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Problem description

I m identical machines M1, . . . ,Mm with capacity 1,
continuously available.

I n jobs/tasks J1, . . . , Jn:
I processing time pj (≥ 0);
I due date dj (can be negative);
I release date rj (≥ 0);
I deadline d̄j .

I There can be precedence constraints of the form:
I Jj must start at least X time units after Ji;
I Jj must start exactly X time units after Ji;
I Jj must start at most X time units after Ji.



Problem description (2)

I A solution (schedule) is specified through completion times
C1, . . . , Cn.

I Wanted: an optimal, feasible schedule.

I The objective function is of minimax type.

Lmax = max
j
{Cj − dj}.

I Today: no release dates and precedence constraints.



Time indexed ILP (1)

Use time-indexed formulation:

xjt =

{
1 if job j starts at time t
0 otherwise

I Use T as the time horizon (any upper bound on the
makespan).

I Then job j starts at time
∑T

t=0 txjt.

I Job j occupies the machine at time t′ if it is started at
some time t ∈ {t′ − pj + 1, . . . , t′}.

I The constraint that at most m jobs are being processed at
time t′ can be modelled through the constraint

n∑
j=1

t′∑
t=t′−pj+1

xjt ≤ m, for each t′ = 0, . . . , T ;



Time indexed ILP (2)

min L

subject to

‘At most m jobs are being processed at time t′’
‘Start each job exactly once’
‘Obey the deadlines’

xjt ∈ {0, 1}, for each j = 1, . . . , n and each t = 0, . . . , T.



Alas

I No success: when stopped after a long time, the current
lower bound and upper bound were far apart.

I Except for this small drawback, the time-indexed
formulation seems very useful (very easy to model all types
of constraints).

If only we could make it solve the problem quicker ...



Another solution approach

Observation
L+ 1 is optimum if and only if

I There exists a feasible schedule with Lmax = L+ 1, and

I There exists no feasible schedule with Lmax ≤ L.

Intended solution approach
We determine the maximum value L for which there does not
exist a feasible schedule with Lmax ≤ L, after which we try to
construct a schedule with Lmax = L+ 1.

Lmax ≤ L ⇐⇒ Cj − dj ≤ L ∀j ⇐⇒

Cj ≤ dj + L ≡ d̄j ∀j ⇐⇒ Deadlines!!



Minimize number of required machines

The feasibility problem ‘does there exist a schedule with
Lmax ≤ L?’ is equivalent to the feasibility problem ‘Can you
find m feasible, disjoint machine schedules containing all jobs?’

Optimization variant: ‘minimize the number of feasible, disjoint
machine schedules that you need to cover all jobs’.

The answer to the feasibility problem is ‘yes’ if and only if the
outcome value of the optimization problem is ≤ m.

Distinguishing between ≥ m+ 1 and ≤ m gives a better
gap with respect to the percentage that the lower bound
can be off.



ILP formulation

I Suppose the set S containing all feasible single-machine
schedules is known.

I ajs = 1 if machine schedule s contains Jj and ajs = 0,
otherwise

I Introduce a binary decision variable xs for each machine
schedule s that gets the value 1 if s is selected

I Schedules in S respect the deadlines.



ILP-formulation (2)

min
∑
s∈S

xs subject to∑
s∈S

ajsxs = 1, for each j = 1, . . . , n,

xs ∈ {0, 1}, for each s ∈ S.



LP-relaxation

min
∑
s∈S

xs subject to

∑
s∈S

ajsxs = 1, for each j = 1, . . . , n,

xs ≥ 0, for each s ∈ S.



Solve the LP-relaxation by column
generation

We do not know all feasible single-machine schedules explicitly:
column generation.

1. Find a set of variables (here: feasible single-machine
schedules) that constitute a feasible solution.

2. Solve the LP for this set of variables =⇒ the values of
the dual multipliers λi (one for each constraint).

3. Check optimality of the current solution by solving the
pricing problem. If not optimal: find a variable the
addition of which will improve the solution value of the LP,
add this variable to the LP, and repeat.



Solve the LP-relaxation (2)

Pricing problem:

min 1−
n∑

j=1

λjajs

subject to the deadlines.

This should be a known problem by now ...



Some refinements

I We don’t need to know the exact solution value of the
LP-relaxation; we only need to know if it is ≤ m or > m.

I If the current LP has objective ≤ m, then we can stop.

I If we can show a lower bound > m for the LP, then we can
stop as well.

I A known lower bound (proof in the paper):

n∑
j=1

λj/c̄,

where c̄ = 1− c∗ and c∗ is the outcome value of the
pricing problem.


