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The Graph Isomorphism problem
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naive algorithm: try all n! injective functions trees
from V() to V(Gz) o
heuristic
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natural extension: isomorphism of colored or labeled graphs
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Complexity of the Graph Isomorphism problem

not known to be in P: no polynomial time algorithm is known

best known worst-case runtime: O(cVm'°en) S e

Isomorphism

it is contained in NP: a given isomorphism can be checked in
polynomial time

unlikely to be NP-complete: Schoening's lowness proof

not known to be in coNP: are there short proofs of
non-isomorphism?

Theorem: If Graph Isomorphism is NP-complete then
the polynomial hierarchy collapses. [Schoening]J
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Gl-complete special cases of Graph Isomorphism

Introduction
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Proving Graph
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various graph classes C with Gl-complete isomorphism problem: & icienees
» connected graphs, graphs of minimum degree at least c, St

algorithm for
isomorphism of

» directed acyclic graphs, trees
» bipartite graphs, split graphs, chordal graphs,... S

heuristic

» on co — C if it is Gl-complete on C
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Polynomial time algorithm for tree isomorphism

second try:

» given two colored trees both on n vertices (= < n colors)

» remove all leaves

» n’ = number of remaining vertices (return NO if different)

» assign each vertex an integer array (a1, a2, ..., an) N
a; = number of adjacent leaves of color i that were Elfgh:rlietlnw;\ o
removed omorphism of

» replace the arrays by numbers 1,...,n" < n:

same array entries = same number

repeat, while n’ > 2

if both trees are colored Kj or K> then compare colors
return: YES if same, NO if different
§'\Wi
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lterative refinement: Central idea (again)

» partition the vertices of both graphs into classes

» each class of Gy has a corresponding class in Gy

nhism

Iterative
refinement
heuristic

Iniversiteit Utrecht

22

» vertices of any class must be mapped to vertices of the

corresponding class
» refine classes as long as possible

» finally: check all possible mappings that remain

Iterative
refinement
heuristic
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Iterative refinement: Wrap-up

» partition the vertex sets of both graphs and refine as much
as possible

» try all possible isomorphisms that map vertices from each
set to vertices of the corresponding set in the second graph

» hopefully safe a lot of time as compared to trying all n!
possible isomorphisms

Iterative
refinement

» in practice this is highly successful (most of the time it [———
will quickly discover a proof for non-isomorphism)
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Open problems

» is Graph Isomorphism in P?
» is Graph Isomorphism in coNP?
» assuming P # NP, can one show G/ ¢ P?
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