
Exam Probabilistic Reasoning

4 November 2015, 13:30 – 16:30

The exam consists of three problems, for each of which the number of credits per question is
given. In total, a maximum of 100 credits is awarded. Read the questions very carefully; you
may answer them in English and/or Dutch. Be sure to clearly explain your answers!

Good luck!

Reminder: please fill out the Caracal course evaluation. Thanks!

Problem 1 (a: 10 pts., b: 10 pts., c: 15 pts., total: 35 pts.)

Consider a Bayesian network B = (G, Γ), where G = (VG,AG) is the following acyclic
digraph and Γ = {γVi

| Vi ∈ VG} is given by:

V1 V2 V3

V4 V5

V6

γ(v1) = 0.9

γ(v3) = 0.5

γ(v4 | ¬v1 ∧ ¬v2 ∧ ¬v3) = 0.2
γ(v4 | v1 ∧ ¬v2 ∧ ¬v3) = 0.4
γ(v4 | ¬v1 ∧ v2 ∧ ¬v3) = 0.6
γ(v4 | ¬v1 ∧ ¬v2 ∧ v3) = 0.8

γ(v2) = 0.4

γ(v5) = 0.5

γ(v6 | v4 ∧ v5) = 0.1
γ(v6 | ¬v4 ∧ v5) = 0.3
γ(v6 | v4 ∧ ¬v5) = 0.7
γ(v6 | ¬v4 ∧ ¬v5) = 0

Variables V1, V2 and V3 have a disjunctive interaction effect on variable V4. To capture this
effect, the assessment function for node V4 is based on the (leaky) ‘noisy-or gate’.

a. Complete the assessment function γ(V4) for node V4. Explain your answers.

Let Pr be the probability distribution defined by Bayesian network B. Now, consider the five
computation rules of Pearl ’s data fusion algorithm, given in the attached formula sheet.

b. Consider a node Vc with compound diagnostic parameter λ(Vc) = 1 for all values of
Vc. In addition, consider a parent Vp of Vc. Do we necessarily have for the diagnostic

parameters from Vc to Vp that λ
Vp

Vc
(Vp) = 1 for all values of Vp? Explain your answer.

A. Yes, this always holds

B. This is only guaranteed in trees, i.e. if Vp is the only parent of Vc

C. This is only guaranteed if there is at most one co-parent V ′
p 6= Vp of Vc

D. No, this could only happen coincidentally, depending on the actual numbers in the
assessment functions.
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c. Illustrate Pearl’s algorithm by computing the posterior probability Prv6(v4) from net-
work B.

Clearly indicate which messages/parameters are computed and how; explicitly mention
all assumptions you make. Note: you only have to compute messages necessary for
establishing the requested probability.

Problem 2 (a: 10 pts., b: 10 pts., c: 10 pts., total: 30 pts.) Consider a Bayesian
network B = (G, Γ), where G = (VG,AG) is the following acyclic digraph:

V1

V2

V3 V5

V4

V6 V7

V8

V9

V10

a. Give a loop cutset for graph G that can be found by applying the heuristic Suermondt

& Cooper algorithm.

b. Give a (minimal or optimal) loop cutset for G that will not be found by applying the
above mentioned heuristic. Clearly explain why the Suermondt & Cooper heuristic will
not return this loop cutset.

Suppose we perform a one-way sensitivity analysis on network B, where we are interested in
the output probability distribution Pre(V5) for variable V5 given evidence e for variables E.
We want to restrict our analysis to parameters for variables in the sensitivity set SE(V5) of
V5, i.e. the set of variables whose parameters may upon variation affect Pre(V5).

c. Suppose the set of observed variables E consists of V2, V7 and V10. Which of the following
sets corresponds to the sensitivity set SE(V5)?

A. {V2, V4, V5, V7, V8}

B. {V2, V4, V7, V8}

C. {V4, V5, V7, V8}

D. {V4, V5, V8}

E. none of the above

Clearly explain your answer.
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Problem 3 (a: 10 pts., b: 10 pts., c: 15 pts., total: 35 pts.)

Suppose a dataset D is used for automated construction of a Bayesian network and that
the learning algorithm implements the B search heuristic and the MDL quality measure (see
attached formula sheet).

a. One of the assumptions underlying automated construction from a dataset is that the
dataset does not contain missing values. In reality, databases typically contain many
missing values. One approach to cope with this problem, as mentioned in class, is to
use EM (expectation maximisation) to ’fill in the gaps’.

Another approach to cope with missing values is to do a so-called available case analysis:
use only those cases from the dataset that state values for all variables. Give a benefit
and a drawback of this approach. Explain your answers.

Suppose we now have the following dataset D over the set V = {V1, V2, V3} of binary statistical
variables:

¬v1 ∧ ¬v2 ∧ ¬v3 ¬v1 ∧ ¬v2 ∧ ¬v3 ¬v1 ∧ ¬v2 ∧ v3

v1 ∧ ¬v2 ∧ v3 ¬v1 ∧ v2 ∧ v3 ¬v1 ∧ ¬v2 ∧ ¬v3

¬v1 ∧ ¬v2 ∧ ¬v3 ¬v1 ∧ v2 ∧ v3 ¬v1 ∧ ¬v2 ∧ ¬v3

¬v1 ∧ ¬v2 ∧ ¬v3 ¬v1 ∧ v2 ∧ ¬v3 ¬v1 ∧ v2 ∧ ¬v3

v1 ∧ ¬v2 ∧ ¬v3 ¬v1 ∧ ¬v2 ∧ ¬v3 ¬v1 ∧ v2 ∧ ¬v3

We will now consider the quality of Markov equivalent graphs. Two graphs are Markov

equivalent if they both have the same

1. underlying structure (i.e. the same pairs of variables are connected), and

2. set of immoralities (i.e. exactly the same set of head-to-head connections Vi → Vj ← Vk

where Vi and Vk are not directly connected (’unmarried’))

b. Suppose that during the learning process, a graph GI is considered with (only) the
following arcs:

V1 → V2 and V2 → V3

Give a Markov equivalent graph GII and show that the set of joint distributions
PrI(V1 ∧ V2 ∧ V3) that can be represented with GI is identical to the set of joint distri-
butions PrII(V1 ∧ V2 ∧ V3) that can be represented with GII .

Hint: consider the factorisations of the different joint distributions.

c. Prove or provide a counter example for the following statement:

Two Bayesian networks with Markov equivalent graphs, learned from the
same dataset D, have the same quality QMDL.
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Formulas (Probabilistic Reasoning Exam Nov 2015)

Pearl in a singly connected digraph

Consider a Bayesian network B = (G, Γ)
and a node V in G with direct ances-
tors (parents) ρ(V ) = {A1, . . . , An}
and direct descendants (children)
σ(V ) = {D1, . . . Dm}.

To compute its (prior or posterior) proba-
bility distribution with Pearl’s algorithm,
node V uses data fusion: α · π(V ) · λ(V )
and computes the following parameters for
all cV and cAi

:

A1

V

An. . .G+
(A1,V ) G+

(An,V )

D1 Dm. . .G−
(V,D1) G−

(V,Dm)

π(V ) =
∑

cρ(V )

(

γ (V | cρ(V )) ·
∏

i=1,...,n

πAi

V (cAi
)
)

λ(V ) =
∏

j=1,...,m

λV
Dj

(V )

πV
Dj

(V ) = α · π(V ) ·
∏

k = 1, . . . , m

k 6= j

λV
Dk

(V )

λAi

V (Ai) = α ·
∑

cV

λ(cV ) ·
∑

cρ(V )\{Ai}

(

γ (cV | cρ(V )\{Ai} ∧Ai) ·
∏

k = 1, . . . , n

k 6= i

π
Ak

V (cAk
)
)

The MDL quality measure

Let G = (VG,AG) be an acyclic digraph and let D be a dataset over N cases. Let P (G) be
a probability distribution over the set of acyclic graphs with node set V. Then, the MDL
quality measure for graph G is given by

QMDL(G,D) = log P (G)−N ·H(G,D)−
1

2
log(N) ·

∑

Vi∈V

2|ρ(Vi)|

= log P (G) +
∑

Vi∈V

q(Vi, ρ(Vi),D)

where q(Vi, ρ(Vi),D) is the quality of node Vi and

−N ·H(G,D) =
∑

Vi∈V

∑

cVi

∑

cρ(Vi)

N(cVi
∧cρ(Vi))·log

(N(cVi
∧ cρ(Vi))

N(cρ(Vi))

)

(0·log
0

x
= 0, even if x = 0)


