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Motivation Il: We already have kernels!

Introduction
Kernelization

Kernels for
Vertex Cover

Sunflowers

Kernels for
Graph Packing

recall: fixed-parameter tractable = has O(f (k) - n°) time Meta results and
. lower bounds
algorithm

Summary
decidable: (roughly) there is an algorithm that solves the
problem in “some” time depending only on the input size
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Literature

Kernelization

» any of the three books on parameterized complexity (see
the previous lecture)

» Guo & Niedermeier: “Invitation to data reduction and
problem kernelization” 2007 (survey article)

» Bodlaender: “Kernelization: New Upper and Lower Bound
Techniques”, 2009 (survey of recent developments)
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Vertex Cover: Kernelization by degree

Reduction Rule 3: if Rule 1 does not apply and G has more yomels fer
than k2 edges then answer NO

proof:

» each vertex has degree at most k (by Rule 1)

» thus any set of at most k vertices can cover at most k2
edges

s

2= bl = Universiteit Utrecht
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How to find crowns

» we will only do so when G has more than 3k vertices
(assuming an instance (G, k))

» first compute an independent set (C will be a subset of it)

Kernels for
Vertex Cover

» to do so compute a maximal matching M C E(G)
» if [M| > k answer NO
» else let A be the endpoints of all edges in M, |A| < 2k

» let B denote the remaining vertices, |B| > k

v

B is an independent set since M was maximal

Fact: If [M| > k then G has no vertex cover of size k. J

N
E N} % Universiteit Utrecht

N

we show: While |V(G)| > 3k we can find a crown, or
we prove that G has no vertex cover of size at most k.
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Vertex Cover — Kernelization by using LPs

» based on a (by now) well-known result of Nemhauser and
Trotter (1975), far predating the notion of a kernel

» main idea: consider the relaxation of vertex cover (as an
LP) where we may select vertices fractionally

min g Xy

Xy + x, > 1, for each edge {u, v}
0<x,<1, foreachveV

Kernels for
Vertex Cover

» it can be showed that all extremal points (vertices/corners)
of the polytope are half-integral

1
5,0r1
12 e
N
§ U% Universiteit Utrecht

N

half-integral: (in this case) all variables are 0
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d-Hitting Set (k)

Introduction
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Summary

» generalizes Vertex Cover(k); that's the case when d =2

v

simple O(d*n) time bounded search tree algorithm

v

high-degree rule as for vertex cover does not hold

\{

we will use sunflowers to a similar effect

# Universiteit Utrecht
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Sunflowers and Hitting Set

If we have a sunflower with k 4 1 petals, we may as well keep
only its core:

Introduction

Kernelization

Kernels for
Vertex Cover
Sunflowers
= Kernels for
. Graph Packing
. Meta results and
lower bounds

Summary

note: empty core = there is no solution of size k # o
Universiteit Utrecht
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Triangle Packing(k)

Introduction
Kernelization

Kernels for
Vertex Cover

Sunflowers

Kernels for

triangle: a clique with three vertices el (Pl

Meta results and
lower bounds

Summary

» Fellows et al.: “Finding k Disjoint Triangles in an Arbitrary
Graph” (2004) gives a kernel with O(k3) vertices

» Moser: “A Problem Kernelization for Graph Packing”
(2009) gives a kernel with O(k"~1) vertices for packing
k disjoint copies of any given graph H on h vertices

> let's have a look at some reduction rules
# Universiteit Utrecht
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Triangle Packing(k) — Kernelization

» observe that | = V(G) \ (V(W)U V(Q)) is an
independent set (as Q is maximal matching in G — V(W))

» each vertex of / must be in some triangle (Rule 1) which
contains at least one vertex of W (maximal triangle e for
packing W) Graph Packing
» make a bipartite graph H with vertex sets | and E;:

e E; contains all edges that form a triangle with some
vertex of /

© B < V(W)U V(Q)] - V(W) € O(K)

e in H there is an edge from v € I to {u,w} € E; if
{u,v,w} is a triangle

N
§ U% Universiteit Utrecht
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Meta results for kernelization

» meta-result = result for a whole class of problems

» e.g. Bodlaender et al.: “(Meta) Kernelization” (2009)

» amongst others they show that certain problems on planar
graphs admit linear kernels when (roughly):

1. they can be expressed in a certain type of logic

2. for every solution S, the structure of G — S is “simple” Meta results and
. . . lower bounds
(i.e. everything not close to S has bounded treewidth)

3. they fulfill some additional requirement relating to dynamic
programming on bounded treewidth for the problem

» extended to more general graph classes / other
requirements

N
§ U% Universiteit Utrecht
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Summary
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