
Solutions Undirected Graphical Models

Exercise 1

(a) Take as initial estimate n̂(0) the uniform table, e.g.

0 1
0 25 25 50
1 25 25 50

50 50

To obtain n̂(1), the observed row margin is fitted:

0 1
0 60
1 40

We distribute the row total over the columns according to P̂ (0)(x2|x1), so for example

P̂ (0)(x2 = 0|x1 = 0) =
25

50
=

1

2
,

so the cell (0,0) gets a fitted count of n̂(1)(0, 0) = 60× 1
2

= 30. Completing the table
in this way, n̂(1) becomes:

0 1
0 30 30 60
1 20 20 40

50 50

To obtain n̂(2), the observed column margin is fitted:

0 1
0
1

30 70
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We distribute the column total over the rows according to P̂ (1)(x1|x2), so for example

P̂ (1)(x1 = 0|x2 = 0) =
30

50
=

3

5
,

so the cell (0,0) gets a fitted count of n̂(2)(0, 0) = 30× 3
5

= 18. Completing the table
in this way, n̂(2) becomes:

0 1
0 18 42 60
1 12 28 40

70 30

Now both margin constraints are satisfied simultaneously, so the algorithm has con-
verged. As a general rule, if closed form estimates exist (the model is decomposable),
then the IPF algorithm converges in one cycle through all margins that have to be
fitted.

(b) To get the fitted cell probabilities from the fitted cell counts, just divide each cell
count by the total number of observations. The log-likehood is:

L = 20 ln 0.18 + 40 ln 0.42 + 10 ln 0.12 + 30 ln 0.28 = −128.3876

Exercise 2

(a) We can read the following pairwise independencies Xi ⊥⊥ Xj|rest from the graph:

1. X1 ⊥⊥ X3 | X2, X4

2. X1 ⊥⊥ X4 | X2, X3

3. X2 ⊥⊥ X4 | X1, X3

Using separation in the graph, we can strengthen them to:

1. X1 ⊥⊥ X3 | X2

2. X1 ⊥⊥ X4 | X2

3. X1 ⊥⊥ X4 | X3

4. X2 ⊥⊥ X4 | X3

(b) The cliques are: (X1, X2), (X2, X3), (X3, X4). The corresponding margin constraints
for the maximum likelihood fitted counts are (observed = fitted for margins corre-
sponding to cliques):
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1. n̂(X1, X2) = n(X1, X2).

2. n̂(X2, X3) = n(X2, X3)

3. n̂(X3, X4) = n(X3, X4)

Note that if n̂a(Xa) = na(Xa) then it follows that for every a′ ⊆ a also n̂a′(Xa′) =
na′(Xa′). So if the fitted counts match the observed counts for a clique, they will
automatically also match for every subset of the clique.

(c) We often use the following law of probability: P (X, Y ) = P (X|Y )P (Y ) where X
and Y are random vectors. We refer to this law as the product law. The general
strategy is to try to get marginal distributions over the cliques on the right hand
side. To achieve this goal, you need to make use of the conditional independencies
that hold for the given model. You can use a conditional independency to simplify
an expression in two basic ways; if X ⊥⊥ Y |Z, then

1. P (X, Y |Z) = P (X|Z)P (Y |Z), and

2. P (X|Y, Z) = P (X|Z),

where X, Y and Z are arbitrary disjoint random vectors (or if you prefer: sets of
random variables).

So here we go (make sure you justify each step):

P̂ (X1, X2, X3, X4) = P̂ (X1, X4|X2, X3)P̂ (X2, X3) (product law)

= P̂ (X1|X2, X3)P̂ (X4|X2, X3)P̂ (X2, X3) (X1 ⊥⊥ X4 | X2, X3)

= P̂ (X1|X2)P̂ (X4|X3)P̂ (X2, X3)
(X1 ⊥⊥ X3 | X2 and X4 ⊥⊥ X2 | X3)

=
P̂ (X1, X2)P̂ (X3, X4)P̂ (X2, X3)

P̂ (X2)P̂ (X3)
(product law)

We have reached our goal: in the numerator we have distributions over the cliques,
and in the denominator over subsets of the cliques. Now we multiply by N on the left
and by N3/N2 = N on the right to get fitted counts instead of fitted probabilities:

n̂(X1, X2, X3, X4) =
n̂(X1, X2)n̂(X3, X4)n̂(X2, X3)

n̂(X2)n̂(X3)

Finally, we can use the property that the maximum likelihood solution satisfies the
margin constraints (fitted = observed for every margin corresponding to a complete
subgraph), so we can replace the fitted counts on the right hand side by observed
counts:

n̂(X1, X2, X3, X4) =
n(X1, X2)n(X3, X4)n(X2, X3)

n(X2)n(X3)
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Exercise 3

(a) P(yes | male) = 245/400=0.6125 and P(yes | female)=75/200=0.375.

(b) Fitted cell counts of the independence model:

Gender Admission
Yes No

Male 213.33 186.67
Female 106.67 93.33

(c) Value of the deviance:

2

[
245 ln

245

213.33
+ 155 ln

155

186.67
+ 75 ln

75

106.67
+ 125 ln

125

93.33

]
≈ 30.4

(d) The independence model puts one extra u-term to zero compared to the saturated
model, so we should use a χ2 distribution with one degree of freedom. The critical
value is

χ2
1;0.05 = 3.84.

We reject the independence model because the observed deviance is bigger than the
critical value.

(e) Clearly, women are less likely to be admitted than men. In itself this does not prove
discrimination however. Men and women might differ on other attributes that are
legitimate admittance criteria, but that were not taken into account in this analysis
(see also the next exercise).

Exercise 4

(a) The independence graph is

P

G

A

Within each program, Gender and Admission are independent.

(b) Maximum likelihood fitted counts:

n̂(P,G,A) =
n(P,G)n(P,A)

n(P )
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The fitted counts are:

Program Gender Admission
Yes No

A Male 24.71 80.29
Female 35.29 114.71

B Male 222.32 72.68
Female 37.68 12.32

The deviance is 0.712. Since χ2
2;0.05 = 6.00, we don’t reject the model.

(c) No. Within program A, the fraction of male applicants that is accepted is 25/105 =
0.24 and the fraction of female applicants that is accepted is 35/150 = 0.23, so slightly
smaller. However, in program B this is the other way around: 75% of the males is
accepted, and 80% of the females.

More women apply to program A, and program A accepts fewer students. That
there is no discrimination is confirmed by the good fit of the model G ⊥⊥ A|P .

Excercise 5

The set of decomposable models is a subset of the set of graphical models, and in turn
the set of graphical models is a subset of the set of hierarchical models. The independence
graphs are:

1 2

34

PA

1 2

34

PB

1 2

34

PC

1 2

34

PD

A) Not hierarchical. The three-way term u123(x1, x2, x3) is included, but for example the
lower order term u12(x1, x2) is not.

To draw the independence graph, just include an edge between xi and xj if they
occur together in a u-term. For example: because the u-term u123 is present, we
must have a complete subgraph on the nodes 1, 2 and 3 in the independence graph.
Why is this necessary? Suppose an edge is missing, say the edge between 2 and 3.
This would imply 2 ⊥⊥ 3 | 1,4. Using the factorisation criterion this means we can
write

logPA(x) = g(x1, x2, x4) + h(x1, x3, x4)

for some functions g and h. But this is not possible since u123(x1, x2, x3) is present.

B) Hierarchical and graphical, but not decomposable because the independence graph
contains the cordless 4-cycle 1-2-3-4-1.
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C) Hierarchical but not graphical. To check whether a hierarchical model is graphical,
check whether for each clique in the independence graph there is a corresponding
u-term included in the model. The independence graph contains the clique 123, but
u123 is not included in the model.

D) Hierarchical, graphical and decomposable. The difference with PC is that now the
u-terms u123 and u134, corresponding to the cliques 123 and 134 respectively, are
present. Note that (compared to B) the 4-cycle 1-2-3-4-1 is no longer chordless:
1 and 3 are adjacent in the graph (i.e. connected by an edge) but they are not
consecutive nodes in the cycle. Therefore the model is decomposable.

Excercise 6

(a) There are
(
k
2

)
different edges. Each edge can be either included or excluded, so 2(k

2).

(b)
(
8
2

)
= 28. 228 = 268, 435, 456. So roughly 268 million.

(c) Yes!

(d) Graphical: We can remove 7 edges. We can add: AC,AF ,BD,BF ,CD,CE,CF ,DF .
That’s 8 in total, so there are 7 + 8 = 15 neighboring graphical models. Could we
have found the answer without actually enumerating the possibilities?

Decomposable: We can remove 6 edges (not AE because that would create the
chordless 4-cycle A−B−E−D−A). We can add every edge, except CF (chordless
4-cylce B − C − F − E − B) and CD (chordless 4-cycle A − B − C − D − A). So
6+6=12 neighbors.
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