
Buses in Rotterdam

We assume that the vehicle schedules are known. Hence,

all trips that need to be driven are known.

Wanted: best set of duties for the personnel such that

each bus has a driver.

Suppose that all possible duties (day tasks) are known

(how to find them comes later). Define K(i) as the set

of duties containing trip i ∈ I ; I(k) is the set of trips

that duty k contains.

min
∑
k∈K

dkxk s.t.

∑
k∈K(i)

xk ≥ 1 ∀i ∈ I

xk ∈ {0, 1} ∀k ∈ K



Complications:

• This problem is NP-hard.

• |K| is very big.

Approach. Use a relaxation of the problem to deter-

mine which duties have a good chance of being used in

the final solution. Solve the ILP for this restricted set of

duties (either optimal, or using a heuristic).



Lagrangean relaxation: relax the ‘covering constraints’

using multipliers λ = (λ1, . . . , λ|I|). This yields the

problem

min
∑
k∈K

d̄kxk s.t.

xk ∈ {0, 1} ∀k ∈ K

Here d̄k = dk −
∑

i∈I(k)
λi.

This problem is trivial for a set of given λ values. If all

duties k ∈ K can be chosen, then the outcome value

L(λ) is a lower bound for each λ ≥ 0.



Determine the maximum lower bound by maximizing

L(λ) over all λ ≥ 0 (the so-called Lagrangean dual prob-

lem. Solve it using a dual ascent or gradient method.

Theorem Geoffrion.

The outcome value of the Lagrangean dual problem is ≥
then the outcome value of the LP-relaxation. When in

the Lagrangean relaxation (that is, for a given λ) the in-

tegrality constraints are redundant, the outcome values

are equal.



In this case you have not enumerated all duties, and

therefore you need not find a lower bound. You can

lower the value of the Lagrangean dual problem by de-

termining duties k ∈ K with d̄k < 0.

Remark: you do not need a lower bound here. Hence,

• You do not need to solve the Lagrangean dual prob-

lem to optimality.

• You can quit finding duties with negative reduced

cost (d̄k < 0), whenever you want.

Balance between time and quality.

• How to find these duties?

• First the sequential problem: set of vehicle routes

(and hence the deadheads) known.

• Next the integrated problem: deadheads are not

known.


