i SCSG

= Strictly Competitive Strategic Game

= if G ={1,2},(A).(2)),

= and Va,b eAra> b~ b>a
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i SCSG

= Strictly Competitive Strategic Game

= TG = ({1,24(A).(Z)),
= and Va,b eAra> b~ b>a

= Zero-sum game Iif:
s VX U (X)+ U,(X) =0
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FInding a strategy:
maxminimizer

s let G = ({1,2},(A),(=)) be a SCSG
= action x* € A, IS maxminimizer for 1:
= VXeA, min u,(x*,y) >, m/in u,(x,y)

YEA, YEA;
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i maxminimizers

= solve max,min, for 1
u (Xy) =

= max{

. min{u,(x.y)lyeAs}
M |X EA]_} —
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i maxminimizers

= solve max,min, for 1

Y1

Y,

| Yk

u,(X,y) = X1
= max{ Xo
= min{u,(x,y)lyeA}

m |X EA]_} —

X,: mingu(Xy,y) = a,
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i maxminimizers

= solve max,min, for 1
u (Xy) =

= max{

. min{u,(x.y)lyeAs}
M |X EA]_} —

X,: mingu(Xy,y) = a,

Xp0 ming u(x,,y) = a,
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i maxminimizers

= solve max,min, for 1
u (Xy) =

= max{

. min{u,(x.y)lyeAs}
M |X EA]_} —

X,: mingu(Xy,y) = a,
Xp0 ming u(x,,y) = a,

Xo: ming u(x,,y) = a,
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i maxminimizers

= solve max,min, for 1 Y1 | Y | Vi
u,(x,y) = X1 2
= max{ X, | a,
= min{u; (X,y)lyeA,} a
[ |X EA].} — X* a*
. \ a
X,: mingu(Xy,y) = a,
X, a,
Xp0 ming u(x,,y) = a,
> max = a* for x*

Xo: ming u(x,,y) = a,
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i maxminimizers

= solve max,min, for 1
u,(X,y) =

= max{

. min{u,(x.y)lyeAs}
M |X EAl} —

9/19/2007

Y1 Y2 Ys |Ya |Ys
X1 2,-2 | 2,-2 |3,-3(1,-1|1,-1
x, | 3,-3 | 5,5 |4,-4|6,-6 | 4,-4
X3 5-5 | 2,-2 |4,-4| 3,-3| 3,-3
X, | 6,-6 | 8,-8 |5,5|7,7]6,6
X: | 3-3 | 5-5 |4,-4|2,-23,-3
Xe | 4,-4 | 3,-3 |7,-7|5,-5 | 4,-4




i maxminimizers

= solve max,min, for 1
u,(X,y) =

= max{

. min{u,(x.y)lyeAs}
M |X EAl} —

X1: mingu(Xy,y) =1

9/19/2007

Y1 Y2 Ys |Ya |Ys
X1 2,-2 | 2,-2 |3,-3|1,-1|1,-1
x, | 3,-3 | 5,5 |4,-4|6,-6 | 4,-4
X3 5-5 | 2,-2 |4,-4| 3,-3| 3,-3
X, | 6,-6 | 8,-8 |5,5|7,7]6,6
X: | 3-3 | 5-5 |4,-4|2,-23,-3
Xe | 4,-4 | 3,-3 |7,-7|5,-5 | 4,-4
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i maxminimizers

= solve max,min, for 1
u,(X,y) =

= max{

. min{u,(x.y)lyeAs}
M |X EAl} —

X1: mingu(Xy,y) =1

Xp0 ming u(x,,y) = 3

9/19/2007

Y1 Y2 Ys |Ya |Ys
X1 2,-2 | 2,-2 |3,-3|1,-1|1,-1
X, 3-3 | 5,-5 |4,-4|6,-6 4,4
X3 5-5 | 2,-2 |4,-4| 3,-3| 3,-3
X, | 6,-6 | 8,-8 |5,5|7,7]6,6
X: | 3-3 | 5-5 |4,-4|2,-23,-3
Xe | 4,-4 | 3,-3 |7,-7|5,-5 | 4,-4
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i maxminimizers

= solve max,min, for 1 Yo Y2 Vs Ve |Ys
u,(x,y) = X, | 22| 2-2(3-3|1,-1]1,-1
= max{ X, | 3,3 | 5,-5 |4,-4|6,-6 |4,-4
= min{u,(X,y)|yeA,} X3 | 5,5 | 2,-2 |4,-4|3,-3|3,-3
=[x €A} = X, | 6,6 | 8,-8 |5,-5|7,-7|6,-6
| \ Xs | 3,-3 | 5,5 |4,-4|2,-2|3,-3

X1: mingu(Xy,y) =1

Xe | 4,-4 | 3,-3 | 7,-7|5,-5 | 4,-4

Xp0 ming u(x,,y) = 3

Xp: ming u(x,,y) = 3
9/19/2007

J

max = 5 for x* = x,
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i maxminimizers

solve max,min, for 1
u,(X,y) =

= max{
= min{u,(X,y)|yeA,}
n IX EAl} =5

solve max,min, for 2
u,(X,y) =

= max{

= min{u,(x,y)|xeA}

= ly €A} =
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Y1 Y2 Ys |Ya |Ys
X1 2,-2 | 2,-2 |3,-3|1,-1|1,-1
X, 3-3 | 5,-5 |4,-4|6,-6 4,4
X3 5-5 | 2,-2 |4,-4| 3,-3 | 3,-3
X, | 6,-6 | 8,-8 |5,-5|7,7]6,6
X: | 33 | 5-5 |4,-4|2,-23,-3
Xe | 4,-4 | 3,-3 |7,-7|5,-5 | 4,-4
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i maxminimizers

= solves max,min, for 1
u,(X,y) =

= max{
= min{u;(x,y)lyeA,}
n IX EAl} =5

= solves max,min, for 2
u,(X,y) =

= max{
= min{u,(x,y)|xeA}
m Iy EAZ} = -6l

= Equilibrium (6,-6)
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Y1 Y2 Ys |Ya |Ys
X1 2,-2 | 2,-2 |3,-3|1,-1|1,-1
X, 3-3 | 5,-5 |4,-4|6,-6 4,4
X3 5-5 | 2,-2 |4,-4| 3,-3 | 3,-3
X, 6,-6 | 8,-8 |5,-5|7,-7|6,-6
X: | 33 | 5-5 |4,-4|2,-23,-3
Xe | 4,-4 | 3,-3 |7,-7|5,-5 | 4,-4
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i maxminimizer

s let G = ({1,2},(A),(=)) be a SCSG

= action x* € A, Is maxminimizer for 1:

= VXeA, min u,(x*,y) >, min u,(X,y)
yeh, yeh,

= action y* € A, Is maxminimizer for 2:

= VyeA, min u,(X,y*) =, min u,(x,y)

XeA 1 XEA
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i maxminimizer

= action x* € A, IS maxminimizer for 1:
= VXeA, min u,(X*,y) =, min u,(X,y)
yeA, YeA,;

= solves max,min, u,(x,y) for 1
= solves max,min, u,(x,y) for 2

= ‘maximizes minimum that | can
guarantuee’

9/19/2007
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i maxminimizers

= solves max,min, u,(x,y) for 1 =
= max{ X €A} =

9/19/2007
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i maxminimizers

= solves max,min, u,(x,y) for 1 =
= max{ min{u,(x,y)|yeA,} |x €A} =

9/19/2007
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i maxminimizers

= solves max,min, u,(x,y) for 1 =
= max{ min{u,(x,y)|yeA,} [X €A} =
- maxXEAlminyeAzul(x,y) —

= max,minyu;(X,y)

= The solution x* Is called the ‘security
strategy’ for 1

9/19/2007

19



i Lemma

= assume u, = -u,
s then:

= MaXypoMiNy aq Us(X,Y)=
= - MINy_aoMaXy pq Ug(X,Y)

9/19/2007
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i Equilibria and maxminimizers

= If (X*,y*) Is a N.eq for G, then
= X* IS @ maxminimizer for 1,
= Y* IS a maxminimizer for 2

Y1

Yo

Y3

X1 | 2,-2

1,-1

3,-3

X2 15,-5

3,-3

4,-4

X3 11,-1

-2,2

-1,1

9/19/2007
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i Equilibria and maxminimizers

= If (X*,y*) Is a N.eq for G, then
= X* IS @ maxminimizer for 1,
= Y* IS a maxminimizer for 2

Y1

Yo

Y3

X1 | 2,-2

1,-1

3,-3

X2 15,-5

3,-3

4,-4

X3 11,-1

-2,2

-1,1
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i Equilibria and maxminimizers

= If (X*,y*) Is a N.eq for G, then
= X* IS @ maxminimizer for 1,
= Y* IS a maxminimizer for 2

Y1

Yo

Y3

X1 | 2,-2

1,-1

5,-9

X2 15,-5

3,-3

4,-4

X3 11,-1

-2,2

-3,3

9/19/2007
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i Equilibria and maxminimizers

= If (X*,y*) Is a N.eq for G, then
= X* IS @ maxminimizer for 1,
= Y* IS a maxminimizer for 2

Y1

Y-

Y3

X1 | 2,-2

1,-1

5,-9

X2 15,-5

3,-3

4,-4

X3 11,-1

-2,2

-3,3

9/19/2007
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i Equilibria and maxminimizers

= If (X*,y*) Is a N.eq for G, then
= X* IS @ maxminimizer for 1,
= Y* IS a maxminimizer for 2
= max,min,u, (X,y) =
= Min max,u; (X,y) =u,(X*,y*)

9/19/2007
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i Equilibria and maxminimizers

= If (X*,y*) Is a N.eq
for G, then

9/19/2007

X* IS a maxminimizer
for 1;

y* IS a maxminimizer
for 2

max,min,u,(x,y) =
min,max,u, (X,y)
=Uuy (X*y*) = 3

Y1

Yo

2,-2

1,-1

5,-9

3,-3

1,-1

-2,2
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i Equilibria and maxminimizers

= If (X*,y*) Is a N.eq for G, then

= X* IS a maxminimizer for 1;

= Y* IS a maxminimizer for 2

9/19/2007

Y1

Y-

Y3

2,-2

1,-1

6,-6

7,7

3,-3

4,-4

1,-1

5,-9

-3,3
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i Equilibria and maxminimizers

= If (X*,y*) Is a N.eq for G, then

= X* IS a maxminimizer for 1;

= Y* IS a maxminimizer for 2

9/19/2007

Y1

Y-

Y3

2,-2

1,-1

6,-6

7,7

3,-3

4,-4

1,-1

5,-9

-3,3

28




i Equilibria and maxminimizers

= If (X*,y*) Is a N.eq for G, then

= X* IS a maxminimizer for 1;

= Y* IS a maxminimizer for 2

9/19/2007

Y1

Y3

2,-2

6,-6

7,7

4,-4

1,-1

-3,3
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Equilibria and maxminimizers 2

m f
= max,min,u,(x,y) = min;max,u,(X,y)
= X* and y* are maxminimizers

s then
= (X*,y*) Is Nash equilibrium

9/19/2007 30



i security level vs equilibria

= Consider
cooperative game G

9/19/2007

L R
2,2 0,0
1,1 | 1,1
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i security level vs equilibria

= consider cooperative
game G

= (2,2) seems the
optimal solution

9/19/2007

L R
2,2 0,0
1,1 | 1,1




i security level vs equilibria

= consider cooperative
game G

= (2,2) seems the
optimal solution

= Security strategy of
1lisr, gives 1!

= Nash equilibria?

9/19/2007

I

L R
2,2 | 0,0
1,1 | 1,1
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i security level vs equilibria

= consider cooperative
game G

= (2,2) seems the
optimal solution |

= Security strategy of r
1lisr, gives 1!

= Nash equilibria?

9/19/2007
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i bimatrix games

= M X N matrix

= 1 has strategies s;
and s,, 2 has t;, t,
and t;

= payoff ny(s;,t) = 1]

= ,(S,5) = (1-2)(J-2)

9/19/2007

1,1

2,0

3,-1

2,0

4,0

6,0
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i bimatrix games

= M X N matrix

= 1 has strategies s;
and s,, 2 has t, t,
and t;

= Nash equilibrium

(o,7):
n VS,t wy(o,1) = my(S,7)
» VS, t n,(o,1) = n,(0,1)

9/19/2007

1,1

2,0

3,-1

2,0

4,0

6,0
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i domination

= Strategy s, of 1
strongly dominates s;:

= VU 7(S,t) > my(S;t)

9/19/2007
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i domination

= Strategy s, of 1 strongly
dominates s;:

= VU my(Sy,t) = my(S;t)
= S, strongly dominates s,

9/19/2007

1,1

2,0

3,-1

2,0

4,0

6,0
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i domination

= Strategy sy of 1
strongly dominates s;:
= Vit (Sg,t) = my(S;,1)
= And weak If:
s Vi (Syt) = my(S;,t)
a Tt 1, (S4,t) > 7,(S;,1)

9/19/2007

1,1

2,0

3,-1

2,0

4,0

6,0
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i domination

= Strategy s, of 1
strongly dominates s;:

= Vit (Sg,t) = my(S;,0)
= And weak If:
s Vi (Syt) = my(S;,t)
« Tt 1, (54,t) > 7y(S;,1)
= t; weakly dominates t,

9/19/2007

1,1

2,0

3,-1

2,0

4,0

6,0

40



i iterated elimination

= S, strongly
dominates s,

9/19/2007

1,1

2,0

3,-1

2,0

4,0

6,0
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i iterated elimination

= S, strongly
dominates s,

9/19/2007

1,1

2,0

3,-1

2,0

4,0

6,0
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i iterated elimination

= S, strongly dominates s,
= t; weakly dominates t,

9/19/2007

2,0

4,0

6,0
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i iterated elimination

= S, strongly dominates s,
= t; weakly dominates t,

9/19/2007

2,0

6,0
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= S, strongly
dominates s,

= 1, weakly dominates
1:2

= In the new game t,
and t; are not
weakly dominated

= (Sy,ty) and (s,,t3)
N.eq!

9/19/2007

iterated elimination

6,0

2,0
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i Order of elimination

CcC (D

AE

2,011,1

AF

0,21,1

BE

BF

3,3
3,3 (3,3

9/19/2007
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i Order of elimination

CcC (D

AE

2,011,1

AF

0,21,1

BE

BF

3,3
3,3 (3,3

9/19/2007

C

D

AE

2,0

1,1

AF

0,2

1,1

BE

3,3

3,3

BF

3,3

3,3

a7



i Order of elimination

CcC (D

AE

2,011,1

AF

0,21,1

BE

3,3

BF

3,3 (3,3 \

9/19/2007

c |D C
AF 10,2 |11 AF | 0,2
BE | 3,3 | 3,3 BE | 3,3
BF | 3,3 | 3,3 BF | 3,3

equilibrium gone!
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i elimination: conclusions

= Strict strategies: no problem

= With weakly dominated strategies:
= subgame perfect equilibrium can be lost
= Order of elimination matters

9/19/2007
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i Order of elimination

CcC (D

AE

2,011,1

AF

0,21,1

BE

3,3

BF

3,3 (3,3 \

9/19/2007

C D C
AF 10,2 |11 AF | 0,2
BE | 3,3 | 3,3 BE | 3,3
BF | 3,3 | 3,3 BF | 3,3

C D D
AE |2,0 |11 AE 1,1
BE | 3,3 | 3,3 BE 3,3
BF | 3,3 | 3,3 BF 3,3

equilibrium gone!
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i Example: BoS

m N = {1,2}
= A= {B,S} B S
" A= 1By B| 21 0,0
= U, U, see figure

- B: Bach S| 00| 1,2

= S: Strawinsky

= Battle of the Sexes _ .
No dominant strategies

(two) Nash equilibira

9/19/2007



i ex: coordination game

= Mozart of Mahler?
= Equal preferences

No dominant strategy

two Nash equilibria

9/19/2007

Mo
Ma

Mo Ma
2,21 0,0
0,0 1,1
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i ex: prisoner’s dilemma

= C: cooperate and be
silent

= D: testify against
the other

9/19/2007

C D
0,0 | -2,3
3,-2 | -1,-1
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i ex: prisoner’s dilemma

= C: cooperate and be
silent

= D: testify against

the other

s D dominates C D| 3,-2

-1,-1

9/19/2007
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i ex: prisoner’s dilemma

= C: cooperate and be

silent D
= D: testify against

the other
= D dominates C D -1,-1

s D dominates C

9/19/2007
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i ex: prisoner’s dilemma

= C: cooperate and be

silent D
= D: testify against

the other
= D dominates C D -1,-1

s D dominates C

s Gives Nash
equilibrium (-1,-1)

9/19/2007
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i ex: hawk-dove

= preferences:

= hawkish If other Is
dovish

= dovish If other Is
hawkish

no dominant strategy

(two) Nash equilibria

9/19/2007

D H
3,3 | 1,4
4,1 | 0,0
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i ex: Matching Pennies

= Head and Tall

= If matching 2 pays
one euro to 1,
otherwise 1 pays 2

no dominant strategy

No Nash equilibrium

9/19/2007

H T
1,-1] -1,1
1,1 1,1
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