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Abstract

In many real problem domains, the main vari-
able of interest behaves monotonically in the ob-
servable variables, in the sense that higher values
for the variable of interest become more likely
with higher-ordered observations.  This type
of knowledge appears to arise naturally during
knowledge elicitation, without explicit prompt-
ing. The monotonicity properties declared by ex-
perts, however, may not correspond to the mathe-
matical concept of monotonicity in Bayesian net-
works. We present a method for verifying, with
the help of the experts, whether or not a network
exhibits the implied properties of monotonicity.
We illustrate the application of our method for a
real Bayesian network in veterinary science.

1 INTRODUCTION

In many problem domains, the variables of importance
have different roles. Often, a number of observable input
variables are distinguished and a single output variable. In
a biomedical diagnostic application, for example, the in-
put variables capture the findings from different diagnostic
tests and the output variable models the possible diseases.
Multiple input variables and a single output variable in fact
are typically found in any type of diagnostic problem.

For many diagnostic problems, the relation between the
output variable and the observable input variables is isotone
in the sense that higher values for the input variables give
rise to a higher-ordered output for the main variable of in-
terest. In a biomedical diagnostic application, for example,
observing symptoms and signs that are more severe will re-
sult in a more severe disease becoming a more likely expla-
nation. The mathematical concept of monotonicity in dis-
tribution has been introduced to capture this type of knowl-
edge for Bayesian networks [1]. A network is isotone in
distribution if the probability distribution computed for the
output variable given specific observations is stochastically

dominated by any such distribution given higher-ordered
observations.

Experience shows that, if properties of monotonicity are
commonly acknowledged in a domain, then experts will
naturally produce statements during knowledge elicita-
tion that suggest monotonicity. They do so without ex-
plicit prompting, yet also without explicitly using the word
‘monotone’. Although their statements thus appear to im-
ply monotonicity in distribution, it may very well be that
their conception of the stated properties differs from the
concept of monotonicity in the mathematical sense. Any
suggested properties of monotonicity therefore have to be
carefully verified.

We have developed a method for verifying monotonicity of
Bayesian networks with the help of domain experts. The
method focuses on a subset of the observable variables and
builds upon a lattice of all possible joint value assignments
to these variables. This lattice is enhanced with probabilis-
tic information about the effects of these assignments on
the probability distribution over the main variable of inter-
est. The enhanced lattice then is used for identifying any
violations of the properties of monotonicity in distribution.
The experts subsequently are presented with these viola-
tions by means of pairs of vignettes stated in the domain’s
terminology, for their careful consideration. The method
has been designed so as to ask little time as well as little
cognitive effort from the experts in the verification of their
statements.

We applied our method for verifying monotonicity to a
Bayesian network in veterinary science. In recent years,
we developed a network for the detection of classical swine
fever in individual animals. Both the network’s structure
and its associated probabilities were elicited from two ex-
perts. During the elicitation interviews, the experts made
several statements that suggested monotonicity. We veri-
fied the implied monotonicities with our method. We found
a relatively small number of violations of the mathemat-
ical properties of monotonicity in our network and pre-
sented these violations to two veterinarians. The results
from the interviews showed that the network should indeed
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Figure 1: The graphical structure of our Bayesian network for classical swine fever in individual pigs.

have been monotone in distribution and that the identified
violations were indicative of modelling inadequacies.

The paper is organised as follows. In Section 2, we briefly
describe our Bayesian network for classical swine fever. In
Section 3, we review the mathematical concept of mono-
tonicity in distribution. In Section 4, we present our method
for verifying properties of monotonicity with domain ex-
perts. We report on the application of our method in Sec-
tion 5. The paper ends with our concluding observations in
Section 6.

2 A BAYESIAN NETWORK FOR
CLASSICAL SWINE FEVER

In close collaboration with two experts from the Central
Institute of Animal Disease Control in the Netherlands, we
are developing a Bayesian network for the early detection
of classical swine fever in individual pigs. Classical swine
fever is an infectious disease of pigs, which has serious
socio-economical consequences upon an outbreak. As the
disease has a potential for rapid spread, it is imperative that
its occurrence is detected in the early stages. The Bayesian
network under construction is aimed at supporting veteri-
nary practitioners in the diagnosis of the disease when vis-

iting pig farms because of disease problems of unknown
cause.

Classical swine fever is a viral disease. The virus causing
the disease is transmitted mainly by direct contact between
pigs, yet transmission by for example farmers is also known
to occur. When a pig is infected, the virus first invades the
lymphatic system. It subsequently affects the blood vessels
and the immune system, which may give rise to bleedings
and diminished resistance to secondary infections. The
virus will ultimately affect several organs and the pig will
die. As a consequence of the infection, a pig will show
different disease symptoms, among which are fever, neuro-
logical disorders, and skin haemorrhages. Clinical symp-
toms seen by the farmer or by the veterinarian are usually
the first indications of the presence of classical swine fever
in a herd. The disease is hard to detect, however, since,
its symptoms are rather atypical and are shared to a large
extent by common airways and gastro-intestinal infections.
The disease moreover has a low incidence.

Our Bayesian network for classical swine fever currently
includes 42 variables for which over 2400 parameter prob-
abilities have been assessed. The variables in the network
model the risk factors and the pathogenesis of the dis-
ease. More specifically, the network also models the clin-



ical signs observed in a pig, to provide for diagnosis at a
farm site. Figure 1 depicts the graphical structure of the
current network. In the one and a half years since the be-
ginning of the construction of the network, we held one
unstructured interview in which the experts were asked to
describe the domain and 11 structured interviews in which
the experts were asked detailed questions. In six of these
structured interviews, the probabilities required for the net-
work were obtained using standardised forms with ques-
tions accompanied by a probability scale containing words
and numbers [2]. Both experts were present at all interview
sessions and consensus was always reached.

An initial version of our network is now completed and
we currently are in the process of studying its perfor-
mance, both by evaluating its output given real data and
by analysing reasoning patterns with artificial data.

3 THE CONCEPT OF MONOTONICITY

Upon reviewing the mathematical concept of monotonic-
ity, we assume that the variables of a Bayesian network
have different roles. We assume more specifically that the
network includes a single output variable C' and one or
more observable variables £; in addition, it may include an
arbitrary number of intermediate variables which serve to
correctly model the domain’s knowledge yet cannot be ob-
served in practice. Bayesian networks with multiple input
variables and a single output variable are typically found
in any type of diagnostic application. Given a joint value
assignment e to their set of observable variables, these net-
works are used for computing the posterior probability dis-
tribution Pr(C' | ) for their main variable of interest.

Each variable can adopt one of a set of discrete values. We
assume that there exists a total ordering < on the set of val-
ues for the variable. The total orderings per variable induce
a partial ordering < on the set of all joint value assignments
to any subset of the network’s variables. The concept of
monotonicity in distribution now builds upon the posterior
probability distributions over the output variable given the
possible joint value assignments to the observable variables
[1]. It is defined in terms of stochastic dominance. For
a probability distribution Pr(C') over the output variable
C, the cumulative distribution function Fp, is defined as
Fp.(c) = Pr(C < ¢) for all values c of C. For two distri-
butions Pr(C) and Pr’(C') over C, associated with Fp,(C)
and Fp,(C) respectively, we say that Pr’(C) is stochas-
tically dominant over Pr(C'), denoted Pr(C) < Pr'(C),
if Fp/(c) < Fp,(c) for all values c. We now say that a
Bayesian network is isotone in distribution for its observ-
able variables F if

e=xe — Pr(Cle)<Pr(C|¢€)
for all joint value assignments e, ¢’ to E. If

e=xe — Pr(Cle)>Pr(C|¢€)

for all e, ¢e’, then the network is said to be antitone in
distribution for E. Informally speaking, we have that a
Bayesian network is isotone in distribution if entering a
higher-ordered value assignment to the observable vari-
ables cannot make higher-ordered values of the output vari-
able less likely.

Establishing whether or not a Bayesian network is mono-
tone in distribution amounts to verifying that entering a
higher-ordered value assignment to the observable vari-
ables results in a stochastically dominant probability distri-
bution over the main variable of interest. Unfortunately, the
problem of establishing monotonicity is highly intractable
[1]. Although an approximate algorithm is available, its
complexity tends to forestall use in a practical setting.

4 AMETHOD FOR VERIFYING
MONOTONICITY

As argued above, experts will naturally produce state-
ments during knowledge elicitation that suggest mono-
tonicity. They typically do so without explicit prompting
from the knowledge engineer, yet also without explicitly
using the word ‘monotone’. An example statement sug-
gesting monotonicity in our domain of application is

Observing ataxia is always indicative of
classical swine fever.

Although the experts’ statements thus appear to imply
monotonicity, it may very well be that their conception of
the stated properties differs from the mathematical concept
reviewed in the previous section. Based upon the mathe-
matical concept of monotonicity in distribution, we have
designed a method for verifying, with the help of domain
experts, whether or not a Bayesian network exhibits the im-
plied properties of monotonicity. The method focuses on a
specific subset of the observable variables and constructs an
assignment lattice for all joint value assignments to these
variables. The lattice subsequently is enhanced with prob-
abilistic information computed from the Bayesian network
under study. From the enhanced lattice, the method identi-
fies any violation of the properties of monotonicity of the
output. These violations then are presented to the experts
by means of pairs of vignettes that are stated in the experts’
terminology, for their careful consideration.

41 THE ASSIGNMENT LATTICE AND ITSUSE

In detailing the assignment lattice and its use, we restrict
the discussion to binary variables, each of which adopts one
of the values true and false. If a variable V' has adopted the
value true, we will write v; we use v to denote V' = false.
We take the total ordering < with false < true on the two
values. The assignment lattice for a set X of n observable
variables now in essence encodes all joint value assign-
ments to X, along with their partial ordering. For each joint
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Figure 2: An assignment lattice for our Bayesian network for classical swine fever; the violated monotonicity properties
are indicated by dashed lines.



value assignment = to X, we construct a set L(z) C X
such that X; € L(x) if and only if X; = true occurs in z.
From the 2™ possible value assignments to X, 2™ subsets of
X are obtained, which with each other constitute the power
set of X. From these subsets, we construct a standard lat-
tice: the elements of the lattice are the various subsets of
X and the links in the lattice capture the set-inclusion re-
lation between them. We say that a set L(x) directly pre-
cedes a set L(z') in the lattice if L(z) C L(z') and there
is no set L(z") with L(z) C L(z”) and L(z") C L(z').
Note that the set-inclusion relation of the lattice coincides
with the partial ordering < on the joint value assignments
to X. The bottom of the assignment lattice is the empty
set, denoting the joint value assignment to X in which all
variables have adopted the value false; the top of the lattice
equals the set X, encoding the joint value assignment in
which all observable variables have adopted the value true.
Figure 2 depicts, as an example, the assignment lattice that
is constructed for the five observable variables Diarrhoea,
Ataxia, Fever, Malaise, and Skin haemorrhages from our
Bayesian network for classical swine fever.

The assignment lattice for the set of observable variables £
of a Bayesian network as described above, captures all pos-
sible joint value assignments to £ along with the partial or-
dering between them. To describe the effects of the various
assignments on the probability distribution over the output
variable C, we enhance the lattice with probabilistic infor-
mation. For each element L(e) of the lattice, the condi-
tional probability Pr(c | ) is computed from the Bayesian
network under study; this probability is associated with the
element L(e). We now recall that the network is isotone
in distribution for E if entering a higher-ordered value as-
signment to E results in a stochastically dominant proba-
bility distribution over the main variable of interest or, for
the binary variable C, in a higher probability of C' being
true. Since the partial ordering < on the value assignments
coincides with the set-inclusion relation of the assignment
lattice for E, we thus have that the network is isotone in
distribution if for each pair of elements L(e) and L(¢e’) in
the lattice where L(e) directly precedes L(e’), we have for
the associated probabilities that Pr(c | ¢) < Pr(c | ¢’). We
say that the pair of probabilities Pr(c | €) and Pr(c | ¢’)
violates the isotonicity if Pr(c | e) > Pr(c | €'). Similar
observations hold for antitonicity in distribution.

From the above considerations, we have that the enhanced
assignment lattice provides directly for verifying mono-
tonicity in distribution of a Bayesian network. We note
however, that the lattice encodes an exponential number of
value assignments to the set of observable variables. Con-
structing the lattice and computing the various probabilities
to be associated with its elements, therefore, takes expo-
nential time and will be inhibitive for most real networks.
The assignment lattice fortunately also provides for study-
ing monotonicity properties of a network for a particular

subset of the set of observable variables. To this end, a sub-
set X of observable variables is selected from the network.
An assignment lattice then is constructed from these vari-
ables as described above. The probabilities associated with
the elements of this lattice are conditioned on a fixed joint
value assignment e~ to the variables E- = E \ X, that
is, with each element L(x) of the lattice is associated the
conditional probability Pr(c | z, e™). The lattice now pro-
vides for studying monotonicity for the set X in the context
of e~. Both the subset X and the assignment e~ for which
the properties of monotonicity are to be verified, are depen-
dent upon the domain under study and should be chosen in
close consultation with the experts.

4.2 ELICITING MONOTONICTY PROPERTIES

The monotonicity properties in a domain under study can in
essence be elicited directly from experts by exploiting the
structure of the assignment lattice introduced above. We
will briefly describe how vignettes can be used for this pur-
pose. We will then argue that the tasks involved in the elic-
itation, although not demanding from a cognitive perspec-
tive, are quite time consuming. To reduce the time that is
required from the experts, we propose to not elicit mono-
tonicity properties directly, but to verify instead only the
violations of these properties that are identified from the
assignment lattice.

We have argued above that, if properties of monotonicity
are commonly acknowledged in a domain, experts will nat-
urally produces statements suggesting monotonicity during
knowledge acquisition, even so without explicit prompting
from the knowledge engineer. Since the experts making
these statements may have a different conception of the
idea of monotonicity than is captured by the mathemati-
cal concept reviewed above, these statements have to be
carefully verified before they can be further exploited. To
study the mathematical properties of monotonicity directly
with the experts, we begin by observing that the knowledge
to be acquired concerns orderings of conditional probabili-
ties. We consider again a set X of observable variables and
an output variable C. For any two joint value assignments
z and z’ with z < 2/, the expert more specifically will
have to indicate which of the two probabilities Pr(c | x)
and Pr(c | =) is the largest. By building upon the associ-
ated assignment lattice in fact, the expert will only have to
perform this task for pairs of value assignments x and z’
of which the set L(x) directly precedes the set L(z’) in the
lattice.

To reduce the cognitive effort that is asked of the experts
in the comparison task, we propose to present the various
probabilities in a way that is easily accessible by the ex-
perts. For each of the two probabilities to be compared,
a description of a concrete case is constructed. For the
probability Pr(c | z,e™), where e~ is the context assign-
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Figure 3: A vignette for the domain of classical swine fever.

ment introduced above, more specifically, a case is con-
structed with the evidence that is described by z,e~. For
the two constructed cases, separate case cards or vignettes
are created for presentation to the experts. Figure 3 shows,
as an example, a vignette describing a value assignment
to the five observable variables Diarrhoea, Ataxia, Fever,
Malaise, and Skin haemorrhages from our Bayesian net-
work for classical swine fever. The description on the vi-
gnette mentions just the variables for which the value true
has been observed; the other variables are implicitly taken
to be false, which fits in with the implicit assumptions hu-
mans make in observational reasoning. For each pair of
vignettes, the experts are asked to indicate in which of the
two described cases the output ¢ is more likely to occur.
We would like to mention that in domains in which experts
have little experience with probabilities, the constructed
cases can be presented using the frequency format [3, 4].

While human experts tend to feel uncomfortable express-
ing their knowledge and experience in terms of probabili-
ties and are known to provide imperfectly calibrated assess-
ments, they typically are able to state probabilistic informa-
tion of a semi-numerical or qualitative nature with relative
conviction and clarity, and with less cognitive effort [5].
Experts, for example, can often easily indicate which of
two probabilities is smallest. In addition to requiring less
cognitive effort, such relative judgements tend to be more
reliable than direct numerical assessments [6].

Even though the task of comparing two probabilities is not
very demanding on the part of the experts, direct elicitation
of all properties of monotonicity as outlined above requires
a large number of such comparisons. By building upon the
assignment lattice for n observable variables in fact,

zn:(:”) S(n—i)>2"

=0

pairs of probabilities have to be compared. For five ob-
servable variables, for example, the experts will have to
perform as many as 80 comparisons. Since statements im-
plying monotonicity tend to arise naturally during the elic-
itation interviews with the domain experts while construct-
ing a Bayesian network, we feel that eliciting all suggested
properties of monotonicity explicitly is too time consum-
ing. The elicitation will moreover give the impression of

unnecessary duplication and, as a result, will generate irri-
tation. We therefore propose to apply the method described
above only for the pairs of conditional probabilities that
are identified from the assignment lattice as violating the
monotonicity properties that were implied by the experts in
their statements.

5 APPLICATION OF THE
VERIFICATION METHOD

During the elicitation interviews, our veterinary experts
had made various statements that suggested properties of
monotonicity for the observable variables of our Bayesian
network for classical swine fever. To study whether or not
our network adhered to the mathematical properties im-
plied, we used the verification method described in the pre-
vious section for various sets of observable variables. In
this section, we review the results that we obtained for one
such set.

We consider the five observable variables Diarrhoea,
Ataxia, Fever, Malaise, and Skin haemorrhages from our
network and take for our output variable the variable CSF
Viraemia. From the five observable variables, we con-
structed an assignment lattice. The lattice, which was de-
picted in Figure 2, includes 2° = 32 elements to capture all
possible joint value assignments to the five variables under
study; it further includes 80 direct set-inclusion statements.

Before the lattice could be enhanced with conditional prob-
abilities of the presence of a viraemia of classical swine
fever, we had to decide upon the context in which the prop-
erties of monotonicity would be verified. For this context,
we decided to take the value assignment in which all other
observable variables of the network had adopted the value
false. We chose this assignment since the various clini-
cal signs have a rather small probability of occurrence and
moreover it is highly unlikely to find a large number of
signs in a single live pig. Our choice of assignment further
had the advantage of fitting in with the mental model of hu-
mans which presumes signs that are not mentioned explic-
itly to be absent. Note that, if we would have chosen a dif-
ferent context, we would have had to adapt the vignettes to
include the clinical signs that were presumed to be present
in the context. Given the chosen context, we computed the
various conditional probabilities to be associated with the
elements of the assignment lattice.

For each pair of directly related elements from the assign-
ment lattice, we compared the computed conditional prob-
abilities of a viraemia of classical swine fever. We found
four violations of the monotonicity properties that had been
implied by the experts during the elicitation interviews. We
presented the pairs of violating assignments to two veteri-
narians using vignettes as described in the previous sec-
tion and asked them to indicate the pig that would be more



likely to have a viraemia of classical swine fever. We thus
asked the veterinarians to perform four comparisons rather
than the 80 comparisons that would have been necessary
for eliciting the properties of monotonicity among the five
variables involved directly.

The four violations of monotonicity in distribution that
were identified from the assignment lattice all pertained to
adding the clinical sign of diarrhoea to the combination of
findings of ataxia and malaise. Being confronted with the
associated pairs of vignettes, the two veterinarians indepen-
dently and with conviction indicated that the probability of
a viraemia of classical swine fever should increase upon
finding the additional sign of diarrhoea. Both veterinarians
mentioned that the combination of ataxia and diarrhoea es-
pecially pointed to classical swine fever; within the scope
of our Bayesian network, they could not think of another
disease that would be more likely to give this combination
of signs. Through their orderings, both veterinarians indi-
cated that the network should indeed have been monotone
in the mathematical sense for the five variables under study
in the absence of any other signs. The four identified vio-
lations thus were indicative of modelling inadequacies.

During the interviews, the veterinarians suggested that di-
agnostic reasoning patterns in the domain of infectious an-
imal diseases are not monotone in general. Both could
rather easily generate, from their accumulated knowledge
and experience, examples in which the output would be
neither isotone nor antitone in the various clinical signs ob-
served. As a side remark, one of the veterinarians more-
over suggested that for studying monotonicity it would not
be necessary to include more than six observable variables,
since with more clinical signs a pig would be dead.

6 CONCLUDING OBSERVATIONS

In this paper, we have presented a method for verifying
monatonicity of Bayesian networks with the help of do-
main experts. The method focuses on a subset of the ob-
servable variables of a network and builds upon a lattice
of possible joint value assignments to these variables. The
lattice is enhanced with probabilistic information about the
effects of these assignments on the probability distribution
over the network’s main variable of interest. The enhanced
lattice then is used for identifying any violations of mono-
tonicity. The experts subsequently are presented with these
violations by means of pairs of vignettes stated in the do-
main’s terminology, for their careful consideration. The
method has been designed specifically so as to ask little
time as well as little cognitive effort from the experts in the
verification of their statements of monotonicity.

The results from applying our method for verifying mono-
tonicity to a real network in veterinary science indicate that
it presents a practicable method for studying reasoning pat-
terns in Bayesian networks. We feel in fact that through
the availability of our method, it has become worthwhile
to devote additional attention to any statements made by
experts during knowledge elicitation that appear to imply
properties of monotonicity.

To conclude, with our method, we are able to verify either
isotonicity or antitonicity for a set of observable variables.
Also, our method applies to binary variables only. We cur-
rently are extending our method to apply to sets of observ-
able variables of mixed monotonicity and to non-binary
variables. In the near future, we hope to be able to further
extend our method to include techniques for identifying the
parts of a Bayesian network that have to be modified to en-
sure the required properties of monotonicity.
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