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Algorithms for Decision Support

Computational Complexity

How hard is optimization?



Today and next lecture

� Definitions

� P vs. NP 

� NP-completeness
� Why is it relevant?

� What is it exactly?

� How is it proven? Reductions
� Just a few animals from the complexity zoo

� Exercises



Problem

� A problem just contains a description of the problem 
together with the parameters that describe the input of the 
problem. 

� Values have not been assigned to the parameters.

� For example: the Partition problem

� Given � non-negative integral values ��, ��, ⋯ ��	does there 
exist a subset S of the index-set {1,2,⋯ , �}, such that

 �� =
1
2��

�

����∈�

� The input parameters are � and ��, ��, ⋯ ��	



Different versions of problems

� Decision problems.

� Answer is yes or no.

� Optimization problems.

� Answer is a number representing an objective value.

� Construction problems.

� Answer is some object (set of vertices, function, …).

� Counting problems.

� How many objects of some kind exists?

First focus on
decision problems



Instance

� A description of the problem together with the parameters 
that describe the input of the problem. 

� Values have been assigned to the parameters.



Input size

� The input size is the number of elements (e.g. bits) in the 
formal encoding

� For the Partition problem, you must encode �	together with 
the numbers ��, ��, ⋯ �� .

� If you use a binary encoding, then you need 
approximately log� bits with value 0 or 1 encode an 
integer �. 

� The input size of an instance of Partition is then 
something like n	log(����).

� The input size is used for measuring the running time of an 
algorithm



Binary encoding problem instances
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0 1 1 0 0 0 1 0

1 0 1 0 0 0 0 0

1 1 0 1 1 1 0 0

0 0 1 0 1 0 0 0

0 0 1 1 0 0 0 0

0 0 1 0 0 0 1 0

1 0 0 0 0 1 0 1

0 0 0 0 0 0 1 0



Running time of an algorithm

� Suppose we have chosen some problem, and for this 
problem we have defined an algorithm to solve it.

� We want to have a (rough) estimate of the number of 
elementary computations (additions, multiplications, 
comparisons, etc.) that are required by the algorithm to 
solve the problem in the worst case

� This expression will depend on the values of the 
parameters input size.



Polynomial versus exponential

� An algorithm with running time	�(��), where k is a given 
constant, is called a polynomial algorithm.

� An algorithm with running time, �(��) where c>1 is a given 
constant, is called an exponential algorithm.



A long time ago Sissa ben Dahir, the Grand Vizer to the 

Indian king, Shirham, presented his latest creation to his 

ruler. 

It was a game called chess. 

The king was so pleased, that he told Sissa that he could 

name his own reward. 

Sissa replied,  "Majesty, give me the sum of 10,000 rupees; 

or give me some rice in the following manner: 

1 grain to place on the first square of the chessboard, 

2 grains to place on the second square, 

4 grains for the third square, and 

8 grains for the 4th square; and 

to continue in like manner, 

oh Mighty and Generous One, let me cover each of the 64 

squares of the board."

Cover Netherlands and Belgium with a layer of 1 m



Polynomial versus exponential

� In general a polynomial algorithm is preferred over an 
exponential algorithm, because of the scalability (effect of 
increasing the size of the problem on the running time).

� For many problems polynomial algorithms exist, but for 
many others they have not been found yet. Major 
question: are we to blame when we cannot find a 
polynomial algorithm for some problem?

� This has been a major topic of research in the area of 
Computational Complexity.



Complexity class P

� A decision problem belongs to the class P if there is a 
solution algorithm with a running time that is polynomial in 
the input size
� In practice: encoding and corresponding concrete problem is 

assumed very implicitly.



Complexity class NP

A decision problem belongs to the class NP if:

� Any solution y leading to `yes' can be encoded in 
polynomial space with respect to the size of the input x.

� Checking whether a given solution leads to `yes' can be 
done in polynomial time with respect to the size of (x,y).



Turing machine

� Wikipedia:

“A Turing machine is a device that manipulates symbols on a 
strip of tape according to a table of rules. Despite its 
simplicity, a Turing machine can be adapted to simulate the 
logic of any computer algorithm, and is particularly useful in 
explaining the functions of a CPU inside a computer.”



Lego Turing machine

� https://www.youtube.com/watch?v=FTSAiF9AHN4

� See also http://www.legoturingmachine.org/



Turing machine: mathematical model

A Turing Machine TM is a mathematical model: 

� which consists of an infinite length tape divided into cells

on which input is given. 

� It has a head which reads the input tape. 

� A state register stores the state of the Turing machine. 

� After reading an input symbol, it is replaced with another 
symbol, its internal state is changed, and it moves from 
one cell to the right or left. (this transition also depends on 
the state)

� If the TM reaches the final state, the input string is 
accepted, otherwise rejected. 



Complexity classes P and NP

� Were originally and formally defined in terms of Turing 
machines

Alternative definition of NP

� Class of decision problems P, for which there exists a Non-
Deterministic Turing Machine that can solve any yes 
instance in polynomial time.

� The machine guesses a yes solution and then verifies that it
is a yes solution



Never tell to an expert in Computational Complexity that you
think that NP stands for Non Polynomial

NP stands for Non-deterministic Polynomial



Many problems are in NP

� Hamiltonian Path, 

� Maximum Independent Set, 

� Vertex Cover,

� Satisfiability, 

� Integer Linear Programming 

� Easy to show for 0/1 programming, 

� non-trivial in general



Solution methods for linear programming

� Simplex method

� Slower than polynomial

� Practical

� Ellipsoid method

� Polynomial (Khachian, 1979)

� Not practical

� Interior points methods

� Polynomial (Karmakar, 1984)

� Outperforms Simplex for very large instances

PLP ∈



P	⊆ 	NP

� P vs NP

$ 1 million Millenium Prize problem

http://www.claymath.org/millennium/P_vs_NP



Reducibility

� Problem P1 is polynomial time reducible to problem P2

(or: P1 ≤P P2 ), if there exists a polynomial time 
computable function f from the instance set of I(P1) of P1

to the instance set I(P2) of P2

� x ∈ I(P1) is a yes-instance for P1 , if and only if, f(x) ∈ I(P2) is 
a yes-instance for P2.



Reducibility (2)

� Lemma: If P1 ≤P P2 then: if P2 ∈ P, then P1 ∈ P. 

Proof-idea:

� Let x be an instance of problem P1.

� Determine f(x)

� run an algorithm for P2 on f(x).

� Lemma: If P1 ≤P P2 then: if P2 ∈ NP, then P1 ∈ NP.

Proof- idea: 

� Let x be an instance of P1. Since f is polynomial, the encoding 
of x can at least be read in polynomial time. So the encoding 
must be polynomial.

� Let x be an instance of P1. We can check x is a yes-instance as 
follows. Apply f and check if f(x) is a yes instance. This is 
polynomial.



NP-completeness

A problem P is NP-complete, if:

1. P ∈ NP.

2. For every P’ ∈ NP: P’ ≤P P.

A problem P is NP-hard, if:

1. For every P’ ∈ NP: P’ ≤P P.

NP-hardness also used as term 

� for problems that are not a decision problem, e.g. the 
optimization version of an NP-complete decision problem

� for problems that are ‘harder than NP’.



NP

P

NP-
complete



Decision vs optimization problems

� An optimization problem can be turned into a decision 
problem by introducing a threshold value y. 

� In case of a minimization problem M , the decision variant 
becomes: 

� Given an instance of M together with a threshold value y , 
does there exist a feasible solution with outcome value ≤y? 

� If optimization problem M can be solved in polynomial 
time, then its decision variant can be decided in polynomial 
time.

� If an optimization problem H has an NP-complete decision 
version L, then H is called NP-hard.



What does it mean to be
NP-Complete?

� Evidence that it is (very probably) hard to find an 
algorithm that solves the problem.

� Always.

� Exactly.

� In polynomial time.

� For an NP-hard optimization problem:

If you want to find the optimal solution, we cannot
guarantee anything better than checking all possibilities



CNF-Satisfiability: SAT

� Input: Expression over Boolean variables in conjunctive 
normal form (CNF).

� “and” of clauses; 

� each clause “or” of variables or negations (xi or not(xj))

� Question: Is the expression satisfiable?
I.e., can we give each variable a value (true or false) such 
that the expression becomes true?



Cook-Levin theorem

Theorem: Satisfiability is NP-complete.

� Most well known is Cook’s proof, using Turing machine 
characterization of NP.

� It design a Turing machine that verifies yes-instances of SAT


