Possible parameters

» solution size

» maximum degree in a graph

» treewidth of a graph

» number of literals per clause

» variety of the input: “number of numbers”

» how close is the input to a polynomial case?
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Fixed-parameter tractability
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This implies a runtime of O(n) for any constant value of k,
since the O-Notation “swallows” the then constant factor (k).

Summary

Example: VERTEX COVER(k) and VERTEX COVER(tw) are
fixed-parameter tractable (algorithms: later!)
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Bounded search trees

» employ branching algorithms similar to those in the
previous lecture

» analyze the size of the branching trees
» the size of the tree must be bounded by O(f(k)n) pounded search

» each branching rule must therefore decrease the
parameter in all cases

» most common: parameter = solution size
each case branched into must add something to the
solution

» typically it suffices to analyze the number of recursive
calls with respect to the parameter, e.g.:

T(k)=T(k—1)+ T(k—3)
§ ll»% Universiteit Utrecht
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Independent Set(k)
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» again: too costly to enumerate all candidate solutions
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» none of the branching rules for Vertex Cover(k) apply
Summary

» with respect to finding an independent set of size at least
k the branching vectors change: there is at least one
branch where we do not add anything to our solution
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Cluster Editing (k)
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» NP-complete
» cluster graph < contains no induced path on 3 vertices
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Feedback Vertex Set(k) — reduction rules

» (easy) we may delete vertices of degree at most one
» if v has degree two with neighbors u and w then:
* delete v and the edges {u, v}, {v,w} Bounded search
* add the edge {u, w} frees
correctness: (on whiteboard)
key: each cycle through v also contains u and w

» note that this rule may create multi-edges
(convince yourself that it suffices to keep
two copies of each edge)

result: our graph now has minimum degree three
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Linear programming

» Linear programming is a well-known tool in optimization

max x3 + 2x
s.t. Integer linear
programming

x1+x <3

2X1 — X2 S 5

x1,x0 €ER

» feasibility and finding an optimal solution can be done in
polynomial time

§ U»% Universiteit Utrecht
W~

32



of
Integer linear
programming
Iniversiteit Utrecht
34
Subset Sum(||A||) — ILP
max0 s.t.
l
ZX,‘ . b,' =S5
i=1
Integer linear
O S Xi S mi programming
xi €N
» { = ||A]| variables xi, ..., x; encoding how many

copies of each number we take
» can solve it in time O(£‘n") by Lenstra’s result

» note that we don't care for the target function:

a feasible solution suffices §‘\‘Wi%
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Colorful Long Path(k)
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» dynamic programming might work
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» subproblem: P(C,v) “is there a path using exactly one
vertex of each color in C which ends in v?" for all
PC{l,...,k}andveV

> runtime O(2kn°)

Summary
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A useful property of bipartite graphs

if G =(V,E) is a bipartite graph with bipartition V = AU B
then: Introduction

Parameterized

» each walk with both ends in A contains an even number of corpen
edges (same for B) Bounded search

trees

» each walk with one end in A and one in B has an odd T
number Of edges programming

Color coding

walk: path that may visit vertices and edges more than once
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Odd Cycle Transversal(k) — Iterative Compression

» we cannot use this algorithm to compress V' downto size
V| = 1,|V|=2,...,k: the runtime would be O*(3/V])

» instead we can solve the problem for increasingly large
subgraphs of G = (V, E)

» let V={vi,v,...,vy} and
let Vi ={v1,va,..., v}

v

G; is the subgraph of G induced by the vertex set V;

If G has an OCT of size at most k then this is true for
all graphs Gy, ..., Gp. J
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W1I2] in a nutshell

Introduction

Parameterized
complexity

Bounded search
trees

Integer linear
programming

» (again) W]2] contains all problems that reduce to
Weighted CNF-SAT (k) by a parameterized reduction

» example: Dominating Set(k), Hitting Set(k), Set Cover(k)
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Color coding

» randomized coloring can make it easier to find
substructures

» main effect: great decrease in subproblems
» viable first approach for solving problems

» can be derandomized by using families of k-perfect families
of hash functions (high level: reasonably small families of
k-colorings of n element sets such that at least one
member makes a given set of k elements colorful) Summary
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