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Motivation

Introduction

» every problem in NP can be solved by exhaustive search
(e.g. trying all possible polynomial length proofs)

» some NP-complete problems can be solved significantly
faster than that, e.g., 0*(1.2") instead of O*(2")

» giving a 10 times faster machine only allows us to increase
the input size by a constant number of bits (if we want
the same total time)

» improving the runtime from O*(2") to O*(1.41") allows
to solve twice as large instances in the same time
» for some input sizes (low) exponential time may be
faster than polynomial time, e.g., O(1.2"n) vs. O(n®)
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Dynamic programming: Hamiltonian Path

Introduction

Dynamic
programming

> Clearly P({V}, V) = 1 for a” v € V Branch and

reduce

» compute P(S,v) forall SC Vandv e S, Local Search
ordered by size of 5: Preprocessing

Summary

» there are 2" subsets S of V and at most n choices for v

» each P(S,v) computation takes only polynomial time

» total time O*(2")
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Branching algorithms
» given an input instance we may enumerate all candidate
solutions (costly!), e.g., all assignments to a CNF-formula
on n variables (there are 2") Soanch and

reduce

» instead, fix only a part of the solutions and try to reduce
the number of cases, e.g., ignore assignments that already
falsify some clause

» make recursive calls corresponding to each choice (like one
call for each chosen assignment to three variables)

All recursive calls need to be for simpler instances. J
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Maximum Independent Set (IS)
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» NP-hard (closely related to Minimum Vertex Cover)
» solvable in time O*(2") by trying all subsets S of V
» fastest algorithm: (0*(1.1889") by Robson (2001)
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Solving recurrences: example

T(n)=T(n—1)+ T(n—2)

c" = Cnfl + Cn72

Branch and
reduce

= ?-c-1=0

roots (zeros) are: 1+2—‘/§ and %

our result: T(n) = O*((Hz\/g)")

145 s called the branching number

(1,2) is the branching vector (one number for each recursive
call, indicating how much small the subproblems are) il
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Recall: 3-SAT
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» NP-complete (2-SAT is in P)
» trivial algorithm in O*(2") time by trying all assignments

» we had O*(1.84") by carefully branching on 3-clauses
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Dynamic programming

» define appropriate subproblems, typically as many as
0*(c")

» solve the subproblems in order of increasing size (base case
should be trivial)

» typically polynomial runtime to solve a single subproblem
by using solutions to all smaller ones

Summary

Examples: Hamiltonian Path, Traveling Salesman Problem,
(Chromatic Number)
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Bonus slide

Fibonacci numbers (recursive):

0,1,1,2,3,5,8,13,21, 34,55, 89, 144, 233,377,610, . ...

fo=0
fi=1
fn: n—1+fn—2

Fibonacci numbers (closed form):

[

1++5
2

)

1-5
2

)
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