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Abstract. We present a method for producing cuts in triangulated surfaces.This
method keeps the mesh size low and element qualit y high. We show the method
for triangle meshesin two dimensions, and then generalize it to three dimensional
curved surfaces,where bifurcations and annihilations of incisions may occur. This
method could be applied to simulating surgery of membrane-like structures, such
as veins or intestine.

1 In tro duction

This paper is about simulating cuts in triangulated surfaces.The motivation
of this work is formed by interactive surgery simulation [2,8,11,15,16]: com-
puter simulations of surgical procedurescan bring down the costs and risks
associated with learning to perform di±cult operations.

Such simulations combine interactive deformation of virtual tissue with
simulations of surgical procedures.The Finite Element Method (FEM) seems
suited for computing deformation since it is physically accurate. It is a
technique for solving partial di®erential equations (PDEs) of various types.
Meshesform the basis of this technique: the domain of the problem is sub-
divided in geometric primitiv es (`elements') such as tetrahedra or triangles.
With this subdivision the PDE can be transformed in a system of numeri-
cal equations. For the rest of the discussion,we will assumethat the PDE
is linear and derives from an elasticity problem. The equations can then be
discretized into a linear system, where the matrix is called sti®nessmatrix .

Finding a solution is a two step process:̄ rst, the sti®nessmatrix is con-
structed, then the unknowns (a set of deformations) are computed from the
sti®nessmatrix and given loads.The characteristics of a meshin°uence both
steps. The accuracy of the discretization processis determined by element
shapes.For triangle meshes,large elements and large anglesdecreasethe ac-
curacy of the FEM discretisation (analogously, large dihedral angles do so
for tetrahedra). The accuracyof the solution processin ¯nite precisionarith-
metic is determined by the condition number of the sti®nessmatrix, where
a lower condition number is better. The convergencespeed of iterativ e so-
lution methods also depends on the condition number. This holds for both
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the conjugate gradient algorithm (a static approach), and for damped dy-
namic relaxations using explicit time integration. The condition number of a
complete sti®nessmatrix can be bounded by the condition numbers for sep-
arate elements. In contrast to the FEM discretisation error, high condition
numbers are causedby elements with small sizesand small angles.So, the
requirements for optimal accuracyin the discretisation and for optimal speed
and accuracy in the numerical processare contradictory . However, it is safe
to say that a meshwith `round' elements, i.e. no anglescloseto ¼and 0, and
bounded element sizesis a good generalpurposemesh.

Iterativ e algorithms seemwell suited as numerical solution strategies for
surgery simulations, since they allow on-line mesh changes [8,16]. If such
an iterativ e approach is used, then mesh quality becomesan issue of vital
importance: the maximum sizeof simulations is largely determined by mesh
characterics:better meshesyield faster convergence,enabling larger and more
accurate simulations. It follows that simulated surgical manipulations (such
as needle insertions, cuts, and cauterizations) should be designed to keep
mesh quality high. Secondly, the manipulations should also keep the com-
plexity of the meshlow, sincethe cost of a singleiteration step is proportional
to the sizeof the mesh.

Simulation of cuts in surgery simulation is related to simulation of other
destructive surgical procedures.The ¯rst operation to have been simulated
on volumetric meshesis cauterization. This was done by removing elements
in contact with a virtual cauterization tool [8]. A disadvantage of element
removal is that it producesa jaggedsurfaceon the virtual tissue.

For cutting, subdivision methods are the norm [2,11,15]: elements that
are in contact with the scalpel are marked active, and subdivided to produce
a cut conforming to the scalpel position. The subdivision moves along with
the scalpel during its stay in an active tetrahedron. When the scalpel leaves
an active element, the subdivision is entered in the meshpermanently . A 2D
exampleof subdivision is in Figure 10.

Subdivision methods always increasethe sizeof the mesh.Moreover, these
methods tend to producedegeneracies.This is causedby the useof an active
region. Mesh modi¯cation is done only within a ¯xed region of the mesh,
and if the scalpel movescloseto the boundary of that region, poorly-shaped
elements are inevitable.

Ganovelli and O'Sullivan [12] try to counter the the degeneraciescaused
by subdivision cutting. They deal with thesedegeneraciesby collapsingshort
edgesof the mesh. This approach does improve the quality of the mesh,
but this solution does not repair all inconsistencies:not all edgesmay be
contracted, and °at triangles and tetrahedrons, which do not contain short
edgesbut are still degenerate,are not dealt with.

We have previously tried an approach where scalpel nodes are snapped
to the tra jectory swept by the scalpel [16]. The advantage of this method is
that the meshsizeremains small, and few short edgesare created. However,
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there are a number of disadvantages: since no new nodes are created, the
resolution of the cut is bounded by the mesh resolution. The incision does
not reach up to the position of the scalpel, but lagsbehind it. A more serious
problem is that snappingcan result in degenerateelements in the mesh.Such
degeneraciesare dealt with by subdividing °at elements, and collapsing the
resulting short edges,e®ectively removing the °at element. Unfortunately,
not all edgescan be collapsed. Using existing mesh features as a basis for
meshmodi¯cation is problematic: when the scalpel is not especially closeto
a mesh feature, it may not be possible to match the mesh topology to the
scalpel path without intro ducing degeneracies.

In summary, producing high quality cuts in tetrahedral meshesis a di±-
cult problem. For cutting in surfaces,there is an analogousproblem, which
has the samedi±culties as volumetric cutting approaches. Serby et al. [19]
proposea method which also relies on a form of node snapping: the scalpel
is modeled as a line segment, and nodes from the mesh are projected onto
that segment. In a post-processingstep, the edge lengths and element vol-
umesare optimized using a particle system.The result is a good looking cut,
without a decreasein mesh quality and size. However, in reality, the path
of a scalpel is not a large line segment, but a concatenation of several small
ones, and their approach does not seemto addressthis issue. Bruyns and
Senger[5] use surface cutting with subdivision in large-scalesimulations of
various procedures.

In light of the complications of volumetric cutting, we decided to take a
step back, and analyze the cutting problem for surfacemeshes¯rst. In this
paper we will present a method that producescuts in a triangulated surface
which does not decreasethe mesh quality and keepsthe mesh size low. We
have analyzedthis problem primarily to gain insight into the cutting problem
for 3D tetrahedral meshes.Nevertheless,this technique could be applied in
surgery simulation for membrane-like structures, such as skin or intestine.

2 Cutting in 2D

We state the generalmeshcutting problem as follows: given a starting mesh,
and positions of a user-controlled scalpel, modify the meshat every moment
to show an incision that represents the past tra jectory of the scalpel, and
ends exactly at the scalpel. The challenge in this problem is to produce a
well-shapedmeshwith few elements. The simplestcaseis the two-dimensional
form. Here the meshis a triangulation in the plane, and the virtual scalpel is
a point. The challenge is to produce elements that have no large anglesand
no short edges.

2.1 Delauna y triangulation

Sincewe are putting emphasison the quality of the mesh,we brie°y review
the Delaunay Triangulation (DT), a popular technique for generatinga well-
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shaped triangulation of a given set of points. The DT of a set of points is
de¯ned asa triangulation of that set where the circumcircle of every triangle
doesnot contain any other points from the set. This property is also referred
to as the empty-circle property. The empty-circle property can also be de-
¯ned for edgesof the mesh: an edge is called legal or Delaunay when the
circumcirclesof its incident triangles do not contain the opposite node of the
other triangle. An exampleof an illegal edgeis in Figure 1. Delaunay triangu-
lations and Delaunay edgesare intimately related: a Delaunay triangulation
only has Delaunay edges.

Non-Delaunay or illegal edgesof a triangulation canalways be °ipp ed: the
two triangles incident with the edgealways form a convex quadrilateral, and
the diagonal may be switched. The °ipp ed diagonal is always Delaunay, and
the minimum angleof the pair of triangles is always increased,thus improving
meshquality. Flipping illegal edgesonly a®ectsa single part of the mesh,so
it can be seenaslocal improvement strategy. The Delaunay triangulation can
be constructed by starting with an arbitrary triangulation and °ipping illegal
edgesuntil none are left. The ¯nal result maximizes the minimum element
angle. This is called the maxmin-angle property.

There arevariousways to measureelement quality: for example,minimum
angle, circumradius to shortest edgeratio, circumradius to inscribed radius
ratio, etc. In 2D all thesemeasuresare equivalent up to constant factors [14],
so the maxmin-angle property of the DT meansthat it is a reasonablemesh-
ing technique for virtually all element quality measures.When coupled with
algorithms for point insertion it is a basis form many re¯nement meshing
techniques [1,7,18].

Fig. 1. An illegal edge has a triangle whose circumcircle contains the opposite
vertex of a neighboring triangle (left). By reconnecting (`°ipping') the edge, the
circumcircles becomedisjoint (righ t).

2.2 Cutting and Delauna y °ips

Our problem, cutting in meshes,is di®erent from the standard meshingprob-
lem. A starting meshis given, and the shape of our domain is variable: as the
cut progresses,the shape of the boundary is changed.The Delaunay Trian-
gulation assumesa given set of points, and it is always convex. Cuts result
in non-convex boundaries, so the standard DT is not directly usable. Nev-
ertheless,we can retain the idea of using edge °ips to locally improve the
mesh.



A Delaunay approach to interactiv e cutting in triangulated surfaces 5

Our approach works as follows: when cutting, the scalpel is attached to
a node, the active node, so moving the scalpel moves the active node. The
active node is always part of the boundary, so it is incident to two boundary
edges,the cut edges. During a cut, theseedgesalmost coincidegeometrically,
and form an incision. We call triangles incident with the active node active
triangles. The activenodeis moved,and after each movement, local remeshing
is applied to the active triangles. The technique is demonstrated in Figure 2;
a more elaborate example is in Figure 4. The remeshingprocessconsistsof
the following actions.

² Edgesare °ipp ed to improve the element angles.
² If another node is found closeto the active node, it is removed.
² When the incision becomestoo large, it is split thus intro ducing new

nodesto approximate the scalpel path.

During a cut, nodesare removed in front of the scalpel, and inserted behind
the scalpel.

The rationale for °ipping and removing nodes is that the Delaunay cri-
terion tends to °ip away triangles with anglesapproaching 180±, sincethese
have large circumcircles. Nodes that are closetogether get connected.Such
triangles have a small angle opposite a short edge.Theseelements are dealt
with by removing nodes that are closeto the active node. This can only be
done for nodesthat are not part of the boundary: removing boundary nodes
would changethe shape of the object represented.

During a cut, the cut edgesare in almost in the samelocation. From a
geometric point of view, we can identify both cut edgesinto a single edge,
and check if this edgesatis¯es the empty-circle criterion. If it doesnot, new
nodes are inserted, where the line connecting nodes opposite the cut edges
intersect the scalpel path. We call this procedure a incision split, and it is
demonstrated in Figure 3. When the scalpel passedthat point previously,
closenodeswereremoved, sothe split will not lead to short edges.The newly
insertednodesaredilated slightly , to prevent numerical problemswhena path
self-intersects.The new nodesalways lie on a line that connectstwo existing
meshnodes,hencethe accuracy of the represented tra jectory is determined
by the resolution of the starting mesh.

When the scalpel enters or exits the mesh, it is closeto the boundary of
the mesh, so a realistic incision would contain very short edges.To prevent
theseshort edges,special precautions are taken: incisions are postponed and
exits are done in advance.

When the scalpel enters the mesh,an active node is created. If the entry
happenscloseto an existing node, we move it and label it active. Otherwise, a
new node is inserted at at the entry point. The active node movesalong with
the scalpel, creating a temporary dent. When the active node is su±ciently
far from the entry point, it is \¯xed up": nodesare addedat the entry point,
creating an incision. If the scalpel is retracting (moving away) before this
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remove: °ip: incision split:

Fig. 2. The evolution of a simple 2D cut is depicted from left to right; the dotted
line indicates the scalpel tra jectory. The key steps are to °ip edges (center), to
remove closenodes (left), and to insert nodes behind the scalpel (righ t).
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Fig. 3. During an incision split, nodes are inserted in the cut edges.This happens
when ac, with c = (c1 + c2)=2, fails the empty-circle criterion as diagonal of aco1o2 .

¯x-up happens, the dent is left in the meshpermanently . Before a ¯x-up, no
incision splits take place.

When exiting, the the cut is ¯nished before the scalpel comestoo close
to the boundary. At every step the movement of the scalpel is extrapolated.
When this extrapolation hits the boundary, and is closeto the active node,
the cut is ¯nished: a node is inserted at the extrapolation, and the cut is
dissected.This exit procedurestill leavesrelatively short edgespermanently
in the mesh.To rectify this, theseedgesare contracted. The boundary edges
that are created with this exit operation are added to a list of forbidden
edges.These edgesare not tested for collisions during ensuing movements.
This prevents artifacts when the actual scalpel movement di®ers from the
predicted movement. If the scalpel is su±ciently far from the exit point, they
are eligible for collision checking again.



A Delaunay approach to interactiv e cutting in triangulated surfaces 7

Fig. 4. Delaunay cutting on a triangle mesh.Both the meshitself and the boundary
are shown. The scalpel tra jectory is indicated with a dotted curve. Notice how
strongly curved path segments are cut short in the realized cut. The starting mesh
was regular and consisted of 722 triangles. The cut increased mesh size by 41
triangles.

The cutting routines must maintain referencesto active parts of the mesh,
while changesare applied to the mesh. This implies that certain mesh fea-
tures must be persistent acrosssuch changeoperations. This persistencewas
enableby using a data structure that resembles standard data structures for
subdivision storage, like the half-edgedata structure [13]. The di®erenceis
that our data structure is only usedfor manifold simplicial complexes.It also
works for tetrahedral subdivisions, and can be manipulated with only two
very genericoperations, being replace-trianglesand change-triangles. Oriented
simplexesare associated explicitly with the Edgeand Triangleobjects repre-
senting them. This allows meshchangesto be speci¯ed formally in terms of
simplexes,and it makesit easycatch programming errors that inadvertently
create non-manifold meshes.Pointers linking Triangle and Edge objects al-
low for e±cient traversal of the subdivision. In this framework, edge°ips are
speci¯ed in terms of replace-triangles, can be performed in constant time, and
Edgeobjects that are alsopresent in the new °ipp ed meshare retained, mak-
ing pointers to theseobjects persistent. Similarly, dissectinginternal facesof
the meshcan be speci¯ed conciselyin terms of change-triangles, and pointers
to the facesinvolved are persistent acrossthis change.

3 Surface cuts in 3D

Triangulated surfacesin 3D are a common concept in computer graphics.
They have beenusedfor surgery simulations [4,6]. In thesecaseselastic be-
havior wassimulated with damped mass-springsystemsinstead of the FEM.
Nevertheless,the concernsfor mesh quality continue to hold: °at elements
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are inverted more easily, and small elements correspond to short springswith
small masses.Their high vibration frequenciestranslate into expensive inte-
gration schemes.

In the 2D scheme,the scalpel is a point, and it is attached to a single ac-
tiv e node. Trianglesare remeshedin the vicinit y of the active node. There are
two generalizationsof the 2D scheme:¯rst, the remeshingprocessaround an
active node can be done for curved instead of °at surfaces,assuminga line-
shaped scalpel. Second,such a line-shaped scalpel can intersect a curved 3D
surface in multiple points, so a consistent model of cutting allows multiple
incisions, each with an active node. These active nodes can interact: inci-
sions may meet, leading to annihilations, or incisions may hit folds, leading
branches.

We assumethat the surfaceis given as a triangle meshwith a boundary,
and that no further information on the surfaceshape is known. The virtual
scalpel is a line segment, and its movement is given by sampled positions
of its endpoints. The endpoints are assumedto move with constant velocity
betweenthe samples.During a cut, active nodesare part of the boundary of
the surface.The two boundary edgesincident with an active node again are
called cut edges,and de¯ne an incision.

3.1 Single incision

A scalpel movement is handled as follows: the line segment representing the
newscalpel position is intersectedwith all active triangles. If a singleintersec-
tion is found, then the activenode is moved to that point. The active triangles
are subjected to °ipping. The 2D criterion is used to determine whether an
edgeis °ipp ed: an edgeis consideredillegal when the two triangles incident
to that edgewould be illegal in a 2D triangulation. Conceptually, we could
say that the incident triangles are unfolded to be coplanar, and then the two
dimensional criterion is used. It is not clear whether this °ipping criterion
leadsto a terminating algorithm when applied to the edgesof an arbitary 3D
surfacemesh. In this sense,this technique is now truly a heuristic.

Flipping on 3D surfacesis a delicateoperation: some°ips are topologically
impossible(as demonstrated in Figure 5). This meansthat all °ips must be
checked in advancefor failure cases.

Incisionsaresplit analogouslyto the 2D case:during a cut, the last path of
the scalpel is stored.When the cut edgesviolate the 3D empty-circle criterion,
new nodes are inserted where the path is closest to the line connecting the
nodesopposite the cut edges.

Node removal is done in a heuristic manner. Suppose that we want to
remove a node v that is incident with n triangles. We say that two adjacent
triangles incident with v form an ear, if the sum of the anglesopposite v is
less than ¼. When removing v, all ears are °ipp ed until v is incident with
only 3 triangles. Then v is removed, and the involved edgesare °ipp ed back
if they violate the empty-circle criterion.
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Fig. 5. Not all °ips in 3D are topologically valid: when °ipping the bold edge on
the left, the new edge (bold) occurs twice in the resulting complex. The triangles
are displayed in an exploded view for clarit y.

When the scalpel is almost parallel to the surface, small movements of
the scalpel can result in large movements of an active node. For this reason
it is necessaryto control large movements. Large movements are subdivided
using a maximum distance.This distanceis computed asthe minimum for all
distancesbetween the line spannedby the scalpel and lines spannedby the
edgeopposite the active node, as indicated in Figure 6. A similar mechanism
for largemovement control is alsousedin our protot ypeof the 2D mechanism,
where it compensatesfor the slownessof the implementation.

d max

activ e no de

scalp el

Fig. 6. The maximum movement dmax for a scalpel and a single triangle. The total
maximum distance is given by the minim um over all triangles incident with the
active node.

3.2 Multiple incisions

In 3D, the scalpel can interact with the entire surface,and the scalpel may
enter the meshin any place.We can distinguish three cases,asdemonstrated
in Figure 7: the scalpel hits a boundary edge of the mesh, the scalpel tip
enters through a triangle, or the scalpel hits an internal edgeof the mesh.
Only the ¯rst casealso occurs in 2D. It is handled completely analogousto
the 2D case.

In the secondcase,a new active node is inserted in the incised triangle.
When the active node is far enoughfrom the entry point, a node is inserted
at the original entry point. The result is an edgethat connectsthe entry node
with the active node. During the next incision split a real incision is formed.
Until that time, the edgeis constrained, so it cannot be °ipp ed away. The
third caseis when the scalpel hits an exposededgeof the mesh.Then a single
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Fig. 7. There are three ways for the scalpel to enter: by hitting the boundary,
entering with the tip or hitting an exposed internal edge.

active node is inserted in the edge.During the next movement, the cut will
branch into two incisions. We now discussbranching and annihilations.

The scalpel is represented by a line segment, and line segments can inter-
act with curved surfacesin many places:the scalpel may incise the surfacein
multiple locations, and during a cut a single incision may branch into multi-
ple incisions,as is shown in Figure 9. We could apply the 3D remeshingfrom
the previous section, if we could rule out any interactions between di®erent
incisions. Fortunately, this seemspossible:we can forbid interactions by en-
suring that every triangles is incident with at most one active node. This is
achieved by the following restrictions.

² Incisions in edgesor triangles that already active are rejected.
² Nodesthat separateactive nodescannot be removed.
² Edgesthat separatetwo active nodescannot be °ipp ed.

When an active node moves towards a restricted node, an annihilation is
performed: all edgesfrom the restricted node to an active node are dissected.
This is demonstrated in Figure 8. When an active node comesclose to an
edgeseparating active nodes, then its movement is extrapolated, and a new
node is inserted at the extrapolated point. The annihilation now proceeds
with the newly inserted node. A normal boundary exit is a special caseof an
annihilation.

F orbidden to remo v e

F orbidden to flip

Scalp el

Fig. 8. Edgesthat separateincisions may not be °ipp ed, nodesseparating incisions
may not be removed. Instead, when an active node comes too close to such a
forbidden node or edge,an annihilation is performed (righ t).

When a scalpel movement is processed,the next position of the active
node is determined by intersecting all triangles incident with the new scalpel
position. If multiple active triangles are intersected,as demonstrated in Fig-
ure 9, then the cut will branch. New incisionsare inserted,and the old incision
is marked asno longer active. The edgesconnectingold and new active nodes
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Unfold

Fig. 9. Folded surfacesmay lead to branching cuts (top). In such cases,a movement
will cause the scalpel to intersect multiple triangles (bottom; intersection points
are indicated by dots). When this happens,multiple incisions replace the old active
node.

are dissected.During a branch, the new nodes are close to the original in-
cision. This leads to short edgesand degeneratetriangles. When the scalpel
progressesfurther, theseshort edgesdisappear.

4 Results

The 2D versionof this algorithm hasbeenimplemented in a small application
written in Python. The virtual scalpel is controlled by the mouse.A sample
is shown in Figures 4 and 10. The meshwas uniform on a squaregrid.

Fix-up, node removal and exits dependon points beingcloseto or far from
the active node. Thesenotions are expressedin global constant thresholdsfor
the distance. These thresholds are denoted by " edge for node removal, " entry

for entry ¯xup, and " exit for predicting exits. They were set to fraction of
the averageglobal edgelength ¹h. For Figure 4 we used" edge = ¹h=3, and for
Figure 10 we used ¹h=3 and ¹h=8. The entry and exit toleranceswere set to
¹h=6. This choice is somewhatarbitrary , but if " edge is set larger than ¹h, mesh
complexity will be reduced during a cut. If it is larger than ¹h=2, then most
nodes in the vicinit y of the scalpel will be removed. Lower values than ¹h=2
set a threshold for edgelength. This doesnot directly control the accuracyof
the cut tra jectory represented in the mesh: the example in Figure 10 shows
that lowering the threshold can decreaseaccuracy.

In Figure 10 the new cutting scheme for 2D is compared with a sub-
division approach, where each sliced triangle is replaced by three triangles.
Elements shapesand edgelengths are much worsein the subdivision mesh,as
evidencedby the histograms of minimum edgelength and minimum triangle
angle in Figures 11. The price for this better and smaller meshis a decrease
in resolution: the subdivision cut follows the scalpel path more closely.

The 3D version of this algorithm has beenimplemented in a small appli-
cation written in C++. It also usesthe mouseto obtain scalpel movements.
Samplesare shown in Figures 12 and 13. The 3D version assumesthat all
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Fig. 10. The same cut performed with both subdivision (left) and Delaunay cut-
ting (center, " edge = ¹h=3 and right, " edge = ¹h=8). The starting mesh contains 50
triangles. The subdivision cut increasessize by 62 triangles, the Delaunay cut in
the center by 10, and on the right by 12 triangles. The scalpel tra jectory is indi-
cated with a dotted line. Notice that the mesh in the center picture matches the
tra jectory better than the mesh on the right, although " edge was smaller.
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Fig. 11. Histogram of minim um element angle (left) and minim um element edge
for the subdivision and ¹h=3 Delaunay cut from Figure 10. The peak corresponds to
the unaltered triangles (minim um angle ¼=4, minim um length 0:2). The Delaunay
cut (solid line) yields larger minim um angles, and longer edges.

events are strictly ordered in time, and doesnot take special precautions for
degeneratecases.When the scalpel enters or exit in a movement parallel to
the surfacein, multiple events happen simultaneously, which leadsto various
failures.

Flips can be implemented in constant time. Node removals can be ac-
complishedin O(d logd), where d is the degreeof the node [9]. The expected
value of d in surface meshesis 6, so the total remeshingprocessfor a sin-
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Fig. 12. In principle, our approach also works for a cut branching into three cuts.
The mesh has very sharp angles and a limited resolution, so edge°ips produce an
odd end result.

gle movement can be implemented in constant time, which guarantees that
the remeshingprocessitself is scalableto larger meshes.However, in the 3D
version the scalpel can interact with all parts of the mesh at every step. In
practice, e±cient collision detection will be neededfor a scalableimplemen-
tation.

5 Discussion

We have presented an approach to cutting in triangulations that produces
measurably smaller and better-shaped meshesthan previous methods. The
method is basedon a model of a point-shaped scalpel that moves an active
node through a static mesh. During movements, the area around the active
node is remeshed.The approach generalizesto 3D surfaces.The 3D surface
model supposesa line-shaped scalpel, and it is possible to generalize the
single-incisiontechnique to multiple incisions consistently .

The technique bears some resemblance to interactive mesh dragging, a
technique proposed by Suzuki et al. [21] to allow dragging operations on
triangle surfacesin interactive geometric modelers.

The technique that we have described is heuristic: it employs more or
less arbitrary constant tolerances " edge, "exit and "entry . This implies that
the technique is only usable for mesheswith a constant density, and that
suitable values must be computed beforehand. In retrospect, it might have
beenwiser to consideran edgetoo short when the opposite angle in incident
triangles is shorter than somethreshold. This criterion is also local but scale
independent.

We have useda static model for meshcutting. In the context of surgery
simulation and deformable models, this is not realistic: surgical instruments
always interact with the deformedmesh,and exert force on the tissue that is
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Fig. 13. Cuts in a 392 triangle 3D surfacemeshof a a Gaussianbell-curve. The ¯rst
5 images show the evolution of two cut movements. The ¯nal image demonstrates
more self-intersecting paths.
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cut. A full-°edged simulation would beable to respond to movements with re-
action forces,which could be relayed to a force-feedback device.However, the
remeshingprocesssis not a®ectedby the presenceof deformation. Both the
2D and 3D algorithm include a step where the new position of the scalpel is
intersectedwith parts of the mesh.When deformation is present, theseinter-
sectionsare done with the deformed mesh.The deformation of the triangles
involved can be used to translate the point back to the referencesituation.
Our technique can proceedas described using referencelocations.

Entry and exit are changed by the presenceof deformation: surgical in-
struments must overcomea threshold in force to puncture membranes cov-
ering organs [3,10]. Cutting requires less force than puncture, so after the
instrument enters the tissue, it will make an incision immediately, ensur-
ing that entry does not lead to arbitrary small incision depths. This is a
physical variant of our entry-¯xup, and it would make our own entry-control
super°uous. A similar observation might also hold for a scalpel ¯nishing a
cut. Removing entry control is attractiv e, since our approach depends on a
heuristically chosenquantitit y " entry , and it is possibleto create a deadlock
situation: if a scalpel entry has to be ¯xed up, the active node is part of
the boundary. It is not always possible to preclude element inversion when
moving boundary nodes, so the step-sizecontrol for large movements may
halt further movements in somecases.

During a cut, nodesare added and removed; the nodesare added on line
segments connectingexisting nodes,which implies that the overall resolution
of the mesh does not increase.Some interactive simulations of deformable
objects re¯ne mesheson demand to provide more accurate results in the
region of interest [10,17,22]. Delaunay re¯nement algorithms [7,18] seemto
¯t our framework of using Delaunay Triangulations, however more research
is neededbefore this can be used in practice. Re¯nement algorithms need
input geometrieswithout small angles. Moreover, in 3D we are operating
on a discretization of a curved surface, so it is not clear where to insert
new points. Existing surfacemeshingalgorithms, such as Chew's guaranteed
quality surfaceDelaunay re¯nement [7], assumethat a smooth description of
the surfaceis available.

We have demonstratedan extensionof our single incision 3D approach to
multiple incisions. The extension is consistent with our model of the scalpel
as a moving line segment. It remains to be seenhow branching cuts should
be combined with deformations.

Unfortunately, both the rationale for Delaunay and our heuristics do not
readily generalizeto tetrahedral meshes.Delaunay tetrahedralizations of well-
spacedpoints admit slivers, °at tetrahedrons that have four nearly planar and
nearly cocircular vertices (seeFigure 14). Moreover, the higher dimensional
equivalent of edge°ipping (face °ipping), does not always work: there exist
con¯gurations of non-Delaunay faceswhich can not be °ipp ed. This implies
that °ipping as a local improvement strategy does not always work. If the
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tetrahedralization is already Delaunay, then °ipping non-Delaunay facesdur-
ing insertion or removal of points in a meshis always possible.Sincecuts are
non-convex, this suggeststhat a tetrahedral generalizationmust build a con-
strained or conforming Delaunay tetrahedralization with a moving boundary.
A ¯rst step towards enabling such cuts would be to extend the current 3D
surface cutting approach to cuts of closed surfaces:when cutting a closed
surface,surface triangles are added to the inside of the incision, so the sur-
faceremainsclosedduring cuts. This surfacecould then be usedasa basisfor
making a tetrahedralization. An additional complication is that a constrained
Delaunay tetrahedralization only exists if edgeshave no non-incident nodes
closeby: the surfaceshould be ridge-protected [20].

Fig. 14. Slivers have an excellent circumradius to shortest-edgeratio, so they can
be present in Delaunay tetrahedralizations of well-spaced point sets. They are de-
generate nevertheless.
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