
Exercises Undirected Graphical Models

Exercise 1

Consider the following table of counts for two binary random variables:

0 1
0 20 40 60
1 10 30 40

30 70

(a) Use the iterative proportional fitting algorithm to find the fitted counts of the inde-
pendence model. Give the table of fitted counts for each iteration of the algorithm.
Take n̂(0) to be the table with the same count in each cell.

(b) What is the log-likelihood of the fitted model? (always use natural logarithms in
computing log-likelihoods).

Exercise 2

Consider the graphical model on variables X1, . . . , X4 with the following independence
graph:

X1

X2 X3

X4

(a) Give all pairwise conditional independencies Xi ⊥⊥ Xj|rest that hold for this model.
Try to strengthen the independence statements by using the separation criterion.

(b) Give the cliques of the graph, and the corresponding observed = fitted margin con-
straints for the maximum likelihood fitted counts.

(c) Give a formula for the maximum likelihood fitted counts in the terms of observed
counts.
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Exercise 3

Utrecht University is accused of discrimination against women in their admission policy
for master programs. To check this claim, data has been gathered on the gender (G) of
each applicant, together with the admission decision (A). The results are as shown in the
table below:

Gender Admission
Yes No

Male 245 155
Female 75 125

(a) Compute the admission probability for males and females.

(b) Give the fitted cell counts according to the independence model G ⊥⊥ A.

(c) Compute the deviance of the fitted model (always use the natural logarithm).

(d) Test whether the independence model gives a reasonable fit of the data.
Use α = 0.05.

(e) Is there any evidence of discrimination against women? Explain.

Exercise 4

It turns out that the table given in the previous exercise originated from two master
programs, A and B. The three-way table is given below:

Program Gender Admission
Yes No

A Male 25 80
Female 35 115

B Male 220 75
Female 40 10

(a) Draw the independence graph of the model G ⊥⊥ A | P , where P denotes the master
program, and state the corresponding independence assumption(s) in words.

(b) Compute the table of fitted counts n̂(P,G,A) corresponding to the maximum likeli-
hood estimates of the model specified under (a). What is the deviance of this model?
Test whether it gives a good fit, using α = 0.05.

(c) Is there any evidence of discrimination against women? Explain.
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Excercise 5

The following probability models for discrete variables X1, . . . , X4 are obtained by setting
subsets of u-terms in the log-linear expansion to zero.

logPA(x) = u∅ + u1(x1) + u2(x2) + u3(x3) + u4(x4) + u14(x1, x4) + u123(x1, x2, x3)

logPB(x) = u∅ + u1(x1) + u2(x2) + u3(x3) + u4(x4) + u12(x1, x2) + u23(x2, x3)+

+ u34(x3, x4) + u14(x1, x4)

logPC(x) = u∅ + u1(x1) + u2(x2) + u3(x3) + u4(x4) + u12(x1, x2) + u23(x2, x3) + u34(x3, x4)+

+ u14(x1, x4) + u13(x1, x3)

logPD(x) = u∅ + u1(x1) + u2(x2) + u3(x3) + u4(x4) + u12(x1, x2) + u23(x2, x3) + u34(x3, x4)+

+ u14(x1, x4) + u13(x1, x3) + u123(x1, x2, x3) + u134(x1, x3, x4)

Draw the independence graph of each model, and indicate whether it is: hierarchical,
graphical, decomposable.

Excercise 6

(a) How many undirected graphs are there with k (labeled) nodes?

(b) Use your answer to (a) to compute the number of graphical models on 8 variables.

(c) Now are you convinced that exhaustive search for the best scoring model is infeasible?

(d) Suppose the following model is the current model in a hill-climbing search:

A B C

D E F

How many neighboring graphical models are there? How many neighboring decom-
posable models are there? (neighbors are obtained by either removing an edge or
adding an edge).
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