [0; 1]) on that set of vertices consists of 18274 triangles, forming 8633 tetrahedra.

7 Constrained constriction

We have assumed that no relations between the vertices, such as connectivity along the boundary,
is known in advance. If such relations are known for all vertices, a more powerful boundary
construction method could be used, exploiting the additional information. In the case that only a
small number of connectivity relations are known, however, we would like the constriction algorithm
to respect these connections. For example, an expert might know that certain connections must
exist in experimental data, or a designer may demand speci�c connections when specifying vertices
of an artifact.

To be more precise, assume that a collection F of faces are known to be part of the boundary.
The faces of F that are not part of the -Graph used for constriction are added to the graph;
this augmented -Graph is used in the following constrained constriction algorithm, which is not
allowed to delete any of the faces from F .

The constrained constriction works as follows. The faces from F are never removable and
therefore never put into the heap of removable hull faces. A face from F is not only unremovable
when it lies on an intermediate hull, but may also not be deleted from the graph if it crosses a
hull triangle (2D) or hull tetrahedron (3D). Consider �rst the 2D case that an edge vjv` from F
crosses a hull triangle vivjvk whose hull edge vivj is selected for deletion, see Figure 11 (left).
Normally, the deletion of vivj involves the deletion of vjv` from the graph, but vjv` must remain
in the graph. Instead, vivj and the -indicator with respect to vk is deleted from the heap, and to
prevent reinsertion, vivk is deleted from the graph. If viv` is not already present, it is inserted into
the graph, so that vivjv` is a hull triangle. If vivj is removable with respect to v`, it is inserted into
the heap together with the -indicator with respect to v`. In one of the next iterations, vivj may
be deleted from the graph and the heap, and bring vjv` into the hull. A constrained constriction
may get locked if vjv` is not yet in the boundary and vivj has become unremovable. Note that
apart from vjv`, other edges may cross vivjvk as well; however, that does not e�ect the constrained
constriction presented above.

The analogous 3D situation is depicted at the right in Figure 11, where vivjvk is a hull triangle
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Figure 11: Constrained constriction in 3D: the bold edge (left) and the bold triangle (right) may
not be deleted.

and vjvkvm a triangle from F . Normally, the deletion of vivjvk involves the deletion of vjvkvm, but
vjvkvm must remain in the graph. Instead, vivjvk and the -indicator with respect to v` is deleted
from the heap, and to prevent reinsertion into the heap, vivjvk is also deleted from the graph.
If vivjvm and vivkvm are not already present, they are inserted into the graph, so that vivjvkvm
is a hull tetrahedron. If vivjvk is now removable with respect to vm, it is inserted into the heap
together with the -indicator with respect to vm. Like in 2D, a constrained constriction may get
locked when vjvkvm is not yet in the boundary but has become unremovable. Apart from vjvkvm
other triangles may cross vivjvkv` as well, but that does not e�ect the constrained constriction.

8 Concluding remarks

We have presented a method for the construction of a polygonal or polyhedral boundary passing
through all the points of a given set. The points are assumed to lie on the boundary of a closed
object without through-passages and inner voids, but no assumptions on the relative order of the
boundary points are made, and no other information such as sample density or normal vectors
is available. The construction technique is based on a parameterized geometric graph, the -
Neighborhood Graph. The -Graph on the set of points is successively constricted until the hull
of the pruned -Graph is a proper object boundary, passing through all vertices. For speci�c
choices of the -parameters, the method remains the same, but the underlying graph is di�erent.
The results shown demonstrate that the -Graph based method is more powerful in cases where
the Delaunay Triangulation contains no Hamilton cycle/polyhedron or constriction gets locked,
and that it gives good results in a number of experimental cases. SuÆcient algorithmic and
implementational information is provided so that an experienced practitioner can reproduce the
results.

While constriction of the Delaunay Triangulation may stop without having found a Hamilton
polygon or polyhedron, the parameters of the -Graph provide the exibility to �nd a proper
boundary. The selection of the hull faces to remove is based on the combination of a local measure
(the -indicator), and global information (the minimum value). This criterion yields good looking
boundaries in comparison with related methods. The constriction algorithm is easily extended so
as to prevent the deletion of a priori known boundary faces.

The approach used in this work in not completely novel (see in particular [3] and [4]), but the
-Neighborhood Graph and the selection criterion on which the approach is based are novel and
they are used to novel fundamental e�ect: it remedies the fact that the Delaunay Triangulation
need not always contain a Hamilton polygon or polyhedron.

It is not widely acknowledged that construction methods based on a geometric graph (such as
the Delaunay Triangulation, Voronoi Diagram, or -Graph) are generally not consequent. That is,
if the constructed boundary of a vertex set V is B and a new vertex that lies on B is added to V ,
the boundary resulting from the new input data set need not be B. This results from the fact that
in general the geometric graph of the new vertex set does not contain all the edges or triangles of
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the graph on V , in particular those of the boundary segments of B.
Another interesting case is the behavior of the algorithm when the vertices are distributed

arbitrarily dense over a known object boundary. The object boundary segments then become
arbitrarily small. When the limit is reached, the -indicator of each segment is 1, but the -
indicator of intermediate hull segments is smaller than 1. So, the object boundary segments are
never removed, and therefore the constructed boundary is the known object boundary.

The result of our constriction process is a pruned graph. The hull of this graph is the boundary
of the object. The boundary segments can easily be oriented consistently, such that the normal
points always inward or always outward. Apart from the hull, the pruned ([�1; 1]; [0; 1]) implicitly
de�nes a triangulation of the interior of the object. A pruned ([�1; 1]; [c; 1]), c < 0 can easily be
pruned further to obtain a triangulation (or tetrahedrization) of the interior. Such a triangulation
of the interior can be used to calculate properties such as the volume and mass of the object. We
have seen that an object skeleton need not be a good tool to construct a boundary. Conversely,
the triangulation or tetrahedrization of the pruned -Graph always provides some skeleton of the
object.

The vertices are assumed to lie on the boundary of an object without inner voids, but an
inner contour or surface can be handled separately. The triangulation of the interior of the outer
boundary does not correspond to the body of the object anymore, but for the calculation of
some properties the value corresponding to the inner boundary can be subtracted from the result
corresponding to outer boundary. The case of objects with handles is considered to be diÆcult. A
solution which is dependent on an a priory known sample density is presented in [15]. By contrast,
our solution does not depend on a known sample density because it exploits a local measure in the
construction process (the -indicator). In addition, our boundary will pass through all the data
points.
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